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PREFACE. 



J. HIS Volume contains Arithmetic, Geometry , Plane Tri^ 
gonometryj and Mensuration, 

As the Arithmetic is principally designed for those who arc 
acquainted with the first rules, we have entered upon Fractions 
immediately after the division of whole numbers : this seems 
the order which naturally presents itself, because fractions 
result from the division of integers. Fhe examples therefore 
in all the subsequent branches, are indiscriminately in whole 
numbers and fractions. 

A thorough knowledge of Fractions, with the proper 
management of the Rules of Proportion^ will enable the 
student very readily to comprehend nearly all that is necessary 
to be acquired in Arithmetic : for most of the other branches, 
as Single Position, Fellowship, Barter, Rules of Exchange, 
Discount, and Interest, are only applications of the Rule of 
Three. We therefore abridge the usu?il number of heads, and 
give' a greater variety, of examples under that of Proportion. 
Simple and Compound Interest however, are made separate 
articles* But Permutations, Combuiations, and Alligation, 
with the exception of an example or two, are omitted ; 
because nothing more than a partial and imperfect know- 
ledge of those rules can be attained without the help of Al« 
gebra« 

AS 



It will be perceived that the rules in general are not syste- 
matically detached from the demonstrations; this, the student 
whose object is real knowledge, will not consider as a defect 
in ilhethod, because it may frequently prove the means of en- 
forcing the study of principles, A more commodious arrange- 
ment might therefore have been adopted for those who wish to 
acquire the practice of arithmetic only. That examples how- 
ever, may not be wanting, we have added a great variety in 
the different rules, beginnihg with Vulgar Fractions. See 
from p. 125 top. 159. 

Euclid's Elements of Geometry, in the most concise form, ' 
generally make a separate work, and are therefore too extensive 
to be admitted at lengih in a volume of this kind. But we 
have endeavoured to give all the theorems necessary for the two 
most useful practical branches. Trigonometry and Meiisura* 
iion : the latter however, is supposed to include such figures 
only as depend on right-lines and the circle. And with a 
view to facilitate the transition from theory to practice y when 
ratios or proportions are concerned, we have sometimes 
abridged the demonstrations by referring to analogous opera- 
tions in the arithmetic. This may be deemed ungeometrical : 
but it ouglu to be remembered, that many who study Euclid 
do not wholly comprehend the doctrine of proportion as it is 
laid down in the fifth Book, without tracing the methods 
of demonstration by means of an arithmetical, or algebraic 
process. 

Undtr Surveying the reader is not to expect the methods 
of plotting and measuring estates ; but only such trigonometri- 
cal problems as are generally applicable to surveying. This 
part however, with the articles on Heights and Distances, are 
principally intended as introductory to the construction of mi- 
litary maps and plans. And to complete, or rather to render 
the Trigonometry independent, a table of logarithms sufficiently 
extensive for common practice is subjoined. 



PREFACE. V 

The subjects which compose this volume have so frequently 
been handled at full length in separate publications^ that new 
principles cannot be expected in a work which may be con- 
sidered as an abridgement^ or compilation. What originality 
it is therefore entitled to, must piincipally consist in the arrange- 
ment. Most of the examples however^ in the application of 
Trigonometry were selected from actual operations during the 
summer months in the field. And the practical questions and 
problems in the other parts of the volume, which are adapted 
to military concerns, have been furnished from the author's 
manuscript papers that from time to time were drawn up for the 
use and instruction of the Officers in the Senior Department 
of the College. 

This edition is much more correct than the former : and 
several improvements and additions will be found in both the 
Arithmetic and Geometry. 

High Wycomle, 
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ARITHMETIC. 



*• A RITHMETIC is the science of numbers, or the art of 
-^^ computing by means of the ten numeral digits, or 
figures; O cipher, 1 o«e, d two, 3 three, 4 four, 5 Jive^ 
6 six, 7 seven, 8 eight, g nine. 

All numbers may be denoted by those figures variously com- 
bined. And the rule which teaches their difiFerent values accord- 
ing to their different places, is called Notation, or 

NUMERATION. 

Let the number 444444444444 be proposed: then the 
different values of the same figure 4 will be as follows : 



11 

•S I s a "S 

444444444444 

The first figure on the right stands for four units, being its 
•imple value; the next for four tens, or forty, or ten times its 
•imple value j the third for four hundreds, or a hundred times 

you i« B 



S ARITHMETIC. 

its simple value; the fourth for /owr thousands^ or 2l tkousand 
times its simple value^ &c. and the four together or 4444 denote 
four thousand four hundred and for h/ four. 

Hence it appears that the vstlues increase from the right to 
the left in a decuj)le proportion^ each figure standing for ten 
times the value of the preceding one. 

It is also evident that in reading of numbers there is a con- 
stant repetition of hundreds, tens, and units, at every three 
figures : thus, the three first on the right denoteybwr hundred 
and forty four ; \ht nexX ihxet, four hundred and forty four 
thousands: the next three, four hundred and forty four mil^ 
lions; and the next tljree, four hundred and forty four 
thousands of millions^ &c. 

Therefore in reading of large numbers, if we divide them into 
periods of six figures each, the first period to the right will be 
units^ tens, hundreds, and thousands ; the next period will be 
millions ; the next millions of millions, or li-fnillions, or 
unions : the next tri-millions or trillions, &c. &c. 

For example, let 12802110007815104906709 be a proposed number: 



Trillions 
Diilions 


Millions 
Thousands 


128U2 410007 


81510-;i)06 






Then dividing it into periods as above, it will be read thus : twelve thousand 
eight hundred and tito trillions, four hundred ten thousand and seven diilions, 
eight hundred and fifteen iJwtisand one hundred and/our milUojis, 7iine hun- 
dred and six thou sa fid, ievcn hundred and nine* 

3. The digits 1, 2, 3, 4, 5, 6, T, 8, 9, are called significant 

figures, because each has a value by itself, but the cipher or 

xero stands for nothing if alone; when annexed however, on 

the right hand to other figures, or any number, it increases the 

value ten times : thus 7 denotes only ^ez;e7i, h\x\. 10 \s seven tens 



NUMERATION. S 

or sevenly ; and 700 seventy tens or seven hundred; also 11, 
signified only eleven^ but 110 eleven tens, or one hundred 
and ten ; 1 100 eleven hundreds^ or one thousand one hun^ 
dred; &c. 

And therefore in setting down a proposed number, the places 
of significant figures must be supplied by ciphers when the former 
are wanting, as in the following example : 

Nine hundred and seventy six 916 

Nine hundred and seventy 970 

Nine hundred and six 906 

Seven thousand nine hundred and six 7906 

Seven thousand 7000 

Seventeen thousand and six 17006 

Ten thousand 10000 

One hundred ten thousand and six 1 10006 

One hundred thousand one hundred 100100 

One hundred thousand , 100000 

One million and one lOOOOOl 

One million 1000000 



Of The ROMAN NUMERALS or NOTATION. 

4. The Romans made use of seven capital letters to express 
numbers. 



Namely I. 


V. 


X. 


L. C. D. M. 


Value 1. 


5. 


10. 


50. 100. 500. 1000. 



The intermediate and other numbers arc denoted by two or 
more of those letters joined or repeated till the sum of the whole 
make up the proposed number, the characters of the greatest 
value being set to the left; thus, VI is a ; VII, 7 ; VIII, 8; 
and MDCLXVI, 1666. Sometimes a less character is put to 
the left of a greater, and then it represents their diflFercnce 
as ly, 4; IX, 9) XL, 40; XC, 90; CD, 400. Also ID 
stands for D or 500; and CIO for M or 1000. Every C and 
annexed on each side increases the value ten times; thus 

32 



4 ARITHMETIC. 

CCI03 IS 10000. A bar or stroke over a letter increases the 
value 1000 times, as X is 10000^ and C 100000^ &c. 

This notation is frequently used for the dates, numbering 
the chapters or actions of books, &c. 

SIMPLE ADDITION. 

5. JSimpleAddition consists in finding the sum of two 
or more numbers of the same denomination. This is done in 
the following manner : 

Place the numbers under each other, so that units are exactly 
under units, tens under tens, hundreds under hundreds, &c. 
and draw a line under them. Then add the row of units to- 
gether, and find bow many tens are in the sum. — Set down 
exactly under the units what remains more than those tens, 
or when nothing remains, a cipher, and carry one for every 
ten to the second row. — Next, add up the second row, together 
with the number carried, then proceed with the sum as be* 
fore. And in this manner continue the operation till the whole 
is finished. 

Exantp. 1. Let the sum of 543 and ^46 be required ? 
543 
Sura. 7h9 

Ex, 2. Bequired the sum of 57854, 4S0, and 769 ? 

57854 

480 

7G9 

Sum 55^103 

In this addition I proceed thus:— ^ and and 4 make 13 which is 1 ten 
and 3 over, therefore I put down ihe 3 and carry 1 to the rank of tens ; 
next, 6 and 8 are 14 and 5 make 19 and 1 1 carried make 20, which is 2 tens 
and over, therefore I put down a cipher and carry 2 ; again, 7 and 4 
make 11 and 8 are 19 and 2 that were carried make 2 1^ which is 1 to put 



ADDITION. 5 

down and 2 to be carried ; next, the 2 carried and 7 make 9 ; lastly, at 
there is nothing carried to the 5 it becomes the last figure in the sum. 

The reason for placing units under units^ tens under tens, 
hundreds under hundreds, &c. and carrying the tens to the 
left, is manifest from Notation. But because the whole must 
be equal to the sum of all its parts, if we add together the 
units in one sum, the tens in another, the hundreds in a 
third, &c. and add the several sums together, it will prove 
the addition ; and perhaps the reason for carrying the tens will 
appear more obvious. 

The sum of the units 13 

Of the tens 190 

Of the hundreds 1900 

Of the thousands 7000 ' 

Of the tens of thousands. ... 50000 

• Sum 59 1 03 as before. 

6. Another method of proving addition, is to cut off the upper 
line, then having added all the other lines together, add the 
upper line to the sum. 



X. 3. 


98764 
51238 
72045 
7695« 
1039 
8460 


Proof. 
98764 

51238 

72045 

76958 

1039 

8460 






Sum 


3i'8504 








209740 
98764 


sum without the 
upper line. 


upper line. 




Sum 


308)04 1 


as before. 





7. When the numbers to be added arc large, and consbt of 
many ranks, divide them into two or more parts, a&d find 
the sum of each part separately, then add the sekreral aums 
together. 



Ex. 4. 987654321 
123456780 
592763184 
790041376 
598472867 
984799999 
' 624875932 
100926793 
994876823 
Sum 57l^78b807o 



ARITHM£T1C. 

Proof. 

987654321 
123456780 
592763184 
1703874285 sum 
790041376 
598472867 
984799999 



i^£[33H24£^ sum 
624875932 - 
100926793 
994876823 



1720679548 gum 

1703874285 ) 

23733 14242 V the three sums. 
1720679548) 
Sum 5797868075 as before. 

But the usual method of proving Addition is to begin at the 
upper line and add downwards, in the same manner as it was 
added upwards^ then if the sums agree^ we may conclude the 
work is right. 



SIMPLE SUBTRACTION. 

8. Simple Subtraction is the operation of taking a 
less number from a greater, or finding the difference of two pro- 
posed numbers : thus, l btra cted from 7 leaves 6, which is 
the difference of 1 and 7; 8 subtracted from 10 leaves 2, the 
difftTcnceof 8 and 10; 22 subtracted from 33 leaves 11 the 
difference; for 2 units taken from 3 units leaves 1 unit; and 2 
tens taken from 3 tens leaves 1 ten ; therefore 1 ten and 1 unit, 
or 1 1 is the difference. And hence it is evident that in placing 
numbers for subtraction, units must stand under units, tens 

under tens, hundreds under hundreds, 8cc. as in addition. 

% 

Ex. I. From 33 

Take 22 

Plfierenceorremauidcr 11 



SUBTRACTION. J 

9. The method of proving subtraction is to add the less num- 
ber and the difference or remainder together, for their sum 
must evidently be equal to the greater number if the work is 
right: thus, let the difference of 4356 and 3213 be required. 

Ex. 2. 4356 

3213 

Difference j 143 

Proof 4356 the sum of 32 13 and 1 143. 

10. When the figure to be subtracted is greater than that 
directly above it, the method of operating is easily derived 
thus : 

Let the difference of 41 and IS be required: 

41 
18 

differ. 23 ; here 8 cannot be subtracted from 1, but if 10 is taken from the 

40 and added to the 1 the sum is 11, then 8 from 1 1 and 3 remains; con- 

sec^uently the 1 which stands under the 4 must be subtracted from 3 (or 4 

lessened by 1), and the remainder is 2. In like manner proceed witli any 

other number of figures. 

Ex. 4. From 823 
Take 636 

Rem. 187: here 6 from 13 (10 added to 3) and 7 remains; 
1 from 11(10 added to 2 lessened by 1) and 8 remains ; 6 from 7 (8 lessened 
by 1) and 1 remains. But it evidently comes to the same thing if we 
augment the lower figures by 1 instead of lessening the upper figures; 
thus 6 from 13 and 7 remains ; 4 from 12 and 8 remains ; 7 from 8 and I 
remains. 

Ex. 5. From 14040 
Take 3051 

Rem. 10989; here 1 from 10 and 9 remains; 5 from 13 (10 

added to 4 lessened by 1) and 8 remains; from 10 lessened by 1 and 9 

remains ; 3 from 4 lessened by 1 and remains : lastly as there is nothing 

to subtract from the I, it becomes the left-hand igure of the remainder. 

If we augment the lower figures by 1 instead of diminishing the upper 
ones, the process will be thus : 1 from 10 and 9 remains; 6 from 14 and 
S remains; i from 10 and 9 remains ; 4 from 4 an J remains. 
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Ex. C, From 1000001 Ex. 7. From 81010215 
Take 1101 Take 901016 

Rem. 9.08900 Rem. 80109199 



Proof 1000001 Proof 81010215 

11. Or subtraction may be performed by setting down such 
figures for the remainder that when added to the less number 
shall give the greater. 

Thus, from 98Y5 
Take 2301 

Rem. 7674 ; here I and 4 make 5, therefore 4 is the remainder ; 
Oand 7 make 7 for the remainder; 3 and 5 make 8, therefore 5 is the re- 
mainder; 2 and 7 make 9, therefore 7 is the remainder. 

When the lower figure is greater than that directly above, it is evident 
that the next lower figure must be augmented by 1. 

Thus, from 10I2/> 
Take 1357 



Rem. 8769; here 7 and 9 make 16, therefore 9 remains; 6 (or 
5 augmented by 1) and 6 make 12, therefore 6 remains; 4 for 3 augmented 
by 1) and 7 make 11, therefore 7 remains; 2 (or 1 augmented by 2) and 
H make 10, therefore 8 remains. 



SIMPLE MULTIPLICATION. 

12. Simple Multiplication consists in finding the 
sum or amount of a proposed number taken or repeated a given 
number of times, and' may be denominated a compendious 
method of Addition : for example, suppose 6 is to be taken 3 
times : 

6 
6 
6 

then the addition gives 18^ butby muUiplication we say 3 times 
6 make 18. 

The number to be muhi plied is called the multiplicand; 
that by which you multiply, the multiplier; and the result is 



MULTIPLICATION. 9 

called the product^ The multiplicand and multiplier are without 
distinction called the terms or factors of the niultiplication, 
because they mak^ the product or number sought: thus 3 timet 
5 make 15. 

13. But in the first place it will be necessary to learn perfectly 
the following Table, which contains the products of every twp 
of the 9 digits. 





MULTIPLICATION TABLE. 


1 


« 3 


4 


a 


6 7 8 1 9 1 


2 


4 6 


8 


.10 


12 14 16 


18 


s 


6 


12 


15 


18 21 24 


»7 


4 


8 12 


16 


20 


24 28 32 


36 


5 


10 15 


20 


25 


SO 35 40 


45 


6 


12 18 1 24 


SO 


36 42 48 


54 


7 


14 21 


28 


35 


42 49 56 


63 


8 


16 24 


32 


40 


48 56 64 


72 


9 


18 27 


36 


45 


54 63 72 


81 



To find Ihe product of two figures in this table, look for one of them iq 
the left-hand colun^n, and for the other at top, then their product will be 
found where the vertical column Irom the top intersects the horiaontal one: 
from the left Let 6 and 7 be proposed^ then the columns meet at 42 ; for 
6 times 7, or 7 times 6 make 42. ' 

14. The rule for multiplying by a single figure is derived from 
addition ; thus : Let the sum of 3 times 87^, or, which is the 
same thing, the product of 875 by 3, be required? 



875 


Multiplicand 875 


875 

875 


Multiplier 3 
Fioduc^ Q625 


Sum i;;625 . ' 





To perform the addition; 5, 5, and 5 make 15, or 5 more than 1 ten ; 
t, 7, and 7 make 21, and 1 make 22, or 2 more than 2 tens; next 8, 8, 
and 8 make 24, and 2 make 26. But in the multiplication we say 3 times 
5 make 15, or 5 more than 1 ten ; 3 times 7 make 21, and 1 make 22, or 
2over'2 tens; lastly, 3 Umes B make 24, and 2 (for the 2 tens) make 26. 
Therefore in multiplication, 1 must be carried to the left for every 10 in 
the products, and the overplus set down as in addition. 

VOL. I- C ' 
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Examp.9. Ex. 3. . ^ 

Multiply 987600543210 Multiply 123156789 
By 7 By 9 

Product 6913203802470 HimilOt 

15. When the multiplier consists of one figure with ciphers 
on the right^ multiply by that figure, and annex the ciphers tn 
tlie right of the product. 

Ex. 4. Multiply 11 
By 300 
Product 3300 this is evident from Notation. 

IFhen the multiplier consists of several figures. 

16. Begin at the right, and multiply by each figure separately, 
and set down the products so that the units of the second line 
may stand under the tens of the first, the units of the third line 
under the tens of the second, and so on : then add all the pro- 
ducts together for the amount. 

Ex. 5. Multiply 231 
By 323 

6.03 
46J. 
693 
Product 74613 

The reason for setting down the products by the single figures in this 
manner will be manifest, if we consider that the whole amount must ^in 
the p r e s en t example) consist of 3 times 231, 20 times 23 1, and 300 times 
231, when added together: 

3 times 231 693 

20 times 231 4o'20 

300 times 231 69300 

Sum 74613. Here if the ciphers are can- 
celled (as having no value in the addition) the first figure of any line, of 
product by a single figure, must necessarily fall one place to the left of that 
above it. And hence the rule for multiplying by sevural figures is 
deduced. 

17. When ciphers are between other figures in the multi* 
pVicr, neglect them, remembering to set down the lines of pro* 
ducts as far to t!ie left as t!icy would be if the ciphers wer«. 
others figures. 
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Ex. 6. 



Multiply 


5772 


By 


230045 




ySSGO 




2:308$ 




17316 




11544 


Product 


132781^740 



18. If ciphers are at the right hand of one or both factors, 
find the product of the other figures, to which annex all the 
ciphers on the right. 



Ex. 7. Multiply 6300 

By 7000 
44 L 
252 



Product 296IO00UO 

I I I. >l II 

19. When one of the factors is the product of two or more 
single figures, the other factor may be tnultiplied by one of the 
figures, and the product by another, and so on : then the last 
result will be the answer. 

Ex. 8. Let 4615 be mulliplied by 72, or 9 times. 8, 

• 4615 
9 

41535 
8 



Product 332280 

The reason of this operation It obvious ; for 9 times any number repeated 
iim«, is evidently that number repeated 72 times. 

Methods of proving Multiplication. 

1. • 
dO. Mare the multiplicand and multiplier change places; 
then if the products agree, the work is right. 

Examp. Multiply 68 i7 p,^f 

% J806 ?3X- 

41082 * 6847 



Product 53447 rS2 62448 

468.0 f? 

C 2 
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n. 

21 . Find what is over the exact number of nines in the sum 
of the digits of each factor, then multiply the excesses togethef, 
and find the excess above nines in the digits of. this product^ 
which excess ought to be the same as the excess above nines in 
the digits of the whole product or answer. 

Examp, Multiply 636 8, excess above nines 

"/ 7?7 -^*»*7, excess above nines 
5852 

5352 
Product 607772 2, excess above mnes. 

The product of the two excesses 8 and 7 is 56, which gives 2 for the 
excess above nines, the same as the excess in the wliole product or 
amount. 

This method of proof is founded on the following property of the num- 
ber 9 ;— ««ry nttmber, the sum o/ whose digits is agi exact number ef nines ^ 
is itself nn exact number of nines. This^is easily proved as follows : any 
number containing an exact number of tens must consist of the samenumber 
of nines and of units; thus 1 nine and 1 unit make I ten; 2 nines and 2 
uniU make 2 tens; 7 nines and 7 units make 7 tens ; 60 nines and 60 units 
make 60 tens, &c. ; consequently, if the nipes are taken out of the tens in 
any number, the remainder will be as many units as there are tens in that 
number; for example, the nines taken from the tens in 670 will leave 67 
units ; and the nines taken firom the 6 tens in 67 will leave 6 units, which, 
with the 7 units, make 13 the sum of the digits in 670 ; therefore Mall the 
nine? are cast out of 670, the remainder will be 4 (the difference of 13 and 
9); and becau^ 4 wants 5 of 9, it is evident that 675, and also the sum of 
its digits, are each an exact number of nines. And the same method of 
proof will extend to other numbers. 

From hence It followj?, that when the nines are cast out of any number, 
and also out of the sum of its digits, the remainders will be the same. 

And in multiplication it is also evident; that when the sum of the digits 
in one factor is an exact number of nines, the sum of the digits in the 
product will be ati exact number of nines, 

|n the foregoing example where the excesses above niqes in the factors are 
9 gi^d 7| the product 607772 if the sum of 83^ pnultiplied b^ 720| and 



S3 6 less by $ inullipUed by 7, and 8 multiplied by 7; the two former 
4>arU are exact njnes (one of the factors in each being nines) and since thr 
laUer part (S muItipUed by 7) is the product of the two excesses in the 
factors, the truth of the rul^ is manifest* 

This method of proving multiplication by casting out the nines, is pro* 
bably as ancient as the present system of arithmetic^ for we find it iq 
Lucas de Burgo's Summa de Ariihmttica, &c. printed in 1494. But 
though a convenient rule, there are circumstances in which it may fail; 
thus if two figures should be transposed in the product, or the value of one 
figure too great and another as much too little, or a 9 be set down instead 
of 0, or the contrary : in all these cases, the excess above nines will evi- 
dently be the same as in the true product.. 



SIMPLE DIVISION. 

dS. Simple Division consists in finding how often a lest 
number is contained in^ or may be taken from a greater num* 
ber of the same denomination; and is a compendious method 
of subtraction. Or it is the method of resolving a given number 
into a proposed number of equal parts. Thus^ if 2 and lo 
are the numbers, the former is contained 5 times in the lat- 
ter : or if 10 be divided into 2 equal parts^ each part will be 
five. 

23. The number to be divided is called the dividend. — >. — 

That by which you divide the divisor. And the number of 

ti:ncs the latter is contained in the former is called the quotient. 

Dividend. 

Divisor 2) 10 (5 Quotient. 

24. To perjorm Division. Find how often the divisor is con- 
tained in a» many of the left hand figures of the dividend as are just 
necessary, which will give the first figure in the quotient. MuU 
tiply the divisor by this quotient figure and subtract the product 
from the aforesakl figures of the dividen<i|9 then bring down the 
next figure of the dividend to the right of the remainder, Fincf 
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how many times the divisor is contained in the remainder so 
increased, for the second figure of the quotient, but if it be O ' 
times, put a cipher, and bring down another figure ; then pro- 
ceed as before till all the figures are brought down. 

Exmnf. U Let 83401190 be divided into 2 equal parts. 

Dividend 
Divisor 2 ) 8340U90 ( 4170059^ Qttotieot 

3 Proof 

2 41700595 

U ! 

14 83401190 

^1 

19 
18__ 

10 
10 

In this example the quotient is half the dividend, therefore if we miiiti- 
ply 41700595 by 2, Uie product will be 83401 190. 

25. Hence to prove Division, multiply the divisor and,, 
quotient together^ then if the product is the.same as the di- 
videndf the work is right. 

26. When there is no remainder after the last subtraction, 
the quotient will be a whole number, as in the preceding ex. 
ample ; but if there be a remainder, place it over the divisor 
with a line between, on the right of the other figures, and you 
have tht fractional part of the quotient. 

Ex. 2. Let 101 be divided into 2 equal parts. 

2 ) lOl {50i quotient, or the half of 101. 
19 

Bemainder 1 

The fraction i denotes ba1f» or I divided into 2 equal parts^ and is the 
fractional part of the quotient. 



vivinrnvM 



n 



£x. 3. Divide 713M1049 into 7 equal parts. 

7 ) 7133911)49 ( 101913007 qutftieBt^ or the jmiwrr. 
7 

13 Proof. 

7 101913007 

7 



€3 
03 



713391049 



21 

21 

049 
49 



£x. A. 9 ) S257576 (917508$ quotient. 
81^ 
15 
9 
67 

45 

45 



Proof. 

917508 
9 

8257572 

4 remainder 

bo? 37 6 



76 

7g 

Bemainder 4 

If the integral pan of the quotient be multiplied by the divisor 9, and 
Ihc remainder 4 added to the product, the sum is the dividend, as in the 
proof* 

When the divisor however, is only one figure, it is usual to perform the 
subtraction mentally and set down the quotient under the dividendt thus, 

9 ) 8257576 

91 7508 J quotient. In this division I proceed thus:— 
the nines in 82 are i), and 1 over ; tlie nines in 1 5 is 1 , and 6 over ; the nines 
in 67 Sift 7, and 4 over ; the nines in 45 are 5 ; the nmes in 7 times, and 
7 oyer ; the nines in 76 are 8, and 4 over, 

£*. 5. Let 67550595 be divided into 21 1 equal parts. 

211) 67550595 ( 320145 qwtient or answer, 
633 




ie 
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To find how often the divisor (21 1) is contained in the numbers of the 
several steps of the operation, first enquire bow many times S (the left figure 
of the divisor) is contained in 6 (the left figure of the dividend) ; this gives 
3 for the first figure in the quotient ; next, the 2*8 in 4 are 2 for the second 
figure; thirdly, 211 the divisor being greater than 30, a cipher or will be 
the third figure; fourthly, the S's in 3 give 1 ; next, the 2*8 in 9 give 4 ; 
and lastly, the 2*8 in 10 are 5. ~ 

87* But when the dividend is a large number, and the divi.- 
8or consiats of several figures^ a table may be formed containing 
the products of the divisor by the several digits, as in the next 
example: 

Ex. 6, Divide I447S59740478 by 178J. 



17$3 multiplied by-^ 5 8915 

|6« 10698 

7 12481 

8 14264 

9 ie047 



give 



1783 
3566 
5349 
7132 



1783 ) 



144785974047« ( 8l2035749^ffy quotient. 
14264 

2145 

I7S3 



3629 
3566_ 

6374 
5349 



10250 
89.15 
13354 
12481 

8737 
7133 
1605S 
16047 

Remamder I > 



Proof. 

812035749 
1783 

2436107247 
6496285992 
5684250243 
81203574 9 

1447859740467 

M 

144786y74ai'i8 



28. Those who are expert in the practice of division^ some- 
times omit the products^ and set down the remainders only* 



Thus^ (taking the last example.) 



vulCaii fractions. 17 

1733) ljtm5^974047S (815035749^^17 
6374 



13354 

8737 



I (iOSS 



i I reniainder* 

And the division is sometimes performed without bringing down the 
figures of the dividend. 

Thus, 17S3) 1447859740478 ( 8120357 49rf{7. 

214232553.5 ( I 

36603370 { 1 

11 86 

1 

Where the remainders stand under the corresponding figures of the divi- 
dend, as before. 

In these contracted methods, the remainders are obtained by performing 
the subtraction while you multiply. Thus to find 214 the first remainder: 
8 times 3 make 24, and 4 make 23, therefore 4 is the right-hand figure of 
the remainder ; next 8 times 8 make 64, and 2 (the tens carried) make 66, 
and 1 make 67, consequently 1 is the next figure ; again, 8 times 7 are 56, 
and 6 (the tens carried) make 62, and 3 make 649 therefore 2 is the other 
figure of the remainder* And in the same manner the other remainders 
are found. 

S9. When the divisor is a number with ciphers on the rigbt^ 
cut them off^ and also the like number of figures from the right 
of the dividend, then divide the remainder of the dividend by 
that of the divisor in the usual manner, and bring down tht 
figures cut off from the dividend to the right of what remains ^ 
after this division, if any thing, for the whole remainder ; other* 
wise the figures cut off will be the true reioainder. 

Ex. 7. Divide 245135 by 2500. 

25,00) 2451,35 (98^^^ auoHent. 
225 
201 
200 
Bern. 135 

VOL, 1. B 
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, 8. Divide 245035 by 2500. 

25,00 ) 2450,35 ( S8»-J-J^ quoticni. 

200 
200 
Rem. 35 

9. Divide 715640 by 6000. 

6,000 ) 715,610 

I i^^j^ quoti^, the remainder being 1 640. 

10. /Divide 6421 by 10. 

> 1,0 ) 642,1 

642^0 - quotient, the remainder being 1. 

30. When the divisor is the product of two or more single 
figures, divide by one of those figures, and the quotient by ano* 
ther, and so on. 

Ex. II. Divide 332230 by 72, or 9 times 8. (See Example 7, in Mul- 
tiplication.) 

9 ) 35228O 
8 ) 36L>20 

. 4615 quotient. 

The method of finding the true quotient when there are remainders, be- 
longs to \'u]gar Fractions, to which we refer for an example. 

Since the product of the divisor and quotient (without the 
fractional part, should there be any) gives the dividend lessened 
by the remainder, it is evident that division may be proved by 
casting out the 9*s exactly in the same manner as multiplication. 



OF VULGAR FRACTIONS. 

31. The operations by common arithmetic extend to integers 
only, unity or one being the least number in the computations. 
When parts or quantities less than 1 are the subject of consi- 
deration, it is called Fractional Arithvietic. A fraction there- 
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force 15 properly an expression for part of an unii or the integer 
1. This integer 1 may represent a whole of any kind, and the 
parts into which it is broken^ or supposed to be divided^ are 
fractions of that whole. 

Thus if 1 pound is the integer, and we divide it into 20 equal parts, 1 of 
these parts, or a shilliog, will be represented by the fr.iction /, (ojictwen* 
tieth) ; and 7 shillings by the fraction -^^ (seoen twentieths), \f a foot in 
length is the integer, the expression for 1 inch will be -/^ (one tuel/thj ; hut 
if we make a yard theint«'i:er, 1 inch will be denoted by ^'^^ (one thirijf 
sixth), because 36 inches make a yard, 

dS. A fraction also arises from division in whole numbers 
when there is a remainder; or when the divisor is greater than 
the dividend: in the former case it is part of the quotient (see 
examples Q, 4y &c. in simple division)^ and in the latter^ the 
quotient itself. 

Thus if 5 be divided by 2 the quotient is 2^. And 3 divided by 4 give* 
^ for the quotient. Here the fractions are ^ and |: the former {\} being 
half, or 1 divided by 2 ; and the latter (J) three- fourths, or 3 divided by 
4, Of the 4th of 3. 

33. The lower figure of a fraction (denoting the number of 
parts into which the integer or 1 is supposed to be divided^ is 
called the denominator; and the upper figure (which shews the 
number of those parts expressed by the fraction) the numerator; 
thus 4 is the denominator^ and 3 the numerator of the fraction ^« 
Also both are generally named the terms of the fraction. 

34. Fractions are either proper ^ improper y simple, or com* 



A proper fraction is when the numerator is less than the 
denominator, as '{, or |, or -jV^ &c. and therefore it is always 
less than 1 . 

An improper Jraction has the numerator equal to, or greater 
than the denominator, and consequently its value must be equal 
to, or greater than 1. Thus \ is an improper fraction, because 
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it denotes I or a whole ; for four fourths make a whole. 

i is also aa improper fraction^ it being the same as 7 quarters or 

1 «nd |. 

A simple fraction is any fraction having only one numerator, 
and one denominator, as ^ or xV* 

A compound fraction is the fraction of a fraction, or several ^ 
single or simple fractions connected with the word o/ between 
them : thus f q/* i, and ^ of^of{t are compound fra<5iions. 
Also if 1 pound be the integer, the compound fraction i ^Ttv 
will denote sixpence, it being the -^ of 1 shilling or of -sV of a 
pojud. 

A mixt number is composed of an integer and a fraction, at 

A whole number may be expressed like a fraction by pla- 
cing 1 under it as a denominator: thus V denotes 1$ units, 
or 12, 

A prime number is that which can only be measured by 1, 
or unity : thus 2, 3, 5, 7, 1 1, &c. are prime numbers* 

A composite number is that which can be measured by some 
number greater than 1 : or it is the product of two or more 
numbers : thus 4» 6, 8, &c. are composite numbers* 



36. The familiar use of the characters rr, +, — , -f*, will 
greatly abbreviate the operations in vulgar fractions. 

^=. signifies equat to: 

As 12 pence =r I shilting. 
i2 inches =; 1 loot. 
3 feet = 1 yard, 
i aXi liour =s 30 minutes* itc 



24 




4 


=r 


6, 


5 


-f- 


2 


= 


2^ 


3 


-T- 


4 


= 


J» 



VULGAR FRACTIONS* SI 

+ Cpf^J the character for addition : 

Thus 2 -h 3 = 5, 2 added- to 3 are equal t»'5, 

4-4-6 = 7+ 3» 4 added (o 6 are equid t»7 and 3* 

— ^ (mimts) signifies suhiradlon: 

As 5 — 3 = 2 3 subtracted from 5 is equal to (or leaves) 2. 
4-^3 =5 2— ]« thedit]ereuceof4aDd3 is equal to that of 2 and K 

X the character for multipUcatian : 

2 X 3 ss 6» 2 multiplied by 3 is equal to (or produces) 6. 

S X 3 X 4 =: 24, the continual product of 2, 3, and 4, is equal to 24. 

7x.'5 2l 7x3 21 

r 7 = — » the fraction = ^ is equal to the fraction -rr. 

6 X 4 i^j 5x4^ 20 

-2- the character sometimes used to signify divinon* 

24 divided by 4 is equal to (or produces) 6. 
5 divided by 2 is equal to Q^* 
3 divided by 4 is equal to ^-» 

37. But the proper method of abbreviating division is to set 
down the quotient in the form of a fraction by placing the divi- 
sor under the dividend ; thus^ 3 divided by 4 gives ^ for the 
quotient ; 5 divided by S gives the quotient ^ ; and 1 divided 
by 4 produces ^, or a quarter. In general, every fraction should 
be considered as the quotient arising from the division of the 
numerator by the denominator. 



REDUCTION OP VULGAR FRACTIONS. 

38. REDUCrroN of Vulgar Fractions principally consists in 
changing them to a more commodious form for the operations 
of addition, subtraction, &c. 

Case l. To abbreviate or reduce fractions to their lowest 
terms. 

39. If the terms of a fraction are multiplied or divided by any 
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number^ its value will evidently remain the same as before ; 
thus, the numerator and denominator of i multiplied by 4 pro- 
ducer the fraction ^, or divided by 3 gives 4* (or half)^ the same 
as -J^ or f • Therefore to reduce a fraction to its lowest terms^ 
divide the terms of the fraction by any number that will leave 
no remainder, and the quotients again by the same, or any other 
number^ and so on^ till I is the greatest divisor; then the frac- 
tion will be in its lowest terms. 

Ex. 1. Kedvce 4JK to its lowest terms. 

This fractioa may be reduced by a continual division by 2: 
thus 

-1408 704 35'2 176 88 44 22 If , , 
2) ISS = i35 = 4l6=208 = 104 = 62 = 26 =U '^ '^"^'^"''^• 

Therefore ----.is equal to rj^. 

When 2 &ils as a divisor, try 3, 5, or 7, because if a number is divisible 
by any digit, (l excepted) it must be divisible by either 2, 3, 5, or 7. 

Ex. 2. Reduce ---r to its lowest terms. 

3) 7) 7) 

^^ 1470 ?<>.1. 98 • 1 1 2 . , . , _ _ „ r ■ 

*> 23w = iTl = l47 = ¥l = 5- ^'"'■"^^ 5,3. <, .,arc the cln.^ors. 

Ex. 3. Reduce ^Trrrr;: to its lowest terms. 

36300 363 12! H . , *. j- • 

— ;--. -««*• where the divisors are 



231000 2JiU 770 70 
100, 3, and U. ' 

40. If the numerator and denominator are large numbers> 
find their greatest divisor^ or common measure, by the follow- 
ing rule : Divide the greater ly the less, and the last divisor 
ly the last remainder^ and so on, till nothing remains; then 
the last divisor is the greatest common measure required. 

If 1 remains for the last divisor, the numerator and denomi- 
nator {having l for their greatest common measure} are said 
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to be prime to each other ; and the fraction is already in itf 
lowest terms. 

£x. 4. Reduce ^'^^ to its lowest tecms^ 

7631)26415(3 
gg893 

3522)7631(2 

7044 

587)3522(6 
3522 

Therefore the last divisor 587 is the greatest number that win diride 763 1 
and 26415 witb^t leaving any remainder. 

587 J — — f jj the fraction in Us lowed terms. 

In like manner the greatest divisor or common measure of three or more 
numbers may be found. For having found the greatest common measure 
of two of them, as abovey find the greatest divisor of that common measure 
and anotlier of the numbers^ and su on. Thus -15 is the greatest compioo 
measure of 1995, 840« and 600. 

The foregoingr rule for finding the greatest common divisor of two num- 
bers is founded on the following axiom; if a number measures another num- 
ier, and also a par{ of that number, it will measure the remaining part. 
Thus 5 measures 40 (or 5 is contained in 40 an exact number of times), 
and it also measures 25 (a part of 40), therefore it measures 15 the other 
part. That the operation brings out the greatest divisor may be shewn 
from the >lth example, thus:— The denominator 26415 is equal to the nu- 
merator 7631 X 3 H- 3522 (by the method of proving common division) : 
now if tliere is a greater divisor than 5S7 which measures 7631, and 
7631 X 3 <4- 3522, it must (by the preceding axiom) measure 3522. And 
A>r the like reason, if it measures 3522, it must measure 3522 x 2. And 
if it measures 7631 and 3522 x 2, it must (by the same axiom) measure 
their difference, or 763 1-^3522 X 2, or 587, viz, the greater measures the 
]«»> which is absurd. 

Case d. To reduce an improper Jraction to its etjuivaleni 
whole or mixt number. 

41; This 18 evidently nothing more than common division. 
Therefore divide the namerator by the denominator^ and the 
quotient w^Il be the answer. 
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JSr. 1. Se^ce "y/ to a whole, or mixt number* 

43)957 ( 22 ^f Answer. 
86 

m 

8S 

n 

f ' Reduce V/^ ^^ ^^^ whole, or mixt number. 

2740 ) 54800 { 20 Answer. 
5480 



5. Eeduce \}^ to its whole, or mixt number. 

4' 

1000)7200(74. Answer. 

7000 

Case 3. To reduce a mixt numler to Us equivalent im-', 
proper fraction. 

49. This operation Is the reverse of the former; therefore 
multiply the whole number by the denominator of the fraction, 
and add the numerator to the product, then place the sum over 
the denominator for the fraction required. 

Ei^aviple. Reduce 22^} to an iniproper fraction. 

22 
43 

6o 

n 957 J 

-77 Answer. 

V51 4J 

Hence to reduce a whole number to an improper fraction 
having a given (denominator : — multiply the said number by the 
proposed denominator^ and make the product the numerator of 
the required fraction. 

fyofnpte* Let 13 be reduced to a fraction whose denominator is 7. 

13 X 7 =91 die numerator. Aftswer-^^ 
Far ^j^ zsi 13 by the preceding article. 



VULGAR PRACTIOMS. f5 

Case 4* To reduce a compound fruetion to an equivalent 
simple one. 

43. Multiply all die numerators together for the numera * 
tor, and all the denominators together fqr the denominator of 
the fraction required* 

If part of the compound fraction be a mixt^ or a whole num- 
ber^ reduce the former to an improper fraction^ and make the 
latter a fraction by placing 1 under it as a denominator. 

£r. 1. Reduce | pf^ to a simple fractioiu 

5. Keduce f ^f o/Z} ^4 to a simple fractioii. 

^i"'3|=T5and4 = *; 

_,, 2 5 10 ^ 4 400 
Then 3 X ;j X y X j ^-^ answer. 

44* When alike number of like factors are found in thenu* 
merator and denominatorp cancel them in both* 

Ex. 3. Reduce ^qf ^qf^af^ 0/^X0 sl simple fifaction. 

g X 1 X 3 X 5 X ^ 1^^ cancelUDg 2, 3, and 5, in both numerator and 

1x3 3 
denominator^ the fraction becomes s — the answer. This is redu* 

7 X 4 28 

cing the fraction to lower terms by means of the divisors Sf 3, and 5. (d9) 

The rule for reducing compound fractions may be derived as follows >^ 
Suppose a shilling to be the integer ; then because 48 &rthiiigs make 1 

\ 3 

shilling, the simple fraction denoting 3 farthings is ^ and the compound 

3 1/3 \ 

fraction will be r^rr [^^ 2^^^ V^^^Jji ^od the respective products of 

3 X 1' 3 

the numerators^ and the denominators give or -rr the simple fiictton. ; 

4 X -l* 48 
VOL. !• X 
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3 5 
Or more generally thus: let ^(/- be the compound fl-actlon. Thci^ 

because r is ss -, the fraction — ^-^ will be - </-, consequently 

; will be 3 times or^ ofi. And in the same manner we may 

4x7 4x74''7 ^ 

proceed with any number of fractions, first reducing two of them to a sim- 
ple fraction, and then taking that and a third, and so or. 

Hence it appears that the word of in a compound fiaction signifies 
mulUplicatifm, 

Case 5.. To reduce fractions of different denominators to 
equivalent fractions having a common denominator. 

45. Thb general rule for this purpose may be derived thus. Let the 

2 5 1 

fractioDi j» 7» *^ n ** P'^P^^^*'- 

o 

Multiply the termi of the fraction t by the denominator 7, and we have 
li^s=?. (39) 

And the terms of the fraction ^ multiplied by the denominator 3 give^ 
3x5 5 

JIT? 7 

ThcreforethefractioBS— ^_ and --2~/or--7 havmg the 

2 5 

common denominator 21 > are respectively equal to the fractions - and ~. 

• 3 7 

Neztf taldog -r: and --y, and multiplying the terms of the former frac* 
tioD by il, and those of the latter by 21, we get - ^ ^ ^^ = - , and 

IX^l 1 

^11 X 21 ""11* 

15 X 11 1 V 

Therefore the firactions and ,. ■ having the common dc* 

nominator 31 x U, are respectively equal to -^ and ~, or - and rj* 
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2X7/ *'\ 
And if the terms of the fraction j^ — r V^ry are multiplied by n,\Te 

, 2x7x11 _ g X 7 / 2A 

Consequently the ihree fractions l^iil^ il2^, ^~^^^^.. 
^. ^ 3x7x 11 3X7x1 1^3X^x11* 

having the common denominator 3 X 7 x H, are equal to' ^, -, — re- 

3 I 1 1 

»pectively. And the same method may be extended to any number of 
fractions, 

Ilcnce it appears that the new numerators are found by mul- 
tiplying each numerator into all the denominators except its own, 
and that the common denominator is the continued product of 
all the denominators. 

Ex^ 9, K educe J, -J, and | to equivalent fractions having a common 
^Icnomlnator. 

« X ^ X 3 p= 162 > 

5 X 7 X 3 s= 105 ^ the numerators. 

2 X 9 X 7 ?= U'6 3 

7X^X3= 189 the comm^^n denominator 
Anuthefractionsarc— , ^, — , or g^, ^, — , when abbrcnated. 

When any factors in the new numerators and cDmmon de- 
nominator kave a conunon measure or divisor, resolve them 
into other factors, then (39) reject the like number of like fac- 
tors in the numerators and denominator, and the fractions will 
be reduced to the lowest terms which admit of a common d^^ 
nominator, 

Lx, 3. Let J, J, and -}, be reduced to a common denominator. 

6X9 4^9 

The fractions with a common denominator are 7rrz,» . — - — :. 

4X6X9* 4x6X9* 

4X6 
and ^-^TexV ^^^ ^* *"^ '^* ^^^ *^^ respective divisors of 4 and 6, and 

6 and 9 ; therefore if 6 in the first and third fractions^ and 6« 4 and 9 ia 

E8 



79 

(be second, are 


Alii laM fix IC« 

resolved into the Actors 2 and 3, 


the fractions will be 


2X3x9 
4X2x3X9' 


imiB'-'imfh-^-^'^"' 


in the numerators and denominators, we have 


9 2 X 3 _^ 



4 9 6 4 

- — -, oTrrr, rr* and ^ . ; where the common denominator 36 is the least 
4x9 oo oo JO 

common multiple or number divisible by 4» 6, and 9. And in the same 

manner the least common multiple of other proposed numbers may be 

found, first making them the denominators of fractions having 1 for each 

numerator. 

46. But the least common multiple is readily found by the 
following rule. (See ari. 213. vol. 2.) 

Write down the proposed numbers in a line, and divide by 
the prime number 2 as long as it will divide two or more of 
them without a remainder, and set down the quotients together 
with the undivided numbers in a line below.— '^-Divide this 
second line by 2, and also the third line, &c. in the same man- 
ner, if they will divide. This done, proceed with 3 the next 
prime number, and so on to 5, or 7f &c. till there are no two 
numbers that can be thus divided : Then the continued product 
of the divisors, the last quotients, and the undivided numbers, 
is the multiple sought« 

Examp, I • To find the least common multiple of 7, S4, 40^ 45, and 17, 
2 ) 7 24 40 45 72 



2)7 


12 20 45 


36 


2)7 


6 10 45 


IS 


3)7 


3 5 45 


9 


3)7 


1 5 15 


3 


5)7 


1 5 5 


1 


7 


I 1 1 


1 



Then 2x2x2x3x3 x5x7 = 2520 is the multiple required ; 
or the least number divisible by 7, 24, 40, 45, and 72. 

Esunnp. 2. Required the least oommon multiple of 27, €6, 135, 275, 
and 675. 
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3 ) 27 6g 135 275 67^ 



3) 9 22 


45 275 225 


3 ) 3 *J2 


15 275 75 


5 ) I 22 


5 li75 25 


5) I 22 


1 55 5 


21) 1 22 


1 U 1 


1 2 


1 1 1 



Then 3x3x3x5 Xj5Xllx2= 14850 the multiple sought. 

47* When the least denominator of two fractions exactly 
divides the greatest, multiply the terms of that fraction which 
hath the least denotninator by the quotient. 

Thus I aQd|. are brought to a common denominator by multiplying the 
numerator and denominator of | by 2 (the quotient of 8 divided by 4). 

And 5, |f ri^Te brought to a common denominator by multiplying 
the terms oi | by 4 ; and those of J by 2 ; the three required fractions 

Or thus 9 

48. Having reduced the given fractions to their lowest 
terms, find the least common multiple of the denominators, 
vrhich divide by the denominators, and multiply the numerators 
by the corresponding quotients ; then the products placed 
over the said multiple give the fractions in their lowest terms. 

Thus, let it be required to reduce the fractions --, --, and -— , to cqui- 

14 ii'-^ 1^1 * 

Talent fractions having the least caromon denominator. 
The feast common multiple of 14, 2^, and 121 is 1694 : 






— . . ^ the three quotients or multiplien. 



181 - " J 
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5 X 77 =s 3S5 v^ the three nuwrrators. 
- . 3r3 385 140 .u r .• ' A ' 



ADDITION OP VULGAR FRACTIONS. 

49* Reduce compound fractions to simple ones ; and all 
the fractions to a commtm detiominator. . Then add the nit^ 
merators together and place the sum 'Over the common denomi- 
nator for the answer. 

When the fractions are large, or numerous, it will be best t<> 
reduce them to the least common denominator. 

Ev^p. I. W'hat 15 the sum of J, -J, and i ? 

1 + 2 -»- 3 f= <5, Jfis, ; or 1 J. 
S. Required the Piim of -j?,, ^\, and ^'^ ? 

2+4+ 5= lU A/ts. a or I. 

3. What is the sum of ] , * , and ^ ? 

Ti:e fractions whea brought to aconmion dcnoniinalor will be ;*, f *> 
andiJ: 

£0 4- 15 -f- 12=47. ^irrs.ll. 

4, Re<|uired the sum of ^, and * of I > 

I and J brought to a common denontinator are ^^ and J I : 
then 7 H- 12= 11?. 

r.o. When mixed numbers, or mixed numbers and fractions 
are to be iddcd together, bring the fractions to a common de- 
nominator, then set down the integers as in common addition, 
and the fractions on the right hand : 

Add the fractions together, and carry the integers (if any) from 
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the sum^ to the numbers on the left, which add up as In common 
addition. 

£r. 5. Wlut is the sum gf 421 J, 671^ and ft 

421J 

4V{)i- Answer, 

6. Required the sum of 1000|, l^, and 6^-^} 
The fraclions \, ^, -^^ whea brought to a common denominator are , 

JOO0J4 
74H 



Sum losi 



SUBTRACTION of VULGAR FRACTIONS, 

51. Let the fractions be prepared the same as for Addition : 
then the difference of the numerators set over the common 
denominator will give the difference of the proposed fractions, 

JSx. 1. What is the difference of i and I ? 

The difierence of the numeratoxs 1 and 3 is 2 ; therefore the req^ilred 
difierence is | or 4. 

2. Hequired the difference of ^t and ^^ ? 

It *2 11 — 2 . 

— "~ or ■ — ' 25 — jlns. 

19 19 19 19 • 

3. Required the difference of ^ and |? 

f and \ brought to a common denonuaator^ are ^ and |^ ; therefore 

4. What is the diff^^renqe of ^ and |4 Jf ? 

J and J}.^ reduced to a common denominator are Jf JJ} and J^^ Jf 
ihertfare fhtjractions are equaU 
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S. From f ^^ take § of I. 

4«/i=lg = }- fyi = A = I- 

f and i reduced to a common denominator are | and } ; 
hence J — ^ = ^ jins* 

SS. When the difference of two mixt numbers^ or a mixt 
number and a fraction is required^ bring the fractions to a com- 
mon denominator as before ; then place the less number under 
the greater and take their difference for the answer. But if the 
lower fraction is greater than the upper one, subtract the nume* 
rator of the former from the sum of the terms of the latter, then 
set down the difference for the numerator of th^ remaining frac- 
tion^ and carry l to be subtracted. 

Ex. 6. From 74| 7, From 59401^«^ 

Take 16f TakeJ76?4£r^ 

Hem. b^ Rem. 51776/^ 

8. Required the difference of nf and J^. 
The fractions ^ and ^ reduced to a common denominator are ^^and ^^ 



l/r 



\ :>{.{- Jns. 



0- From 104C90 
Take 56\0j\ 



Rem. 98679^. In this example I take ^ from fj or 
1. And in the preceding example, 7 i* taken from 18 (the sum of the 
terms of the fraction ^^), wilich is the same thing as subtracting ^ from 
^ added to fj; for in either case 1 is borrowed, and evidently for the 
same reason that we borrow 10 in the subtraction of whole numbers when 
the figure to be subtracted is greater than that above it. 

53. The reason why fractions must be brought to a common 
denominator for the purposes of addition and subtraction^ will 
be evident, if we consider that iq order to compare their several 
values, it is necessary to exhibit them in like parts of the in- 
teger. 

Thus to compare } with J, if we suppose the integer 1 to be divided into 
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12 equal parts, | will be ^, and J will be ^; now the values being ex- 
pressed in 1 2ths (instead ot' 3ds and Uks) it appears that | is less tJian ^ by 
f>2 • also, that both together make |^« 



MULTIPLICATION op VULGAR FRACTIONS. 

54. Rbducb niixt numbers to improper fractions ; and whole 
numbers to the form of fractions, by putting 1 for the deno- 
minators. Then multiply the numerators together for the 
numerator, and the denominatois together for the denominator 
of the product. Jhis rule is the same as that for reducing a 
compound fracUon to a simple one; for when the multiplier is a 
fraction, the product will be a part or parts ofiht multiplicand : 

thus rof-t is X or ; and -J ofi is x or ^ : and there- 

fore the fractions to be multiplied may be set down in the form 
of a compound fraction, aud the product found in the sam6 
manner as that is reduced to a simple one. 

Examp, U What is the product of f and | ? 

3 X 5 _ 15 

2. Required the product of ^ and H? 

4xl8 _ 4xgx9 _ 4 x2 _A v„, 
9 X IJ^ "" 9 X ii^ "" 19 19 

3. What is the continued product of 4, 7|, f » and ^ of ^ ? 

Firsts = J; and 7^ = y. 

Then, 
4xl5X2X5X 6_ 4X15X5 _ 4X3X5 X5 _ 4X5 X5 __ 100 _ 
l5r2SJx6X7 "• 3X7 "" 3X7 '"7 "" 7 "* ^ 

4. What is f of 29? 

« X V ^ V ^ ^H ^^^ ofisiter. Therefore to find the 
product of a fraction and a whole number, multiply by the numerator, and 
divide by the denomiaator, 

VOlb. I* 9 
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• 55. When one factor is a whole, and another a mixt number, 
or if one is a small fraction* and another a large mixt number, 
multiply the parts of ilie latter separately, 'and add the products 
together. 

£x. 5. Required the product of 61 ^2^^^ by S } 

8 



5393(J^-;--r Jns. 



€. What is the product of 5d7f and Q4A 

597 X 24 = 14328 

$ X 24 =s Ih 

Sum 143474. Jtu. 

7; What is I of 9614273iiy ? 

9614273 
3 



4.) 28842819 Jo/^=^, 
72 10704 J 

7210704J+ -j^ = 7210704IIJ Am. 

56. And when both factors are mixt numbers, the product 
may be found by multiplying the parts ^separately^ as in the 
next example. « 

£x. 8. Required the product of 57 4{ by 485 J ? 

S74 X 485 = 278300 

i X 485 =: 242i 
474 X 4 «= 430^ 

ixj = i 

Sum 27p'>f?34 Afts. 



DIVISION OF VULGAR FRACTIONS, 

57. Prepare the fractions the same as for nmltiplication ; 
then divide the terms of the dividend by the respective terms 
of tlic divisor, if they will exactly divide ; but if not, then in. 
vert the divisor and proceed as in multiplication. 
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When the terms exactly divide, the truth of the rule is manifest from 
the principles of common division. And the reason for inverting the divisor 
in the other case will be evident if we consider that division is the reverse 
of multiplication : thus the product of ^ and 4 is ^ X 4^ =: 2 or the half of 
4 ; but 4 divided by 4 will give 8, because ^ is contained 8 times in 4, the 
quotient being J X t» where ^ is thedivisor^ inverted. 

As a second example, let f be divided, by | ; or suppose it is required tp 
find how often | is contained in f . Now if we divide 5 by }, the quotient 
will be4 X T or 15, (because ^ is contained 15 times in 5) ; but when the 

divisor is twice ^, or |, the quotient will be only i of 15, or — •- — the 

quotient of 5 divided by |, consequently the 1th, of 5 (or |) will give but a 

3 V 5 
7/A. of that quotient, or ^ ; therefore the quotient f divided by § 
•* X • 

3x5 
is truly expressed by ■ equal to I^^. 

Ex. 3. Divide H by ^ 

f ) Ir C J q^^iieJtt or answer % 
A. Required the Sth part of |J ? 

5. Divide ^Oy by I? 

5 o 5 X .9 * . 9 „ . 

r ^ ^^=7-xTx3=7ir5=^^ ^'^• 

«. Divide J </t by f o/"^ ) 

The divisor | of^ when inverted is ^ X J ; 

5x7X3x4 _ 7X3 _ 7X3 _ 7 

6X4X4X5 6X4""3X2X4""S^X4""* 

7. Let 3f be divided by 4^ ? 

3f = y. and 4J =3 y' ; 

8. Divide 1 by f.> 

J X I = J guo^;«f/ ; this is called the reciprocal of the divisor f 
9. Divide | by 3 ? 

r 9 
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I X i =^ ^z ffu^^'^* Therefore to divide a fraction by a whote 
number, maltiply the denominator by that number, except it will divide 
the numerator, as in J3x* 4. 

58. If the divisor Is a whole, and the dividend a large mixt 
number, divide the parts separately^ and then add the quotients 
together. 

Ex. 10. Required the 5th. part of 4561412f ? 

5) 4561412 

912282i the integral part divided by 5, 
-g^- the fraction f divided by 5. 
Sum 912'28-4| . the answer. 

59. When the divisor is a small fraction and the dividend a 
a large mixt number, multiply the latter (without reducing it 
to an improper fraction) by the denominator of the divisor, and 
divide the product by the numerator, 

Ex.lU Divide 6421078 -^ by | ? 

642 107 8 tV 
6 



5 ) 3Sy26^69-fr . product By the denominator 6, 

77Uj Ji>3 J the vhole number divided by 5. 

-j^ the fraction -fy divided by 5« 

Sum 77U;y^«j3H ^fts. 

60. In like manner the quotient is found in the contracted 
method of division of whole numbers when the divisor is ih^ 
product of two or more factors. (30. Ex. \ I.) 

Ex. 12. Let 8783 be divided by 56, or 7 times 8. 

7) 8783 

8 ) l-54f quotient by 7. 

li)0^ the whole number divided by 8, 

-g^ the fraction f divided by 8. 

Sum ijo;;^ j4ns. 
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OF DECIMALS. 

61. Decimals are Fractions in the form of whole numbers^ 
but whose values decrease from the place of units progressively 
to the right hand in the same decuple or tenfold proportion as 
the common scale of whole numbers increase to the left. They 
are usually separated from the integers by a comma or dot, the 
decimals being on the right hand. 

Thus the mixt number 21iV when the fraction is set down 
decimally will be 21-2; the 2 on the right of the 1, or dot, 
denotes 2 tenifis, whereas the other 2 on the left are 2 tens» 
Another 2 on the left will be 2 hundreds, but on the right d 
hundredths^ {rhih and the whole or 221*22 is 221-nnr» be- 
cause -^ and 7^ together make -r^. A third figure on the 
left will be thousands, but on the rights the like number of 
thousandth parts. Thus 5008*003 is the same as SOOSnArr » 
and 5000-005 the same as 5000rrfyT. Consequently a decimal 
fraction has always either 10, lOOj 1000^ &c« for its denomi* 
nator ; viz. the number of equal parts into which the integer 
or whole is supposed to be divided. For example, let a foot in 
length be the integer, and conceive it to be divided into 100 
equal parts ; then *25 (or 25 with a dot on the left) will be the 
decimal part of a foot denoting 3 inches or ^ (^^V being = •^). 
And li inches or -r of a foot will be -125 of a foot, because 
125 is ^ of 1000 1 the foot in this case is supposed to be divided 
into 1000 equal parts. 

Therefore to read, or set down a proposed decimal, it is only 
necessary to remember that the denominator is I with as many 
ciphers annexed as there are decimal places, or that the same 
number of figures to the right of the decimal point have always 
the same common denom'mator. Thus the denominator of the 
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fractions -5000, '0746, '0005, is lOOOO. And hence it appear 
that the value of a decimal fraction is not altered by ciphers on 
the right hand ; for '5000 (or H-^^) when reduced to its lowest 
terms is the same as '5, each being equal to i* 



ADDITION AKD SUBTRACTION of DECIMALS. 

62, Place the numbers so that the decimal points may stand 
directly under each other } then add^ and subtract^ as in whole 
numbers^ and set the decimal point in the sum or difference 
directly under the points above. 

£*. I. Required the siim of '7, •OH, and '1246 ? 

-7 

•014 

Sum -8386 

ky placing (he decJmal points under each other, tenths are brought 
VHder tenths, hundredths under hundreths, ice. whence the method of 
addition becomes the same as that for whole numbero. 

The decimals in the foregoing example set down as vulgar fractions 
arc -j7^, ^.^^,and ^ VVtf g* ^^^ ^^^^ brought to a common denominator 

hence 7000 
140 
124 G 
- 8386 the sum of the numerators, and ^®^'l/^''^MtfJir77fo/ 
ike fractions as before: but this is evidently nothing more than reducing the 
decimals to a common denominator by annexing ciphers on the right 
hand : 

Thus '7000 
•0140 
•1246 

Sum -8386 



£x, 2. What is the sum of -OISP, 54*77 and 9'2D9? 

•0159 
54-77 
f)'2P<? 

Sum 64-0849 
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£x, 3. Required the sum of 9 tenths, 19 hvndrcdiks, 10 thous/mdihs^ 9\l 
hmidred thousandths, and 19 millionth parts f 

•9 
•19 

•018 

•00211 

'000019 



^jWi l'H01g9 
4. Required the difference of •406 and '11? 







•406 
•11 






"296 Ans. 


5. 


What 


is the difference of 49-01 and -9078 ? 

49-01 
0-9078 

48-1022 Atis. 


B. 


What 


is the difference of 1 and 2^'^ 

1 
0-042 

0-938 Ans. 



rif- 



7. Required the difference of 594-0012 and 24*98 ) 

504-0012 
34-98 

569-0212 Ans, 



MULTIPLICATION op DECIMALS. 

63. Multiply as in whole numbers^ and point off as many 
places for decimals in the product as there are decimals in both 
multiplier and multiplicand ; but if there should not be so maDyi 
put ciphers on the left to supply the defect. 

Ex. h Be(]uiredthe product of '2 and 03 ? 

-08 

•S 

-096 Ans. 



40 
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The decimals '2 and -03 when set down as vulgar fractions vill be ^ 
and Tfc, and their product ^% X t*^ = t^ or 6 thousandth parts, as 
before. Hence the truth of the rule is evident. 







Other Examples. 




Multiply 


•621 

3726 
1242 


Multiply 
Produa 


•043 
•003 

•001)129 


Produa 


•16146 






Multiply 621 
By -26 
372d 
1242 

Product 161-46 


Multiply 
Product 


•0023 
1700 

161 

23 

3-9100 or 3-91, 


Multiply 


•642 
10000 







Product 6420-000. Therefore multiplying by 10, 100, 1000, &e. 
it only removing the decimal point so many places to the right as there 
are ciphers in the multiplier. Thus 82*1 multiplied by 10 is SJl ; 4*4 mul* 
tiplied by 1000 is 4400, &c. 

64. There is a method of contracting the operadon so as to 
retain only a proposed number of decimals in the product. Lei 
'5349 be mukiplied by 7-36^ and the product have only 3 deci- 
mal places. 

•5849 

.7-26 n/ 




4-2-1 > P"4 The required product is 4*246. But t» 
omit setting down the figures on the right of the perpendicular bar, yet 
retain the product to the \eii, it is evident that the multiplication by the 
integer 7 must begin at 4 in the multiplicand or the 3d. place in the 
decimal from tlie left (3 being the number of decimals to be retained) ; 
the multiplication by 2 must begin at the 8 ; and that by 6 at the 5, re* 
membering to carry from the figures omitted on the right hand, as in 
common multiplication. But when the figures of tlie multiplier are set down 
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hi a contrary order, and the units place (7) is under (4) the 3d decimal 
from the left, the figures in the multiplier will stand directly under tboie 
in the multiplicand where the respective multiplications must begin. 

•5819 
6?-7 



40i;4 
117 

35 

4-24 6 Here 6 is carried to 7 times 4, because 7 times 9 (the 
figure omitted) is 63;— 1 is carried to 2 times 8, because twice 4 (the 
figure on the right of 8) exceeds half lO.-i-Atid 3 is carried t6 6 times 5, 
since 6 times 8 make almost 5 tens. 

As a further illustration of this meti:od of contraction, take the follow- 
ing examples. 

Multiply 8167-73912 by 0'735I84, rcsening only 4 decimals in the 
product* 

8467 -7.^0 12 

4S1 j'i7'0 Here (0) the units place stands under the 4/A decimal 
59'J74l7i. fromthclcft. 

161*33-18 

423387 

8468 

6774 

338 



6140-6689 Product. 

Multiply 3842*63 by 19-03 i3, retaining the integers only. 

3842-63 
3456\97 Here units stand under uuits, no decimals being required 
268984 in the product. 

34584 
2306 
192 
15 
1 
3uoO»2 Product, 



DIVISION OF DECIMALS. 

65, Divide as in whole numbers and point off as many de- 
cimals in the quotient as the number of decimals in the dividend 
exceed those in the divisor. But if the- number of figures in 

YOL. I. O 
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the quotient are not so many as the rule requires^ prefix ciphers 
on the left to supply the defect. 

If the number of decimals in the divisor exceed those in the 
dividend^ annex ciphers to the latter before you begin the di- 
vision. 

When the divisor is 1 with ciphers on the right hand^ remov^e 
the decimal point in the dividend as far to the left as there af^ 
ciphers. — But when the divisor is any other number with ciphei^ 
annexed, first divide by 10, 100^ or 1000> &c. according tm 
the number of ciphers ; then divide the quotient by the remain* 
ing figure or figures. (60) 

N. B • Should there be a remainder after division^ ciphers 
may be annexed to it^ and the division continued as far as is ne- 
cessary. 

Examples. 

Divide '01728 by 14»4? 

14-4 ) '01728 ( '0012 quotient. 
144 

288 
588 

Proof 
14-4 
-0012 
Product *01728 Hence it appears that the number of decimals in 
the divisor and quotient must be equal to those in the dividend ; and there^ 
fore the truth of the rule is manifest 

Divide 17-28 by 14'4 ? Divide '2 123 by '84 ? 

14*4 ) 17-28 ( 1-2 quotient. •84 } *21S3 ( '25 &C. quotient. 

ill IfL 

2$3 443 

288 420 

23 
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4d 



Divide 172*8 by -144 ? 

•144 ) 172-800 { 1200 quotient. 

288 



Divide 192 by 5*423;? 

5'423 ) 1 92*0000 ( 35*4 &c. quotient 

29310 
27 115 



2 li^SO 



Pivi<le 542-3 by 10? 

10)542*3 

54-23 quoiieni. 

B'mde 6-48 by 200^ 
100 ) 6-48 
2 ) -0648 qiiotlentby 100. 
•0324 Answer^ 

XHvide 594*27 by 470 ? 

10) 594-27 

47 ) 59-427 quotient by 1 0. 
47_ 0*2644 &c. ^w. 

i24 

94 

302 
2S2 
i'07 
18JB 
190 
18S 



258 
Divide 59*74 by 1000? 

1000 ) 29-74 

-Oi' T^t qitoiienU 

Divide 64-9 by 7000? 

1000 ) 64*9^ 

7 ) •0649_ quotient by lOOO, 
"0092 SiC.Jfts. 

Divide 290*6 by 24000? 

1000) 2900 
4 ) -2906 
6) 0;2<i5 

•0121083 iicAns. 



66. When a certain number of decimals only are wanted m 
the quotient, the division may be contracted in the following 
manner : 

Take the divisor one figure more than the number of figures 
rerjnired to be in the quotient. 

Make each remainder a new dividend, and fot every such 
dividend leave out a figure on the right hand of the divisor^ re* 
membering to carry for the increase of the figures omitted as in 
the contraction of mtltiplication. (64) 

ijti 94*78 be divided by 2*84671281 so as to have 4 decimals in the 
<Iuotiejit. 

G 9 
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The number of figures iu the quotient wili be 6, viz. 2 integers and 4 
decimals, tliereforc we must lak^ 7 figures for the divisor. 

2»846TI2 I 81 ) ?4-78C00 ( 3:^*2Si5 quotienL 
8540138 
2S1671 ) i'JT862 

28467) 83848 

5fi5>34 

rS4G) 26\9i4 

25()'20 

i?sj ) i'jy4 
n38 

142 

The two right hand figures (Rl) of the given divisor arc cut off, and 2 
are carried for (he product of S by 3. And instead of bringing down each 
divisor (as abo\e) the figures may successively be pointed olf. It is 
also evident when the nui^iber of figures in tlie divisor is less than the 
number required in the quotient, that ciphers must be added to the 
former. 



To reduce a Vulgar Fraction to an equivalent Decimal. 

67. Add ciphers to the numerator and divide by the deno- 
minator^ then point ofl'ns many dLciinal places in the quotient 
for tiiC answer as there were ciplurs annexed. This is con* 
tinuiug the division of whole numbers when there is a remain^ 
der, by which niciins we get a dcciinul in the quotient instead 
of a vulgar fraction. 

For example, if i)7 be divided In- 3:, the qi-otiintis ^lor 3 ^\, but if 
ciphers are added we bhall have 3*0.3 ll.'j for the quotient. 

Thl!5, 

32 ) 97T»C: OJ ( 3-C31C5 quoiUni, 
96 
100 
9G 
40 

r 2 
To 

livy 
160 
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PENCE TABLE. 

dn s* d, ' 

20 ...... is 1 8 

30 2 6 

40 3 4 

50 4 2 

60 5 

70 5 10 

80 6 8 

90 7 6 

100 '8 4 

110 9 2 

120 10 O 

TROY WEIGHT, 

Marked. 

Grains gr^ 

24 Grains =z 1 Pennyweight dwt. 

20 Pennyweights = 1 Ounce oz. 

12 Ounces =: 1 Pound IK 

By this weight are weighed Gold, Silverj Jewels, and some Liqiudd. 
Jewellers sometimes express the weight of a diamond in carats of 4 
grains (troy-weight) each. A carat however, signifies the -/^ of any 
mass of gold, or of gold witi; alloy, and is generally used to denote iu 
degree of fineness* 

i^POTHEC ARIES WEIGHT. 

Marked. 

Grains • gr. 

SO Grains make 1 Scruple ^c. or ^ 

3 Scruples 1 Dram dr. or 3 

8 Drams 1 Ounce o»» or ^ 

12 Ounces 1 Pound lb» or f^ 

The Pound is the same as (he Ponnd Troy, only dififerently divide<V 
ioL. I. H 
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Apotlw'caries use this v eight in compounding their medicines, b\it buy 
and sell their Drugs by Avoirdupois Weight, 

AVOIIiDUPOIS WEIGHT. 

Marked. 

Drams <..... dr. 

16 Drams .... make 1 Ounce oz. gr. 

16 Ounces 1 Pound lb.- 7000 Troy 

£8 Pounds 1 Quarter qr. 

4 Quarters, or lislb. 1 Hundred Weight cwi. 
go Hundred 1 Ton ton. 

And 8lb. is a Stone in the London Markets. 
14lb. a Stone, Horseman's Weight. 
28lb. a Tod. 

By this Weight are weighed all Groceries, Chandler's Wares, some Liquids, 
and all Metals except Gold and Silver. 

LONG MEASURE. 

3 Barley Corns wake 1 Inch. 

12 Inches 1 Foot. 

3 Feet' 1 Yard. 

6 Feet. I Fathom. 

5| Yards, or 16^ Feet 1 Rod, Pole or Perch. 

40 Rods 1 Furlong. ^ 

8 Furlongs, or 1760 Yards l Mile. 

3 Miles 1 League. 

69i Miles (nearly) c 1 Degrcw-. 

360 Degrees the Earth's circumference. 



Also, 

4 Inches make 1 Hand, or hands breadth. 

5 Feet 1 Geometrical Pace. 

4 Poles, or 66 Feet,'1 

in. >,...,, 1 Chain, 
100 Links, each 7tW J 
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CLOTH MEASURE. 

fi^ Inches make 1 Nail. 

4 Nails 1 Quarter of a Yard. 

4 Quarters 1 Yard, 

3 Quarters 1 Ell Flemish, 

5 Quarters . 1 Ell English. 

6 Quarters 1 £11 French. 

SQUARE MEASURE. 

144 Square Inches make 1 Foot Square. 

9 Square Feet , 1 Yard. 

30^ Square Yards r 1 Pole* 

40 Square Poles 1 Rood, 

4 Roods, or 160 Square Poles 1 Acre. 

4840 Square Yards • 1 Acre. 

10 Square Chains 1 Acre. 

100000 Square Links • 1 Acre, 

By this Measure, Land, and all Works which have length and breadth 
©nly, anr measured, 

CUBIC OR SOLID MEASURE. 

1 728 Cubic Inches make 1 Foot. 

87 Cubic Feet 1 Yard. 

By this Measure, Stone, Timber, and all Works of three dimension! 
(length, breadth, and jdeptb) are measured. 



DRY OR CORN MEASURE. 

5 Pints • make 1 Quart. 

2 Quarts 1 Pottle. 

6 Pottles^ or 4 Quarts « 1 Gallon. 
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S Gallons 1 Peck. 

4 Pecks 1 BusheK 

8 Bushels 1 Quarter. 

5 Quarters, or 40 Bushels I Load, or Weigh,, 

9 Weighs 1 Last. 

The Com or Winchester Bushel is 8 inches deep, and 18 J inches in 
diameter, and contains 2150|. cubic inches; therefore the gallon am- 
tains 268 J. But the Coal Bushel must be 19^ inches in diameter ; and au 
Bushels make a Chaldron. 

ALE AND BEER MEASURE, 

, 2 Pints make 1 Quart. 

4 Quarts 1 Gallon, 

36 Gallons I Barrel. ] 

l\ Barrels 1 Hogshead. 

2 Barrels 1 Puncheon, 

2 Hogsheads . ! \ 1 Butt. 

2 Butts I Tun» 

The Ale Gallon contains 282 Cubic Inches. 

WINE MEASURE. 

2 Pints make 1 Quart, 

4 Quarts 1 Gallon. 

42 Gallons 1 Tierce. 

03 Gallons ..,,..» , , i Hogshead. 

2 Tierces 1 Puncheon. 

2 Hogsheads 1 Pipe^ or Bvtt. 

2 Pipes 1 Tun, 

The Gallpn contains 23.1 cubic inches 

By this are measured, all Wines, Spirits, Cyder, Honey, Pilj &c. 

TIME. 

60 Seconjls make 1 Minute4 

60 Minutes i Hour, 



TABLES. 59 

94t Hours 1 Natural Day. 

365 Daysj 6 Hours 1 Julian Year. 

365 Days, 5 h. 48 min. 48 sec. • . 1 Solar Year. 



73. FOREIGN MEASURES of LENGTH. 

The Rhynland Foot = l*033^EngliiIi 

Rhynland Rood, 12 Rhynland Feet =: 12-3965 FceU 

Yards4 

The French Toise, 6 Paris Feet • S-131 J 

Common French League, 2000 Toises • • • • 4t03 
Common French League, 25 to a degree • • 4860 
Brabant League, 2800 Toises (nearly) .... 5968 

Italian Mile, 60 to a Degree S089 

German Mile, 15 to a Degree 81 16 

The scales to the French and the German Military Maps and 
Plans are commonly in Leagues, Miles, Toises, or Rhynland 
Roods. But the ^^ mearC^ and ^^ commorC* German Miles 
seem to be of no determinate lengths; according to the Table 
in Teilke's Field Engineer ^ they vary from 19020 to 28530 
Paris feet. And we sometimes find 4 scale denominated, '^ a 
inile, or 2 hours walk on the road.'' 

74. From the measurements lately carried 00 through France 
^nd part of Spain, the French MathematicianMOtidude (accord* 
ing to a particular hypothesis) that ^ of tfie wiiole terrestrial 
meridian is 5130740 Toises in length; and the ten millionth 
part, or -5130740 of a Toise is the " Metre/* or standard for 
the measures of length now adopted in Franpe. This Metre is 
^ual to 3-280852 English Feet^ 



Dp REDUCTION, 

75. Ths operation of changing numbers firom one name or 
denoniination to another without altering their value, is called 
Re4^ctipff, 



*• ARITHMETIC. 

76. When a greater denomination is to be reduced to a les? 
(as pounds to shillings, or feet to inches) the process is by 
Multiplication. But less denominations are brought to greater 
by Division. 

£x. 1. Bedace ,^4 to shiillngs, pence, and farthings ? 

?y the first of the loregoint/ tnbles it is evident that 
Pounds multiplied by 20 give shilling?. 
Shillings multiplied by 12 give pence. 
Pence multiplied by 4 give farthings. 

Consequently, 

farthings divided by 4 give pence. 
Pence divided hy \2 give shillings. 
Shillings divided by 20 give pounds, 

1680 the shillings^ 
12 

2U16JO the pence, 
4 

8»(>in the farthings. 

Ex, 2, Reduce 80640 farthings to pounds? 

4 ) 80640 

12)201^) the pence. 

20) J 680 the shillings. 

84 the pou/idsn 

Or because 960 farthings are equal in value to ^1, if 80610 be divided 
by 960 the quotient will be the number of pounds required. 

960) 80640 (8t asbefcrv, 

7680 

:)840 
0840 

Ex, 3. Reduce 26779 farthings to pounds ? 

4 ) 26779 

12)66V4 1 

20) 557-r-lO £ s.d, 

•'T 17 AnSf 27 17 10^ 



R£]>UCTIOK« $5 



£ s. 


d. 


4. Reduce 27 17 


10^ to farthings^ 


27 




go 




i»4i) 




17 


the 171. add* 


557 




12 




6684 




10 


the lorf. add. 


ti6i^4 


i 


4 




26770' 




3 


the 3 farthings add. 


26779 


farthings, the Answer. 


h. Reduce 231 guineas to pounds? 


S31 




21 




i^ai 




1862 





20)J9551 shillings. 

£77—11 Ant. .£977 111. 

€. Reduce ,£1^ to farthings ? 

5 iV = \h and If X 960 = ^^fo — U85|^ jtns. 

7. VVhat'isf of a.^"? 

2 

20 J, 

'7) 40 (5 
.35 

j 

7j 60 (8 
56 

4 

4 grj. 5. rf, qrs^ 

7 ) 16(2^ w4//j. 5 8 23. 

H 
2 

S. Reduce .f^f^ to pence^ orralhertothe fraction of a penny? 

d 

^ic X 240 = f l-g = f 4 = J. if«i. Therefore -jhs oi m, £ ]s equal 
to * of a penny, or 3 farthings. 



i. 

9. Reduce 5} to the fractioo of a ihillicg ? 



5^ s 23 farthings^ which divided by 48 (the farthings io a shilling) 
l^tes }|. the il/ifiMr, 

10. Reduce ^ of a guinea to the deoomination or fraction of a 



^ X JJi = 4t> which divided by 5 gives -*| i\M Answer, 

£ 
11. Reduce 0-93 to farthings ? 

*d3 X 960 := 892*8 farthings, the Answer, 

12. What is '885 of a .f ?— >0r to find the value of the decimal 885 
of a pound. 

•885 

20 

Shillings n*700 

Pence 8^400 

4 s, d, qrs, 

4 Farthings 1-600 Ans. 17 8 1*6 

13, firing 9*84 pence to the decimal of a £, 

£ 

240) 9-840 {-041 AtiS. 
960 
240 
240 

77* In like manner other denominations are reduced by 
means of the numbers in the foregoing tables^ remembering to 
multiplyt or divide, as the case may require. 

d»*gr. 
Ex. 14. How many gumeas weigh a Ibm Troy« each being 5 9^} 



5 9i=129i=:»i^ 



12 X 20 X 24 cs 3760 =: 1^. 



5760 divided by *^S is ^f^ x 5760 = »ij J^ss 44 ^ Ans^ 



KJCDyCTION. $T 

15. If 10000 men have each 40 rounds of cartridge wUb baU# vbat 
is the whole weight of lead« the balls being an ounce each ? 

oz, 
10000 X40x3 400QOO« 

lb. 
^oeooq ^ 25000, 

C. lb. ion. C. lb. 
afjoo 3:223 24 3= 11 3 ^ Jtu, 

16. What is '95 of an hundred weight ? 

•95 

m 

190 
95 

95 

lb. 106-40 
16 
«• 6-40 

Ig /A- or. ifr. 

^* 112. ^"'* ^^^ ^ ^'* 

17. Keduce 2^24 feet to the decimal of a yard ? 

3 ) 224 

•7466 &c. jtrtf. 



18. Beduce f of a lAile to yards, &c. ? 



19. What b *625 of a yard ? 



3 

1760 
7 ) 52S0 ( 754 
2 

36 
7) 72(10f 


^ins, 754 lOf. 


I yard ? 




•625 

3 

1-S75 

12 

10*500 


#1 f«. 
Jim. 1 10*5 



SO. Reduce 59*74 square inches to the decimal of a square foot? 
59-74 



-j--^ = •4148 &C» Jrvi 
144 



VOL. I. 
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21. Reduce ^ of a cubic yard to cubic feet ? 

iX eT=i|i = 22J Am. ^ 

22, Reduce 64*984 cubic inches to the decimal of a cubic foot i 

--—-—- = •0376 &c. jins. 
i i2o 

23« Reduce 500 Rhynland roods to English miles? 

3 ) lg'396 

41J2 yards = 1 rood. 

m. yds. 
4M32 X 500 = 20.66 yards = 1 306 Ans^ 

24. Reduce an English mile to toises 

25m Reduce 5 French leagues (25 to a degree) to English miles? 

m« yds, 
4869 X 5 ,r. ,.^^ ^ 



COMPOUND ADDITION. 

78. Compound Addition is the collecting several numbers 
of different denominations into one sum. 

79. Rule. Reduce fractional quantities of different denomi- 
nations to like denominations. And fractions having different 
denominators to a common denominator. Then set down the 
numbers, so that those of the same denomination may stand 
directly under each other, as pounds under pounds, shillings 
under shillings, feet under feet, &c. 

Add up the. figures in the lowest denomination, and find by 
the rule of Reduction how many units of the next higher deno- 
mination are contained in the sum. Set down the remainder 
and carry the units to the next denominaiion, which add up 
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in the same manner as before ; and so on till the whole is 
finished. 

Examples, 

£ s^ d, £ J, d. £ s, d, £ s, d. 

1. Required the sum of 15 18 2^, 5 10 Hi, 74 17 8 J, and 20 19 5J? 



£ 


s. 


d. 


15 


18 


2-4 


5 


10 


H^ 


74 


17 


^ 


2.9 


19 


H 



Sum 1 26 f? 4j . 

The number of farthings are 9, which make 2 pence to carry to the 
pence, and 1 farthing to set down. The pence in the next column are 26, 
and 2 carried make 28, or 4 pence over 2 shillings. The sum of the 
sIiiHings 64, with 2 carried make 66, or 6 shillings to set down and 3 to 
carry to the pounds. 

£ s. rf. £s» d. £ s,d. 

2, What is the sum of 4 16 9i, 5 0], and 10 3 2i? 



Sum 



£ 


5. 


d. 


4 


16 


^?- 


5 





0^: 


10 


3 


2i 


20 









£ £ s, d. 

a. Bequircd the sum pf 11 J, and 17 8| ? 



£ s. d, qrs, 
^ = 2 2 11 




- 


£' s, 
11 2 


d. 

2 


qrt, 

-I 


17 


8 


3 


Sum 1 1 \^j 


11 


li 



4. What is the sum of -|. and 19}? 



f = 2? 



2^ = 2|| 
1.9J. = 19yV 

22 jV -<^//f; 

I 3 



4& ARITHMETIC* 

5. Add 3*29 and 17*241 together? 



•29 
>5'80 






2-29 = 2 5-8 

17-241 




Sum i3 3-041 



€. What 18 the sum of 77 guioeas, 13 half guineas, three 15/. notes^ 11 
Iialf-crowns, and 29 dollars at 4s. ild. each ? 

77 guineas ' = 80 17 Q 

13 naif-guineas = 6 16 6 

Three 15/. notes = 45 

11 half-crowns s= 1 7 6 

^^ dollars, at 4f. 1| = 6 2| \ 

140 i -Jj . Am. 

lb, oz. dftts, gr. oz. iwts. gr, lb,(Ks. dttis. 
7. Add 2 10 IS 19, H 15 16, and 3 4 H together? 

/^•02. dtifts.gt, 

2 10 18 19 
11 15 16 

3 4 14 

Sum 7 3 8 U 

* .^y^ 5 3 9 gr. ft) 5 3 9 £rr. % B gr. 

t. Add 6 10 7 2 li^, 16 6 2 18, and 7 J To together. 

6 10 7 2 19 

1 6 6 2 18 

8 6 6 17 Jins^ 

mti. gr. lb. oz. cwt. qr, lb. oz. gr. lb. ox. dr, 
V. Ut2 1 27 15, 5 3 26 14, and 3 10 12 15 be added together 

cwt.qr. lb. oz. dr. 

2 1 27 15 
5 3 26 14 

3 10 12 15 



COMPO^UND ABBITION. #{ 

cmt, lb. 

10. Let 4-56, and 104-44 be added together^ 

cwt, lb. 

•56 X 112 =z 62-12 

4 62*72 
104-44 

5 53-16 Ans» 

yd. feet. 

11. Add*i62^ 2-4, and ^ of an inch together? 

jfd. inch. 

•262 X 36 = 9-432 

feet. 

2'4 X 12 = 2»*8 

in. 

i = 0*7777, &c. 

Inches 39-00*^7 Ans* 

12. The contents of three fields A, B, C^ were as below ; required th^ 
vhole number of acres? 

«r. roods poU 

viz. A 14 3 37 

B 16 3 30 

C 10 2 24 

42 2 11 Arts. 

13. A field having been measured with tlie chain in 4 divisions^ tK« 
contents were found as below. Required the whole number of acres ? 

chains links 

viz. 43 i^842 

23 6473 

14 7292 

91 5463 

Acres. 17 3 9070 Ans» 

14. The several contents of a piece of work are 24/ 124in. U/, lOOin* 
^9f, 20in, and 16/. 99in.; what is the whole content? 

F, in. 

24, 1'24 

14 100 

99 29 

16 99 
355 64 Jnsi 



tS ARITHMETIC. 

15. The cubic contents of three pieces of timber are 29/, 1629j>* 2V. 
I56lin» and 19/, 1104i/i. how many feet in the whole ? 



F. 


irt. 




^9 


1629 




24 


J561 




19 


1104 




74 


838 


Jris. 



16. Add 3j, cubic yards, and 21 J cubic feet togethcF ? 

I X27 = y r= 11* = Hi*; and2lj =C1/,- 



Sum 4 



yd. f. 



3 ilil 



COMPOUND SUBTRACTION. 

80. Rule^ Prepare the numbers and set them down as m 
Addition, only let the less stand under the greater. 

Begin at the right hand, and take each number in the lower 
line from that above it and set the remaincitr directly under : but 
if any number in the lower line be gr iter than that above it, 
instead of adding 10 to the upper one, as in simple subtraction, 
increase it by as many as make one of the next higher denomi- 
nation, then subtract the lower number from the sum, and set 
down the remainder.. Carry l for that borrowed to the next 
number in the lower line, and proceed as before till the whole i^ 
finished. 

Examples^ * 



£ s. 

1, From 64 16 
Take 12 4 


d. 

3 

2 




£ 

' 2. From 19 

'lake 6 


s, 





It 


Rem. 52 12 
Proof 64 16 


1 
3 




Rem. 15 
Proof 19 










3. 


From' 

Take 

Ran. 


4 s. d. 

5 2 If 
1 3 2J 
3 18 lOJ^ 
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Here 3 farthings being greater than I farthing, I borrow 1 penny or 4 
farthings, which added to ^ in the upper line make 5 farthings, then 3 
from 5 leave 2 farthings or ^ a penny to set doNvn. Next, 1 that was bor- 
rowed and 2 make 3, which t:;ken from 13 (because I borrow 1^. or 12 
pence, and add it to the 1 in the upper line) and 10 remains* Carrying 
1 that was borrowed to the 3 shillings and the sum is 4, which subtracted 
from 22 (because I borrow 20) leaves 18. Lastly, 1 carried to 1, and the 
sum taken from 5 gives 3 the last remainder. 

£ s. d, X s. d. 

4. ^ From 27 5. From 1 Of 

'" ■ '^ "^ ' D |. 

19 llj 

€. What is the difference of X^ and f j. ? 



From 27 


5. From 


Take 25 19 11^ 


Take 


Rem. 1 04 


Ran. 



-J- 


X 


20 


= '/ = 


'.2^s,^X^ 


« 






ShiU. 


2-^ 

^ Am. 



7. What is the differencie of | of a guinea and <^ of a pound? 

s. 
\ of a guinea = -J X 21 =: ^ = 4|. shillings' 

£ J. 

fy = ^^ X 20 = </^ = 4| shillings. Therefore the dif- 
ference is nothing- 

£ s. 

B. Required the difference between 0-252 and 5-218 } 

£ 

0-252 

20 

Skill, 5-040 • 0178 Ans. 

yd. / in. y^'f' in, 

D. From 17 1 ^\ 30. From 6 4-75 

Take 15 2 11 Take 2 1 5 84 

Diff, 1 1 b\ Diff. 3 1 10-91 




64 ARITHMETIC* 

II. From llf square feet take 100^ square inches, 
^ X 144 ss <^4 = 20-f square inclics. 



F. in. 

11 20| 




feet / 

1 o^^y the answer In square feet. 

12. What is the difference between -53 of a solid yar J, aiid 16'66 solid 
feet? 

feet 

«8 X 27 = 15-66 
16*G6 

Drf.l 



COMPOUND MULTIPLICATION and DIVISION. 

81. Compound Multiplication and Division are compendi* 
ous methods of Compound Addition and Subtraction. 

!• n^en the multiplier is a whole number* 

82. Rule. Multiply the number in the lowest denomination, 
and find; by the rule of Reduction, how many integers of the next 
superior denomination are contained in the product, and set 
down the reqiainder if any. Carry the integers thus found to 
the product of the next higher denomination, with which pro- 
ceed as before till the whole is multiplied. 



COMPOUND MULTIPLICATION AND DIVISION. 6^ 

IL fyhen the divisor is a whole number. 

83. Rule* Divide the highest denomination by the divisor 
and set down the quotient; and if there be any remainder, find 
how many integers of the next denomination it is equal to^ and 
add them to the numbftr (if any) which stands in that denomina- 
tion. Divide the number thus found by the divisor, and set 
down the quotient under its proper denomination. Reduce the 
remaiBder to the next lower denomination ; and so on, till the 
whole is finished. 

Exarxfples in MuUiflicaticn hy whoU numbers 

^ s. it 
I0 What cost 7 quarters of^ats at 1 i> 10 per quarter? 

1 9 10 

7 



10 8 10 AftM^ 



£ «. d, 
5. At 2 19 10^ per barrel^ iwiiat is the cost of 10 barrels of gunpowder J 

£ 5. d. 
H 19 10| 
10 



g9 18 \\% Am, 

/. in 

3. Wliat is the wholelength of 9 planks^ eaeh being 13 5-7f 

/ in. 

13 5-7 

9 



vn 3-3 Afis. 



84. When the multiplier is the product of two or more single 
figures, the answer may be found by multiplying successively by 
those figures instead of the whole at once. [\Q) 



VOL. I. 



W ARTTHMETie. 

4. Wliatcofit^Scbaldronofcoakat 2 7 9 per chaldron? 

5 X 5 = 25 S s.d. 

2 7 9 

5 

11 18 9 

5 

59 13 9 Am* 

5. What must be pud for 105 hundred weight of bullets, at 5«. 7|</. per 
Jhundred weight ? 

X 5 X 7 = 105 ^. d. 

5 7J 

r 

1 19 6| 

1 

^g9 12 94 ^/u^ 

85. If Ae multiplier caniiot be produced by the multiplica- 
tion of two or more single figures, take the nearest number toit 
which cto be so produced, zn\ mulUply by its factors as 
before. Thai augment, or dimiftish the result by as many 
times the multiplicand as the said number is less or greater than 
the multiplier. 

£ s, d. 
6. At 4 I loi per thousand, what is the cost of 58 thousand bricks ? 

^ s. d. 

4 1 10| 
8 
32 14 10 

7 

229 3 10 price of 5^. 

- 8 3 St pri<?e of 2 add: 

Ans. 237 7 6^ 

OrthttS, £ s.d. 

4 1 lOf 
.10 
40 18 ^\ 

6 

245 11 3 ....price of 60. 

i ^ 3 8f . ,ol 2 subtract; 

Am. 1?37 7 gj as before^ 



COMPOUND MULTIPLICATION AND DlTlSIOKfi 0) 

5/rfr. /. in, 
7. Multiply 2 2 10-7 by 29. 



2 2 
20 2 


10-7 
7 

2-9 

4 




8i 2 
2 2 


10-7.. 


..product by 28* 
..add. 


86 2 


10-3 





86. Examples in Division ly whole numiers^ 

£ s. d. 
I* When oats are at l 17 9 per quarter^ ^hat is that per bushels 

£ s. d. qr. 
t ) 1 17 9 

4 8 2| --to- 

2. If the interest of 100 for a year be 3 J, vhat i$ the interest of 70 for 
that time ? 

^ ^ f . A 

;?} = 3 7 6 

£ S. dm 

10) 3 7 6 X 

6 i} the interest for 10« 

7 

2 7 3 Ans» 

87. When the divisor is the product of two or more simply 
aumbers, divide by them separately. (30) 

£ s, ef. 
0, Ifa chaldron of coals cost 2 10 3, Tvhat isthat'per bnshel^ 

<£ s. d. 
6 ) 2 10 3 
6 ) 8 4i 

1 4j. jins. 

4. At 3 guineas the hundred weight, what is that per Ihu } 

^ X 7 X $ = 112 £ s. d. ^ 

2 ) 3 3 

2 ) i II 6 

8 ) 4 6 

63- Arts. 

K 3 



68 ARITHMETIC. 

yds,/, in, 

5. Wlut i» the 2'M part of 19 2 95 ? 

y. / in. 

4 ) 19 2 9' 5 

6) 4 2 11-375 

iiwi. (» ? 5^9.^833 arc. 

88. If the divisor cannot be resolved into small factora* divide 
by the whole at once after the manner of long division. 

£ s. i. 

6. If the whole pay of 179 men for 61 days be 625 U 4^, what is the 
daily pay of each ? , * 

£ s. d. 4 s. d. 
179 ) 625 11 4f ( a 9 IGJ tlie whole pay of 1 maiii 

537 



88 








20 








1771 








1611 




£ f. 


d. !.</. 


160 


€1 


)3 9 


10J(l \\ Jiriswer. 


12 




20 


\ 


iy.^4 




69 




r79 




61 




134 




8 




4 




12 




537 




106 




537 




61 








45 
4 

183 





69. III. When the multiplier, or the divisor, is a vulgar frac- 
tion, it is evident that the product in the former case, and the 
quotient in the latter, will each be obtained by both multiplica.. 
tion and division, except the numerator of the fraction be 1. — 
For the product of the numerator and multiplicand divided by 
the denominator will give the answer in multiplication. And 
the product of the denominator and divideod divided by the nu* 
inerator is the quotient in division* 
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Examples. 

TotlC, lb. 
1. If 86 17 100 of piovisions Vill serve a garrison 12 months, vhat 

quantity will be necessary for 8 months? 

8 months = | of J^ months* 

T. C. lb. 

86 17 100 

2 

3) i7J 13 88 

57 18 66* Arts, 

X s.d. 
^. If I agree to give a labourer 16 6 for working 10 days, what moot 

I pay him for 7 days ? 

Here 7 days is ^ of the whole time. 

J£ «• d, ^r. 

16 6 
7 

10) 9 5 6 

18 6 2\ Ansn 

yds. f* in. 

3. Wliat is I of 79 8 54*7 square measure? 

y. / in. 
19 8 54-7 
3 
5) 239 7 Wl 

47 8 y0»4a 

i ^, , . . , 

£ s. d. 

4. If 7 hundred weight cost 6 13 4, what is that per ton? 

CiPt. 

Here 7 is /jy of a ton, therefore /^ h the divisor. 

JS s» d, « 

6 13 4 
2 



13 6 8 

10 

7 ) 133 f) 8 product by 50. 

19 nf -^«*. 



JO AmiTHM£TI«« 

90. When the multiplier is a mixt number, the miiUiplica- 
lion may be made by the parts separately and the products added 
together for the answer. If the divisor is a mixt number re- 
duce it to an improper fraction. And when decimals are in 
the multiplier or divisor, reduce the multiplicand or dividend 
to the lowest denomination, and find the answer by the rules of 
Reduction. 



OF ALIQUOT PARTS. 

gi . An aliquot pare of a number is any other number which 
will divide it without leaving a remainder. Thus if the aliquot 
parts are confined to integers, 1 , 2, and 3, will be all the aliquot 
parts of 6 ; 1 being the -J-, 2 the -y, and 3 the i of 6. Fractiona 
and mixt numbers however, are aliquot parts, as y or the 5th 
of 1 is an aliquot part of 1 ; 3| or | of 10, an aliquot part of 
10 ; 4t or I of 13|, an aliquot part of 13t, &c. Also 3s. 4rf, 
and 25. 6d. are aliquot parts of a pound, the former being •^, and 
the latter T* 4 inches is an aliquot pari of a foot and also of a 
yard, being i of the former, and i of the latter, &c. 

The principal use of aliquot parts is to abridge the operationa 
in compound multiplication, or when several numbers of differs 
cut denominations are to be multiplied togejier. The method 
by aliquot parts is also called Practice^ 

1, What is the product of 144 and 6j.? 

144 

864 product by 6. 

7^2 4 of 144. • 

Ji6 ...... iof7i?. 

Jm. 9i2 

Hero, instead of multiplying by |, I take J, the multiplicand, and again 
the i of that 4 , or J ; therefore both these parts together make ^ of the 
rouUipli^and to be added to tlie product by 6. 



ALIQUOT PARTS. fl 

S. Required the product of 782 and 2a| i 
782 



lb6^0 product by 20. 

391 4 or 4 of the multiplicand. 

97| I of 391, or i of i or I bf the multiplicand.; 

Am. 16128^ 

f.d. 

3. What will be the expense of a brick wall 785 yards long at 3 9 pet 

jard? 

3s, 9d, may be divided into two aliquot parts of a pound, viz* 2s. 6d. or 
|, and is. 3d. or ^ of ^. And therefore it is evident that |^785, and ^ qf 
that I when added together will be the answer in pouudsj U^. 

s.d. 

2 6 = 1 6 ) 785 

I 3 zs lo/i ... 2) US 2 e 
49 I 3 



^147 3 9 



Or the aliquot parts may be taken as follows :' 

s. £ ' 

5 = A 10 ) 785' 

\5, — 12*. 2) 78 10 

6</.= i \s. 2) 39 5 

3rf.=: i6rf, 2) 19 12 6 

9 16 3 
^ 147 3 9 the flwww as before. 

£ Sm d. ci0t. qr. lb. 

4. If gunpowder is 6 13 6 the hundred weight, what will 8 1 20 
cost? 

£ s. d. 
5 13 6 
' 6 
45 8 COStofSjwf. 

£ s. d. 

1^. = ^cart 4 ) 5 13 6 

1 8 4^ cost of 1^. 

16i».s=f ca/ 16 2I of I6lb. 

4iS.zz i of IQIb. ... 4 Of^ of 4 lb. 

45 8 of Scut, 

^ 47 16 7j. Ans. 

In the last example I find the price vti 8 iv/- by compound (maltipUca' 
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tion; and that of 1^. ^Oihi by tke aliquot parts of a Juiodied wdght t 
Thus 1^. is ^ of a hundred, and its price Jof ^5 13*. 6A— 16M. is | of a 
hundred, therefore its price is f of -^5 13i, 6d, and the price of 4/A- 
(making up the 20/6.) is i of that ^ 

S. If! pay 4 10|peryard> ivhat will be th^ expense of 19 2 G} 

1* feetsja yard 2)4 loj ^^^^ ^ ^ 

1 foots} of a yard.... JJt^ } expense of 2 6 at 4 10^ per ^dl 

79 

4 I0| 

iW//. 316 9 79yif»at4j. 

6d.ss4U 39 6 ) . . 

S=to«:::::: '« ? [ «pen.of ^-atS^. 

1 7^ } expense of 2 6 at 4 iO|. 

skill. 387^ fVr 

^ 19 7 6Vi iliw. 

But the result may be obtained more concisely thus t Since 79 '^ds. 2/k 6f»» 
Is only 6 inches or | of a yard short of 80 yards, if ^ of 4j. tOjif. be 
deducted from the expense of 80 yards, the remainder will evidently be 
the answer requked* 

*. d. 

4 10^ 

8^ 

1 18 10 
10 

- * • 19 8 4 80 yards at 4j. low. 

J of 4s. 10J<i»r= .0 9U subtracts 

•^iL— 2— ^ -rf«*. as before 

fi in, /• in. 
e. What is the product of 16 7t by 22 10? 

- 22 10 
352 r= 16 X 2?. 



6i«. =s i a foot .;. 11 = ^ of 22 \^ £* ^ Vt 

liin.= i-of 6i>f 2 9 =5: i of n ^ - 5f-^ X 7t. 

^- 5=1 a foot 8 3J = 4ori6/.7ifn.> ,«^i^,^. 

=s J a foot 5 6| s=f of i^.7ii>.]='*^ <»><>?»'»• 



6 in. SI ^ a foot 
4 W 



^w. 379 7^ 
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This product Is square measim>, and tfierefore 379 art square feet, and 
^1 are ISths of a square foot, equal to 7^ X 12 or 87 square iiickes* 

/, tfT» f. in, 
7. Required the product of 46 Sj- aud 8 9^? 

in. 

Ji 
8 Product by 8. 

ifeirt. =: 4 a foot 23 2J = \ the nuiltipi.caiid. 

3/ff. =: f of6z« 11 73 =f of23 2i 

^n. 5= ^ofirrt. 2 i0f7= j.ofU 7f 

4094]i or 4095f ./. and 59| j^. ?«. 

«. Let 3i 2 9 be multiplied by 10 i 10? 

yf£j-. ^ in* 

31 2 9 

10 I 10 

'3li^ 6 prodoctby 10. 

J/, rrjofa^wr-rf 10 1 11 =:{ the multiplicand. 

'Bj/l.irriafobt... 5 t) Hi = J of 10 1 11. 

4<i«,5i|«foot 3 I 7| =|of 10 1 IK 

338 2 0^ -<^'«. 

beretheprirtcipalirJteger being a yard, 333 will be square yar<h, each 
t>f tiie units in the next denomination \ of a square yard, and each unit 
tinder inches -/j cj/ f or ^ of a square yard. And the whole 338y. ^. 6i;», 
^uare measure* 

This metliod by Aliquot parts will frequently be more expe- 
ditious thaA Duodecimals for obtaining the contents cf t&e sec« 
tione of fickl works^ &c. 



Of the rules of PROPORTION. 
I. Of Direct Proportion. 

02. If 4 numbers areguch that the first divided by the second 
is^ual to the third divided by the fourth, or the stcoAd divided 
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t4 xMtnui^ti^ 

Iff ' the firffc equal M the fiwfth Winded bf the tbird^ ihtfne 
jmA to be directty proportibnal. 

Let the numben be,S> 4y 5j 10: Then | = t^} »nd^i 

The fraction | denotes the raiioy ^f rather the exponent tS 
the ro/ioof S to 4, or of 3 to lOj because tW = i* And i the 
ratio of 4 to 6, orof ioto3» 

The numbers or terms of the proportion are usually set dowa 
thus S : 4 :: 5 : 10, and read thus^ as 3 is to 4^ so is 5 to 10^ 
which signifies that d bears the same proportion Xo 4^ as 5 does 
to 10 : This is evident, since 8 is the half of A, and 5 is the 
half of 10 ; or 8 is contained in 4 the same number of times 
as 5 is contained in 10* 

Hence if two fractions are equals thar terms are proportional : 
For f =: ^; and 2 : 4 :: 5 to 10» 

93. Since equal numbers multiplied by equal numbers must 
give equal products, if the equal fractions -|» V are multiplied 
by 5 (or any other number) the products will be equal ; namely, 

•— = — r — , or (when the fraction — -- — is abridged) 

4> 3f 5 

or — — =: IQ; therefore the prQduct of the 

$ecwid and third terms of the proportion, 8 : 4 :: d :. lO^ di* 
tfiied hy the Jirst term^ gives the fourth term 10. Co&se« 
quently Uie product of the two middle terms 4X5, is e qiod tQ 
S X lOj the pioduct of the' other two. 

04. Hence iSbt nde of proportion is called the Rulr of 
Threb; because from Mre6 jrtt^e» nttjyii)^^ a/cmr^A majr be 
found, which shall have the same proportion to one of the threc». 
as there is between the other two. 

For example: If a body of troops in 2 hours march 4 miles ; how ftr 
would the/ march in & hmus at thenme rate ? 



or puopoxriov. yS 

^Beftr it k etkleoti tlMt the two.distaiic«> wtH be in. the same dfreet^itH 
fkprtion as the times 2 and 5, or that 5 will hHyethe sam^ proportion to 
the required distance or 4ih. terni» as 2 has to the distance 4» 

Therefore having set down the three given terms or numbers in the order 
they are proposed, multiply the^d.md Zd^ together, anddtvide the prom 
4uU by thefirsif /or Ihe answer. 

h. h» fit* 4x5 *"* "^ 

2 ; 4 ;; ^ ; — - =: 10, thewtiwer. 

Or beeause 5 X 4 s= 4 X ^t the proportion may stand thus» 

h* in* h* K V 4 

S ;. S. :: 4 I f.:^ 33- 10^ us btfforev 

The terms 2 and 4 are called the teems tS.mppotu ... . 
and 5 that of demand: therefore in setting down the three 
given numbers of a proportion, or stating the question, always 
make that number the first teroit which is of |i|e same kind at 
ihe term of demand. 

^ 95*. Sinoe the terms of two equal fractions^ i^ iVt ^^ P^O* 
pQfUonals (g$)> if f is reduced to its lowest terms we have i ^ 
T^, therefore ^s 1 : d*?: 5 : 10 ; or 1 : 5 :: s : ip. Henoe when 
4 numbers are directly proportional^ if the first and second i^rmSs 
or the first and thfard terms are divided (or jBuItipIied} *by any 
jnumber^ the 4M« tenn will still be the same i 

Thus, f : I ;: 5 : 10. And i : 9 :: | : 10. 

Tberefbre Mktmuliipiles or submmuliiptes of any numbers^ ^ 
in the same proportion as the num^rs themselves. 

96. Hence the operations in working proportions may iotnt^ 
times be abridged) as in the foHowing question ; 

If 500 men require 1 5O0O rations of bread for a month, how maiiy i^tions 
will a garrison of 1 170 men require? 

" j *•*■-' ! • : " .• ' . 

As ^00 V Woo :: 1170 % 35400' the anstm^ 

L8 
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Or> 4i[Tidiog tke two Brst terms by 5j00^ 

As 1 : SO :: 1 170 : 30 X 1 170 = 35 100 : where the producl of the ^^ 
and 3rf. terms is the 4//u term or answer. 

97. Hence, If to several numbers we respectively add other 
numbers in the same proportion, the sums will also be iu that 
same proportion. For the latter numbers may be considered as 
like multiples or sub-multiples of the former. 

Thus, if to 3, 4, 6, we add I, 1}, 1? (having t'.e same proportion) re- 
spectively, the sums will be 4, 5}, 8, which are in the same proportion as 
3, 4, 6. And thehke is also evident with respect to the dijffcraices, 

98. Hence also, it appears that fractions having a common 
denominator are in the same proportion as their numerators. 

Thus the fractions /j, ^^, -,\, are in the same proportion as 6, 8, 9. 
But the fractions when reduced to their Jowest tern\8 are J, J, j, coiise- 
' qutntly those fractions are in the same proportion as 6, 8, 9, 

99. If 4 numbers are directly proportional; then, as the suni^ 
of the \st. and Qd. is to the 2rf. (or 1st.) so is the sum of the 3cf» 
>nd 4th. to the 4/A. (or 3d.) 

•j^. Suppose 2 : 4 :: 5 2 10. 

Then 2 -h 4 : 4 :: 5 -t 10 : lO* 
And 2 4- 4 : 2 :: 5 + 10 : 5. 

For| c^y^jjVand since equal numbers added to equal numbers mw| 
§\ve equal sums, if the fraction J (or J) be added to *, aud -}g (or 1) addc^ 
to ^, the sums must be equal. 



viz. I -f J T= "S^o + i§, or -^-^j — = — iQ— i ^l^cse fracU(jyo& beipg 



£4-J- ^ 5-4-10 

^qual, their l^rixis will be proportionaf, 

Or2Hh4 : 4 :: 5 + 10: 10 

In like manner, by adding | and |^ to J and y respectively, we have 
2 -+- 4 I 2 :: 5 + 10 : 5. (And if we subtract the equal fractions I, j., 
instead of adding them, it may be prqved that the differences are proN> 
povtional}. 
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Since 9 + 4:5+ 10 :; 2 : 5, therefore f - *^ ^ =: ». Now, if for f 

o -*- 10 * 

we take any fraction equal to it, as -j^, ve Iiaye ■ T^ ■ = Tff 5 

Therefore 2 + 4 : 5 + 10 :: 8 : 20; or 2 + 4 : 8 :: 5 + 10 : 20; 
lieuce, as 2 + 4^8:8:: 5+10-1-20: 20; 
or 2 + 4 -i- 8 : 3+ 10 + 20 :: 8 : 20. 
:: 4 t 10. 
:: 2 ; 5. 

100* Hence is derived the method of dividing a number into 
a proposed number of par^ having given proportions* Let 35 
(pr 5 + 1 -h SO, be di\4ded into 3 parts which »hali be as S, 4^ 
and 8 : Then, ' 

« + 4 + 8:35::?:5 

S + 4 + 8 : 35 :: 4 : 10 uins. 5, 10^ and SO* 

? + 4 + 8 ; 35 :: 8 : 20 

Again: Suppose it is recjuired to divide 100 into 3 parts having the 
proportions of |, J, and J. 

Tbe three fractions when hrpught to acomnion denomioator are -^-^ -j^, 
and^; therefore (98) the three parts will have the same pioportiaDs u 
the three numerators 6, 4, and 3 : 



Then, 15 : 100 

13 : IQO 
13 s 100 



6 + 4 + 3 = 13, 

: X : 30^1 y the 3 parts required, 
: 3 ; 23^ J 



As a third example, let |0| be divided into 2 parts h^vingthe sainerati#^ 
jjfs tlie decimal^ lOS and '075 : 



•05 

j075 

•125 



-m : |0-5 :: ^OTi? 



: 4*2 \ 

I the two required par(s{ 
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IL 0£ Inverse or Reciprpcal Proporiionm 

101. Whem 4 numbers (3 : 4 t: 3 : 10) arc in direcc p.'^- 
portion, (as above) the product of the two middle terms (4 x 5) 
ia equal to that of the other two (3 x 10) • But if the proper* 
tion in inverse .or reciprocal, the product of the two first terms 
will be equal to the product of the two- last j ot the ratio of the 
6T%t tmm to the tbinl is equal to tb^t of the fourth to the 
secohdf 

Fop example : If 4 men can do a piece of work in daya^^ ujt 
what time would 8 men do the same ? 

Taking the proportion direct, the anawer cornea out 12 day^ $ 
but the true time ia evidently no more than 8 days^ because 9 
inen will re(]|uire but half the time which 4 require. 

m* dm w# a>m 4 V f? 

Aa 4 : 6 :i 8 : 3. Here — g — = 3 1 vi>, the prtnluct 

of the two first terms divided by the third gives the fourth term 
or answer. Hence this 

Rule, Multiply the terms of suppothion together and divide 
the product by the term of demand for the foMrth tAOO or 
answer. 

As another example; Suppose 40 men stand 5 !n a rank^ 
.^en if a yard ia allowed to each rank they will extend 8 yanls. 
But if th^ sanxe 40 stand 4 in a rank^ the extent will be 10 yaitla 
(allowing a yard to each rank as befqre). In this case it is evi- 
dent that the lengths ar^ iffv^rseffi or recifrcK^c^lljf as the nam* 
ber of men in front. 

9fl. yd^, in, yds. % ^ o 

Therefore 3 : 8 :: 4 ; lo. Here ?-JL-2 = lo. And 

4 

the ratio of 5 ta 4 ia equal to that of 10 lo 8; or i =.V* 

The term^ of suppQsiiion being 6 and 8j )^d that of d^m^d 4« 



Of Jt5:qP0RTI0X. S9 

102» T0 discover when a proportion should be wrought in- 
versely, consider if more requires less, or less requires more^ 
or if one number increases in the same proportion as another 
diminishes^ for m either case the inverse rule must be used* 

\0Z» N. B. When the two terms of a proportion which ate 
4^ the same kind, are given in different denominations, reduce 
them to the same denomination. Thus if one is pounds, &c« 
and the other pence, &c. reduce them both to pounds, or ta 
pence* If one is feet, aad inches^ and the other inches^ redueb 
tfa^n both to feet or to inches^ &c. And the fourth t^prm or 
answer will always be in that denomination to which the givea 
^enn' of the same kind is reduced. 

^luestions in Compound Proportion or the Double Rule of 
"Three J may alWa3rs be answe]:ed by two or more single statings. 

Examples^ 
I. To £nd a 3d. proportional to 5 and 33* . 

* JkfS I 33 :: 33 j 217*8 Am. 
^3 

99 
5 ) 1089 

V - ££2:2 • 

The %»rk IS proved by rererstng the question.— Thus, to find a 3^ pn>- 
fostioaal to 217*8 and 2^. 

As. 317:^ ^33 « 33 ; ^\ ' ^J^ s= 5 the Jns. 

2lf'o 

9: To find a4^A. proportional to ir5» *0769and iooo^ 

AsilJ» : *0709 r 1000 ; 6'C$61) ica.Ans^ 

1000 • 

ii'5 > Tfi'SOOO ( 6^8 j^ &c. 
g9 
7 90 
690 

iooo 

800 
' 690 • 

. 7io5 
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3. Let a 4th. proportional to the three fractions -14^ H, atid 
'fy, be required. 

. N. B* It will be advisable in most cases to set down the 4fA. term in 
the form of a vulgar fraction, and then reduce it to its lowest terms^ as io 
the last example* 

4. What are coals per chaldron when three bushels cost 4 
lluUtDgs? 

36 btahp = 1 chaldron. Therefore we have to find a itii, proportional 
to 3, 4, and 36 : 

hish, skill, busk, a x 3fi ' 
As 3 : 4 :: 36 : ^ — = 4S shiU, the Jns, 

5. The quick time, or step in marching being S paces pet 
second or 120 per minute at 24- feet ea.^>; at what rate pet 
hour does a troop malrch : and what tim^ is taken up in march* 
ing 6 miles ? 

.120 X 24. X 60ts 18000 f^t per hour = 3^ miles« 

.. • •* ffittt. . . 

As3,^j : 60 :: 6 : """f r . :j!> . zr ^ '^^^^^^ =£ 105| =s 1 46^. 



^^V3A«^p^hour. 



^ s. s. d. 

6. What will the Ux on S14 15 be at 1 8 in the pound ? 

£ s. d. £ t. 
As 1 :<1 8 :: 514 15: 

d, d, £ s. 
Or as 240 : 20 :: 514 15: 

Or (96) dividing the two first terms by 20> we have 

jf £ s^ ^ J 

As 12 : 1 :: 514 15 : -^-~ = 42 VIW Ant4 
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ac. roods poL jS j. dm 
7. What is the rent p^t* ann. of 140 3 SO at 1 10 8 
per acre ? 

Off. r. p. 

140 3 20 « 22540 poles* 

7 10 8 = 368 pence. 
As \m : 368 :: 22540 s 221^^£:i2 -St 51842 =s 216 5? the im. 



8. A sets out itom Oxford to London at the same time that 
B leaves London for Oxford, the former travels 5, and the latter 
6 miles an hour; now supposing Oxford to be 58 miles from 
London^ how far from the latter place will they meet if they 
travel the same road? 

If the whole distance be divided into two parts having the ptoportkm 
of 5 to 6, it is evident those parts will be the respective 4isU&:es 
travelled. 

(100) As5 H* 6 : 58 :i 6 : 31^ travelled by B. 
5 + 6 : 58 :: 5 : 26^^ travelled by A. 

9» A detachment sets out at Q in the morning, marching at 

the rate of IJ miles an hour; 3 hours after^ another detach* 

meht from the same place follows them^ but their march is 2^ 

miles an hour» In what time will the latter overtake the former ; 

and what distance will they have marched ? 
nu 

1^ X 3 =3 5^ the first detachmeAt is a*head when the other begins its 

march. 



m. 


m. m. 










The difference of 2i and IJ is |, 


what the latter 


gains 


on 


the former 


per hour. 












m. 












But it has to gain 5^ in 


the whole. 










Therefore, as J : 1 
or« as 1 :. 1 


171. 
::5t 




^ 
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A. 
(98) or, as 3 : 1 :: 2l-< */ = 7 the time required. 

And 2 J X 7 = 17{ miles the distance required^ 

10. The hour and minute hands of a watch are together at IS 
o'clock ; at what time are they next together ? 

The minute hand moves 1 circumference on the dial plate in 1 hour ; 
but the hour hand moves only ~*^: 
the difference is ^ which the minute hand gains per hour. 

But at setting off at 12 o'clock we may consider the hour hand as beiog I 
circumference before the minute hand ; 
Therefore, the minute hand has to gain 1 circumference : 

As \\ : Ih. :: 1 : ||A. = X-^h. the answer. 

11. There is an Island 29 miles in circumference, and three 
travellers all start together to travel the same way about it ; A 
goes 3 miles per hour, B 5, and C 7 > when will they all be 
together again ? 

B gains 2 miles an hour upon A ; 

Therefore as 2 : 1 :; 25^ : 14 J the time from starting when B over- 
takes A. 

C gains 4 miles an hour upon A; 

I7r« h. tn, h. 
Hence 4 : 1 :: 29 : 7-| the time when C overtakes A. 

And since C will overtake A at the end of every 7} hours, they will be 
together at the end of twice 7^ hours, or 14^ hours : 

Therefore all three will be together again at the end of 14 J hours from 
the time of starting. 

12. Suppose a clock has 4 hands, A, B, C, D; and that A 
goes round once in 5d. 20A. B in 7d. I4h. C in lod. 20h, and 
D in ISd. 23A. Now if the hands are all together at any par- 
ticular time, how long will it be before tliey come in conjung* 
tion again ? 
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the times of revolutioa 




Now it is evident that at the end of any number of hours which is a 
common multiple of 140, 182, 260, and 455 (the times of I revolution) 
the hands will be together again : but the least commoa multiple 13 13 X 5 
X 7 X 4 or IS20 (U7); tJurefore in 1820 hours, 
A will have m >v. d 13 \ 
Q „ > thnes round. 

D ::;'":;:;:::;;::::::; 4) 

Consequently at the end of every 1820 hours the hands are together at the 
9ame piace^ 

Therefore since the hands come together at every like whole multiple of 
JO, 10, i?, 4 revolutions (as twice, thrice, four times, &c.), it follows, 
thatif we can find like sub-multiples or aliquot parts of 13, 10, 7, and 4, 
havifig likefraciiotis, the hands must have been in conjunction without per- 
forming entire revolutions : Thus, if we divide \3, 10, 7, and 4 by 3, we get 
4J, 3 J, 2}, 1 j. revolutions for the elapsed tiiiic, or ^ao = 606| Aoiirjthe 
time required. 

Or thus. 

A moves ^l^, B t|ii C y|^, and D jj.f.y of the circumference in 1 hour, 
respectively. 

Now if we proceed according to Examp. 7, 
ve have ^^ — ^ = ^^^ of the circumference which A gains on D io 
1 hour: 

Therefore .^^ circumf. : Ih. :: 1 circtwi/. : 202|A. the time in which A 
is overtaking D. 

And ^ — jU. = ^Ij, circumf, which R gains on D in 1 hour : 
As yj^ : Ik. :; 1 : 303JA. the time in which B is overtaking D. 

^^^ -rkv — TTT = TtW circumf. which C gains on D in 1 hour; 
^°^TtW • ^^' '-'- i '• eo^J/'- the time in which C is overtaking D. 

Now it is evident that the least common multiple of S02J, 303}, and 
606} will l>e the time when A, B, and C will first overtake D together; 
but 606| is the least common multiple ; for twice 303} is 606|, and thrcQ 
times 202J is 60 J J ; therefore 606} hours is the time, as before, 

MS 
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13. What length must be cut off a rectangular board that is 
7i inches broad, to make a foot or 144 square inches ? 

In other words ^What number is that which multiplied by 

74 shall make 12 times 12, or 144 ? 

Here the proportion will be inverse $ 

broad lotig broad ,« ^ ,o 
As 12 : l!^ ;: 7i ; -—^ = l^i J^^bes, answer. 

14. A garrison of 488 men have provisions for 39 weeks 1 >ow 
long will those provisions last if the garrison be increased tc 
732 men ? 

It is evident tbat the provisions will last a less time, therefore the pro- 
portion must be wrought inversely : 

A, «8 : 3*^ :: t" 2 '^^^^ = ^6 weeks, onsu^. 

• 

15. If 1000 men besieged in a town with provisions for 28 
days, allowing 18 ounces a day per man, be reinforced with 
600 men, and supposing that they cannot be relieved till the end 
of 42 days; how many ounces a day must each man have that 
the provisions may last that time. 

1000 X 18 X 28 ounces, the whole quantity of pro virions. This quan- 
tity is td last 1600 men 42 davs. 

1000 y 1^ i^ 28 
Divide by 1600, and we have "^ ^ ounces the quantity 

which must last I man 42 days; this divided by 42 wiiJ give the allow- 
ance per day for I man ' viz, 

1000 X 18 X 28 _ 10 X 18 X 28 _ 10X9 Xg _ 5X3 _ ^j 

1600 X 42 "" 16X42 "" 8X3 2 * ' 

the answer* 

cwt^ qr. jf 5. 

16. If the carriage of 71 3 of baggage amounts to 5 16 
for 40 miles; what will be the expence of 6ton Vicwt. for 94 
jniks at the same rate ? 



OF PROPORTXOV. B$ 



inn cuffp JB $• 

cwi, grsm 

71 3 = 287 jrs. 



yr.f. 
As S87 



116:: 548 : ^ili-iir the expence of p 17 for 40 mito. 

m **'•«. **• 

As 40 : ^lULJi^ .. H ^^g X "g X 94 _ 137 X 116 X 47 
287 * 287 X *^ ^ 217 X 5 

^^^WjV ^* = 26 6.j^ the a/m-sw. 

17- If a company of 160 men in six days of 11 hours each^ 
can dig a trench S30 yards long, 5i wide^ and 1| deep; in how 
many days of 8 hours long would another company consisting 
of 96 men dig a trench 820 yards Ion^» 3^ wide, and 1 deep ; 
supposing the hardness of the ground in the former case is to 
that in the latter as 5 to 7» and that 4 men of the latter com* 
pany can do as much*work as 5 of the former in the same 
lime ? 



trench. 



^30 X 5j X 1 J =s 1897^ (by mensuration) tlie cubic yards in the first 

ench. 

220 X 3J X 1 = 770 the cubic yards in the other. 

Now if we suppose the labour necessary to raise a like quantity of earth 
to be directly proportional to the hardness of the ground, it is evident that 
the strength required to dig the former trench, will be to that required for 

yds, yds, 

tbc latter, as 1897f >< 5 to 770 x 7. 

fTim ftt* tn* tn* 
And, as4 : 5 :t 96 : 120, therefore the labour of 12Qmenof the first 

company is equal to that of the 96 men. 

Hence the question is reduced to the following. 

yds. 
If 160 men in 66 Hours (G X 11) can dig 18!^7j x 5; in what tim» 
yds, 
would 120 n>en dig 770 X 7 > ' 

, yds* 

m» yds, m. 1007X v s v ion 

As 160 : 3897i X 3 :: 120 ; ■ ■ ^ ^gg t the yards which 120 

men could dig in 66 boun. 
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yds. , . 

160 . u X / . I8£^7t X 6 X 120 
^.TTjT hours, which divided by 8 gives G-frfT t^ays the 

Questions of this kind however, may be answered in the following 
manner: Stt down the several proportions in succession, rerocmber.ng to 
make the term of supposition which is of the same kind ..s ihe required 
answer, the second term of each proportion; then if the proportions are 
compounded (140) it will be reduced to a single stating. 

Thus, the required answer htlng dtu/s^ 6 days will be the secoHtl or 
middle term. 





d. 




As leOm. : 


6 : 


• OGuu (inverse) 


IIA. : 


• 


Sh. (inverse J 


230/. 




: 220/. 


5i*r. : 




: 3ihK 


Hrf. 




Id, 


5har. 


: 


Ihar. 


5ot. 


: 


4m. 



And the divisors arc 96, 8, 230, 51, IJ, 5, and 5, crefore 

d. 

As 96 X 8 X 230 X 5J X IJ x 5 X 5 i 6 :: ' X 11 X 220 X 3} X 

^ ^ ^ ^ * = i.dX8X230X5iXUx^X3' "^^'^ ^'^"^^ ^^^"^*^'» 
to its lowest terms is '^W/ days, ihfi atifwer as before. 

The three la^t questions and others of the same kind, belong 
to what is usually denominated the Double Rule of Three. 

18. A detachment consisting of 4 companies being sent into 
a garrison in which the duty requires 60 men a day ; what num- 
ber must each company furnish in proportion to its strength ; 
the first consisting of 42 men, the second of 49, the third of 36, 
and the fourth of 63 ? 

It is evident Ihat 60 must be divided into 4 numbers having the propor* 
tionsof42, 49, 56, and 63. 
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42 










49 










56 










63 






Sum 


210 








men 




tnen 




As 210 


: 60 


:i 42 


. 12 


from the \sL company. 


210 


• 60 


:: 49 


14 


2rf. 


210 


: 60 


:: 56 


. 16 


3rf. 


210 


: 60 


:: 63 


: IS 


4/A. 



'(IW) 



19. Two troops of horse rent a field for which they pay j£82 : 
one troop sent 6i horses for 25 days, and the other sent 50 
horses for 30 days. How much of the rent must each troop 

Suppose 1 is the quantity of grass which a horse eats In 1 day : 

Then 64 horses will eat 64 X 25 (1600) such quantities in 25 days* 

And 56 horses will eat 56 X 30 (1680) such quantities in 30 days. 

Now it » evident that the shares of the rent will be in the same dircet 
proportion as the quantities consumed, or as 1600 and 1680. Hence the 
following rule for questions of this kind : 

Multiply each stocjc by the time of its continuance, then divide the 
whole quantity to be parted into shares in the same proportion as those 
prodocts. 

(100) 1600 
K)80 
3,80 

As 3280 : 82 :: 1600 : 40 what one troop must pay. 
3280 ? 62 :: 1680 : 42 what the Other must pay. 

The last question, and others of the same kind, belong to the 
rule called Doulle Fellowship. 

20. To divide 108 into three such parts, that i the first, ^ 
of the second, and i of the third may be equal each other. 

Assume 3 numbers which shall be in the same proportion as the required 
parti: 

C 2 ) 

Suppose -^ 3 > where the i, j, and | are equal. 
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Then (100) 

As +3 + 4 (9) : 105 :: 2 : 24 ) 

9 : 108 :; 3 : 3S > the three parts required* 

9 : 108 :: 4 : 48 S 

21. A general after detaching ^^ of his army to occupy s 
certain height^ and -^ of the remainder to watch the enemy's 
motionsj bad only 700 men left* Query the whole number of 
troops ? 

If wesuppmethe aimy to be 1, then ^ will be left whoi ^ is de» 
tached. 

And -f^ of^ or .^ will be the strength of the 2rf. detachment. 

And ^ + .^ =z .^ will be both detachments; this taken from I, 
^^ ^^ of the army remains^ which by the questions is equal to 700: 

Therefore as -^^ i 700 :: 1 : -^ ■ — =3025 the number required. 

Questions which can be answered in a manner similar to 
the two last, are generally classed under the Rule of Single 
Position^ 

dS. Sold a horse for 40 guineas^ by which I lost 4 per cent* 
whereas in dealing I ought to have gained 10 per cent. How 
much was it sold for under its value ? 

100 

4 subtract 
96 

^ ^ 100 X 40 
As 96 : 100 :: 40 : ^ — the prime cost 



^ ^ 100 X 40 no X 100X40 



G G 

A.d, a. ,00 : no :: ^ : '^^^^ ^ *H g«i-ea, its 
priceat 10/^ cm/ profit. 



4H 

40 sub. 

5^ guineas, the answer. 
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r 

S3. Suppose on a march, a party of foot is 1000 paces be« 
fere another of horse, and the rate of marching is 6 paces by 
the foot to 5 by the horse ; now if two horse's steps be equal 
to 24^ of a man's, how many paces will the horse take tp come 
up with the foot? 

Because 1 horse^s pace is equal to 1| man's paces> 5 paces of a hone 
vill be equal to 6^ man's paces : 

Therefore the faoFBe at every 5 paces gains ^ of a man's pace : ai&d at 
this rate the party of horse have to gain 1000 man's paces; 

m,p. h.p. m.p, fu paces* 
Hence, as J : 5 :: JOOO : 20000, \\it answer. 

24* A can do a piece of work in 7 days, and B can do the 

like in 5 days; in what time would it be done if they work to* 

gether ? 

d» w» »• w. 
As 7 : I :: 5 : f what A can do in 5 days. 

Therefore both together can do I^ in 5 days. 

V. d. w, ' d. 
As If : 5 :: i : ^^ =: 2|^ days, the answer. 

55. A and B can perform apiece of work in 2 days ; A and C 

in 3 days ; and B and C in 5 days : in what time would each do 

it by himself? 

d, w, d, w. 
As 3 : 1 :: 2 : J what A and C can do in 2 days. 

As 5 : 1 :: 2 : f what B and C can do in 2 days. 

d. w. 
By A and B in 2 1 

By A and C in 2 } 

By B and C in 2 .^ 

Sum Q^^ ; but in doing this, each of the three must 
evidently work 4 days, therefore the tliree together would do half of 2:^ 
or lj«j,in2days. 



Hence jyV— ^ = Vir ^^^^ ^ 

l-^ — f = ji what B ^ can do in2 days. 



! 
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w. d» w, . 

Therefore, as y^ : 2 :: i : 60 days the time by C, 

H 2:: I : >tV ^y B. 

fj : 2 :: I : 3^ by A. 

56. The plan of a foriificd town and Its environs in the Ne- 
therlands is 15 inches long and 12 broad. The scale annexed to 
it is 800 toises, and is 47 inches in length. Now if the plan 
be enlarged to a scale of 6 inches the English mile ; what wiir 
be the kngtii and breadth ? 

A toise s= 2-1315 yards. 
2*1315 X 800 =: 1705'2 yards the scale, 

yfe in, yds, ..- o Ui** 
As 1705-2 : 4-7 « 17(50 : ■ ' . the length of a mile on Ihc 

scale of toises. 

And since the dimeonoas will be in the ss^me proportion as the respec- 
tive scales, we iiave, | 

1705-2 47 X 17 do ^ 

And t^JLl^ : 6 :: 12 : '""^ ^ ^^ '"■ == 14-84 inch, the 
170d$ 4-7 X ^i^O 

breadth. 

57. In what time would 16 battalions of infantry each c©n- 
ststing of 510 men, with two field pieces, 4 horses to each, 
pass through a defil6 1^ miles long, supposing the march is in 
open column with 6 men in front, and the rate Tb paces (of 2|- 
feet each) per minute^ being that of ordinary time ? 

Suppose a battalion in line of 3 ranks; then ^^ss, 170 men ui each 
rank ; and 22 inches or 1| feet being the aiiowance for each man in (ront» 
we have 170 X 1| = 31I| feet the extent of the front or line, which also 
is the estimated extent of the same battalion ^'hen in open colttmn. 

311| 

iffo fiet, extent of 2 field pieces with 4 horses lo each* 
Sum ^li^/cet, extent of 1 battalion with 2 field pi<x:es. 



or PKOFORTION* i| 

And 471*- X t6 = 7546|/eW, extent of the 16 biUaliooi; a|ual ta 
5019 paces ol' 2iJe^ifidch* 

3019 

3">^g prices ^ 1 5 miles. 

67 i«> paces, extent of column and defile. 

As 1 Spa. : lmi>/« :: GliSpa, : S9^^mi^u Arts. 

SS. Suppose 18 battalions each consisting of 560 meOj with 
18 mounted ofEcern, and 2 iield pieces ^eaqh >^ith 4 i.orse ) 
have to pass two defiles; one is a bad road, 1 mile in length | 
the other a good road, 14- miles long ; each defile admitting of 
3 men to march in front; how many battalions must pass each 
deiile that the whole march through them may be made in the 
leadt time, 

C 6 feet in front to each rank of foot; 

11 . J 1 2 feet to a rank o6 horse ; • 

owmg < g^ ^^^^ j;^^ ^j^^ extent ot a field piece with4 horsef ; 

( 2|- feet the pace of a man : 

And that C 80 paces per minute in a good road« 
infantry march ( 50 in a bad road* 

In order that fhe whole march nny be made in the least tim% it 
will be cecensary to divide the IS battalions into t^^o coltinms wtiose 
lengths sh H be suck that their rears may quit tbe defiles at the same time; 
or that the nurch of one column through, one defile must be made in the 
tame time as that of the other column tlirough the other defile. 1 his will 
evidently be when the length of one column added to a mile, is to the 
length of the other column added to 1| miieij as 50 to 80« the rates of 
marching in the dedl^s. 

3 ) 5/iO 

Tsf ranks. 

6 

feet 1122 extent of 187 ranks. 

160 for 2 field pietes. 

108 (or ranks of officers riding two and two, 

la^u y^, extent of I bdlUiiQa^^^&iQ paces oUlfeetczcK 

N 8 
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556 X 18 ss 10008 paces, extent of 18 Uttjilktos. 
2112 paces = I mile. 
3168 paces =b 1^ miles. 
J 5288 pacss, extent of both eolumns and de&\€u 

CO + 50 = 130- 

(100) As 130 : 15288 ;; 80 : OiOS paces, length of the 4 mile defijfr 
with its column. 

And 
As 130 : 15288 :! 50 : SZSOpocefs, the length of the 1 mile defil^ with 
its column« 

5408 

3168 paces =*: l| miTes, 

6240 paces, length of the column which tnust pass the longest 
defile ; this divided by 556 the length of 1 battalion, gives 1 1 (the nearest 
ivhole number) for the number of battalions which must march through 
the 1^ mile cJelii^* 

5880 

S\\2 paces t= 1 mile. 

3768 paces, length of the column to pass the i mile defile. 

3768 
And — 3= 7 (the nearest integer) for the number of battalions which 

must march through the shortest defile. 

«9. Suppose the same 18 battalions have to pass two defil^^ 
of equal extent, one admitting of 3, the other of 4 men in 
front; how must the 18 battalions be divided that the whole 
march through them may be performed in the least time, if the 
roads are equally good ? 

Since the rate of marching in each defile ih the same, the extent of the 
columns, must be equal. And therefore 18, tJie number of battalions, 
must be divided into two parts having the same proportion as the length 
of a battalion marching 3 men in front, to the leiigtli when 4 men march 
in front. 

443 paces, extent of a battalion 4 men in front. 

556 extent, 3 men in front (seethe ia:,l question J» 

As 999 : 18 :; 443 : 8 nearly. 
999 : 18 :: 556 : 10 nearly* 
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Therefore 10 battalions must inarch through the widest defil6 ; and 8 
through the other. 

30. To divide SO into 2 such parts that the product of the first 
part by 5^ shall be to the product of the other part by 6, in the 
proportion of 10 to 3 ? 

It is evident that the two required parts will be in the same proportion 
as K^ and |, because if the former of those fractions is multiplied by 5, and 
the latter by 6, the products will be m the given proportion; therefore 20 
must be divided into two parts having the proportion of ^-^ and J* 

Hence (100) as^ +| s 20 :: *^ : 10 the first part; consequently 4 
b the other part. 

In like manner any other number may be divided into a proposed num* 
ber of parts such, that their products by given numbers may obtain given 
proportions. 

31. Suppose 8 battalions have to pass 2 defiles, one f, the 
other If miles in length ; the former admitting 6, and the latter 
4 men to march in front; now if the length of a battalion (in« 
eluding 2 field pieces^ be 330 paces of 2^ feet each, when 6 
men march in front, and 440 when 4 men march in front ; how 
many battalions must pass each defil6 that the whole march 
through them may be made in the least time, supposing the 
rate of marching in the shortest defile is 50^ and in the other 80 
paces per minute ? 

It follows from examp. 28, that the length of one column added to 1} 
miles must be to the length of the other column added to | mile, in the 
proportion of 80 to 50, the rates of marching. 

l^m. = 3696 paces. 
^TFU = 1584 paces. 

As 80 : 50 :: 3696 : 2310 paces. 

1584 paces = jm« 
726 paces, diff. and f*-g = 2//^ battal. 

Therefore if tjie extent of 2//^ battal. (726 paces) be added to the 
shortest defile, the sum will be to the longest defiI6, in the proportion of 50 
to 80 the rates of marchirig. Consequently 5 Jfo battal. (the diflference 
of 8 and 2.^) must be divided into 2 such parts that the product of one 



$4 ARXTHM£TXC» 

part by 330 shall be to the product of the other part by 440, in the pro-^ 
portion of 50 to SO. 

Hence (by the last example) : 

A^t'iV+ ttW • Ht^ " TtW ' ^ Ohenesr^rst integer) foroneof tfie 
parts required; (y") wiucji part is ihe number of buttaIioii» thai must 
march through the longest defile ; conbequeuUy 5 have to march through 
the other. 

l3S4-h 350 X 5 ^ 64;$mm. the time of marching through the shortest 

defil6. 

3696 + 440 X 3 



80 



= 62l^min. time of marching through the longest. 



JV. B. Li this and tho 'J^-V/r ai d (?S/A. examples it is Hjpi)Osed that thft 
fronts of the columns enttr ll»c t ( hies nearly at the Jfame iiir.c* 

B2» Suppose 40/i. of gunpowJer at 1 ?• per lb. be mixt with 
Golb* at Is, 3(2. per lb* what U Q'OlJ. of the mixture worth ? 

AOlh. at Ij is 40.f. 

60 at f J. ji. is T%v. 

100 . i.:>-. Therefore the value of 100/A. is 1 15*, 

Hence, as lOOib, : l\5s^ « 20/5. : 23*. ihe a/tswsr. 

33. If the strength or qualiiy of threq sorts of gunpowder 
(or other ingredients > be denoted by 10, 15, and 16; how 
much of each must be taken that the proportionate quality of 
tbe mixture may be 12 ? 

Or, putting the question in more familiar terms : Suppose" 10> 
15, and 16 pence are the prices per pound; what quantity of 
each will make a niitxure worth 12 pence per pound ? 

Because every lb, at lOrf. gives l?<f- /est, and every lb, at \5d. cost 3rf. 
more than I2rf. the mean prici?, th«Tetore 3ib. at \0d. to Qlb- at \5d. will 
make the delect below 1?^^. equal to the excess above it. 

Thus .V5. at n/f. will give &l ]os% than 3lb. at I2rf. 
And 2ib, at i5d. will give oU mo.e than M. at 12i. 
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Hence tKe cpiaRtities ^ill be reciprocally as the diiierejices between the 
niean and extreme prices. 

Therefore 3ib, at '(<f. and Qib. at 1j(/. will together be worth 12(L per 3. 

. Again, the diffisrenceof iOd, and \9d, had* 
and (hit of iU, and \2d. is id. 
Therefore 4lb. at 10<^ and 2/^. at 1 6d, will together be worth I2d. per lb. 



Consequently lib, (1 + 3) at lOd. I wi:l be worth IQd, per». 

2 at 15 > Or any quantities in the same 

S at 16 3 proportion as 7« 2, and 2, 




And in the same manner the proportional quantities of any number of 
ingredients may be found* 

When ttie whole mixture is to be of a certain wciglit, find the quantity 
of each ingredient by the lule of proportion Thus, suppose in the fore- 
gosjig example a mixture of 3U/^* is required. 

Then, 

As7 + 2+ 2or 11 

the quatdUSes required. 

Questions of this kind when proposed to be solved arithxne- 
tically^ come under the rule called Alligation. It is easy 
to perceive that they admit of a great variety of answers^ which 
cannot however, be readily discovered without Algebra#* 

Of interest. 

105. INTEREST 18 the sum allowed for the loan or forbear* 
taee of money. It is reckoned at so much per cent, per 
annum called the rate. Thus if £4 is paid for the use of 
^ 100 for 1 year, ^4 is the interest ; and the rate is 4 percent, 
per annum. Orif j£9 is paid for the use of ^300 for a year, 
the rate of interest is 3 per cent, per annum: and 

800 Is the Principal or sum forborn* 

9 is the Interest. 
309 is the Amount. 
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Interest is distinguished into two kinds^ Simple, and Com- 
pound. 

1 06. Simple Interest is the allowance for the first sum or 
principal o?ilif for the mriiele time. So the simple interest 
of ^100 for 3 years at 4 per cent, will be jSi^. Therefore 
the interest of any sum for a given time will be directly propor* 
tional to the principal. 

Hence^ 
As j^lOO 

Is to its interest for any given time; 
So is any other principalj 
To its interest for that time- 

Examples of Simple Inter '. 
I. Whatisthemterstof .^^Ofor 1 yesLt at 4 per cent f 

£ £ £ 4 y 070 ^ ^• 
As 100 : 4 :: 270 : ^^^^ = 10 16. Ans. 

S. What is the interest of £124 10«. for 5 jears at 3 jmt ceni f 

5 X 3 s= i^l5 theinterest of ^lOOfor 5 years. 

£ £ £ £ s, d. 
As 100 : 15 :: 524^ : 7S 13 6. Ans. 



3. How much is the Interest of jC122 15«. for 240 days zi 5 percent^ 

' d. £ *'• A V 340 
As 365 : 5 :: 240 : -^^^ the interest of .f 100 for 240 days, 

4. What will 21s/. amount to {n 2| years at 3^ per cent t ^ 

2-75 X 3-5 = c£9-625 the interest of ,^100 for 275 years. 

100 

Su m 10^-62 5 amount of .f 100 in 2"75 years. 

£ £ £ £ s, dn 

As (00 : 109 625 :: 218 : 23S 19 78. Ans. 
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5. Required the discount of £80 d ae 2^ yean hence ztSper uni f 

klete the amount (j£ZO) is given* and the interest or discount is requlwd» 

5 X 9i^ ss^l$l the interest of d^ 1 00 for Si years. 
100 

\\2\ the amount of -f 100 in SJ years. 

£ J£ £ £ s. 

As 1121 « 1S2 1: 80 : 8 17^ the answer. 

€.* What is the purchase of ^^00 bank-stock at lOef/^ cm/, or vhea 
^1C5| must be given for X\^ stock i 

X £ £ £ r. 

As 100 : 106} :: 2000 : 2127 10. AhS. 

7. When the 3 /Mr cent, consols are done at $$1, what is the interest ol 
money? 

As 56J i 5 :: 100 : B^j per cent Am. 



COMPOUND INTEREST. 

107* When the amount at Simple Interest is forbom^ the 
interest arising from that sum is called Compound Interest. 
And therefore any succeeding amount may be found as in the €th 
example of Simple Interest^ only repeating the operation. 

Excanples. 

1. What is the amount of ^ISO in 4 years at 3 per emit, per mnmn 
compound interest? 

The amount of ^100 in 1 year is /'I03. Hence^ 

* * * IM V I'JO 

As 100 : t03 ff 120 : ■ /V ■ - the amouAt at the end of the lif^ 
yeatr. ' 

Or dividing th« two first terms of the proportion by 100. (96.^ 

As 1 : 1-03 :: 120 1 1*03 X 120, the amount at the end of the \st, year* 
1 : 1-03 t: 103 X 120 : I 03 X 1*03 X 120 at the end oftbeS^I. 
1 : 1*03 ;: 1-03 X i*03 X 120 > 1*03 X 1*03 X 1*03 X 120atthecBd 
«fthe3ie. 

VOL. U ^ 
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1 : 103 ;t 1'03 X 103 x 1'03 x 120 : 103 X 1*03 x 1*03 X 1'03; 
X i^% at the end of the U/r* 

1-03 X 1'03 X 1'03 X 1-03 = 1'1255 (tetainingi decimals only) 

120 
Jns. ^135*0600^ or -^135 l*2s. the amaunf. 

£ s. 
9i What is the compound interest of 242 10 forborn 2^ years zipper 

cma. per amu the interest payable half yearly ? 
The interest of ,£100 for i a year is £2. 
Therefore the amount of ,£100 at the end of ^ a year is i£102 
A .£100 : df 102 :: .£242'5 : ' 
Or dividing the two first terms by 1 00 : 

As 1 : 1-02 :: 242-5 : 1'02 X 242*5 the amount at tlie end of the first ^ 
i year. 

And proceeding in the same manner for 5 half years, we have 

a -02 X 102 X 1-02 X 1*02 X 1*02 X 242*5 for the whole amount. 

1«02 X 1-02 X 1-02 X 1'02 xl*02=l-ia408 (retaining only 5 dccimalsj 

£ 

And 1'10408 x 24£0 = 267-7394 the amount. 

24 V) '5 the principal, sublracti 

25 -2394 the interest. 

But the operations in compound interest are much more ex- 
peditiously performed by means of Logarithms* 

OF POSITION. 

108. Position or the Rule of False h a method of solving 
questions by means of assumed or false numbers ; and is of two 
kinds, single, and double* 

Questions ^hich require but one assumption^ or where the 
results are proportional to the suppositions, belong to single 
position ; such as the SOM« and 21 sU examples ia the Rules of 
Proportioa» 
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DOUBLE POSITION. 

109. When two assumptions are made for answering the 
question^ it is called Double Position ; and sometimes the me- 
thod of Trial-and-Error. 

Sule. Make two suppositions, and proceed with each ac* 
cording to the condit. > s of the question* Then find the 
differences between the results and the result in the question. 

Multiply the first supposition by the second difference or 
error ; and the second supposition by the first difference or 
error. 

Then, if the errors are alike (viz. both too great^ or too 
little) divide the difference of the products by the difference 
of the errors^ and the quotient, will be the answer. 

But if the errors are unlike for one too great, and the other 
to little) divide the $um of the products by the sum of the er* 
rorsy for the answer. 

This rule is founded on the supposition that the differences 
between the true and supposed numbers are directly propor* 
tional to the respective differences between the true and erroneous 
results (vol. 2. art. 128. examp. 8.) When that is not the case, 
the rule camiot give the exact answer. 

Examples^ 

1. What two numbers are those whose sum is 10^ and the gieat€r di- 
vided by the less gives the quotient 20 ? 

Suppose the Dumben are \ ^ I the quotient U log S(V 

their sum 21 
But the sum should be H) 
piflferenceor^rrf«wr j£ ico great. 

09 
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Again, suppose the numbers i o r the quotient being St, 

their sum 42 
But the sum should be 10 
Dififereuce or second error S'i too greai^ 

Now the greater suppositions 20 and 40 will give the greater of tbe 
two required n^mberB; and the other suppositions 1 and 2 will brin|( 
out the less. 

f^rst supposition SO Second supposition 40 

Second error.... 32^ Jlfsterror U_ 

Product 640 Product 440 

€40 

440 
Diff^oM of pipduets 200 which divided by 2) tbe Hfferom of 
the errors 32 and li, gives »^ == 9Ji the peatest of the two require* 
numbers. 

Again (for the least of the two numbers). . 

First supposition 1 Second supposition 2 

Second rrroc .... 32 jFlrst error ..• ^ 

[ Product 32 Product 22 

32 
22 
^jferaiu of products lO which divided by 21 the iiffermt^^X^ 
errors gives ^ the least of the two required numbers. But when either 
number is found, the other will be given, because their sum is given. 

To verify the rule when the errors are unlike. I^t the first suppositloi\a 
be 20 and 1 as before ; then the first §rror will be 1 1 too great. 

For the second suppositions f 5 J .i^ ^,,^*;«„f k^:„« «a 
Jet the numbers be \ji\ *^* W<>t»^»t being 20, 

Sum .... b\ 

But the sum should he TO 

Difference or second error 4| too little. 

First supposition .... 20 Second supposition .... 5 

Second irror 4|. J'irst error U 

Product .... 95*^ Product .... 55 

95 11 

55 / ■ JLL 

J50 sum of productl^' 151 ji«» of errors 
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Thim rZi^^H^^ greater number as before. 
S* What mimber is that nvbi^h added tp its square shall make Um 

Suppose the number to be 5 Next, suppose 4 

Its squareisS X 5 ss25 Its squareis4 x 4s= ]9 

Sum.... 30 Sum .... 20 

^.i^t the sum should be .«.. J2 ig 

Error.... ^8 ioogr$at. Error.... 8 too great 

Product. J 5X8=. 40 
l 4 X 18 = 72 
JHjferenu qf errors 10 ) ^ dijf, of products 
3;2 quotient. 

But the required number is 3, (for3 added to 9^ the square of 3, make )2) 
Sherefore the rule foils in this example. The true answer, however, may 
|)e approximated to any assigned degree of accuracy by repeating theopo^ 
jratioD, and constantly making the Ifist quotieuts or approximatloQS, thf 
assumed numbeni 

Thus, 

Let one suppOMtion be 4 And the other supp. 3'a 

Its square (as before) 16 Its square 3*2x3*2=: 10-24 

Sum 20 Sum"l3^ 

i£ 12 

JError as before H^ioogreai, Error... i'4A too gr$ai$ 

Error ... 8 
Diff»rrror... 6^56 

^^ { tJ* '■*! * of/ 

C 3*2 X 8 =r 25*6 

19*84 diff. pfoducta> 

19*84 

i—- =: 3*02 the second approximatioru 

Keactj making 3*2 and 3 02 the assumptions we have 
3*02 X 3*02 = 9 1204 the square of 3»02 
3-02 
Sum 12 !404 

\Si 

Error 1404 too great, 

1'44 first error, as before^ 
i*:^yi/(> diff. errorst 



f^oAucts \ 



3*2 X 0-1404 = 0*44928 
3»02 X 1-44 s= 4-3438 

3'89952 d{ff. 
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Then ^?^^g^- =s 3*0005 the third approximatioA. 

Again, let the suppositions be 3'02 and .3 -0005^. and the next approxi- 
mation comes out 3000001. And if the operation be repeated ^th 
3-0005 and 3-000001, the result wiU be 3-00000000002, &c. 

In this manner the rule may frequently be applied with success in very 
^iifficult cases« 

OF INVOLUTION. 

110. When a number is multiplied into itself a certaiii 
' number of timed, it is called Involution, or raising of powers. 

The number so multiplied is the root j and the products are 
Ihe powers. 

Tbus if 2 be the root. 

Then 2 X 2 =5 4 is the 2rf power or square of 2^, 
2 X 2 X 2 =s 8 is the 3d poweror cube of2« 
Zy^2X2X2:si\S is the4^A powcrorbiqaadrate* 
2X2X^^^^^^^^^ istheS/ApoAerorsursolid* 

&c. 

Roots I«3 456789 
Squares 14 p IS 25 36 49 64 81 
Cubes 1 8 27 64 125 216 343 512 729 

111. The power to which a number is to be raised is usually • 
denoted by a small figure called the index or exponents 

Thus 5' denotes the 3d power or cube of 5. 
74 the 4/A power of 7. 

IQ* the square of 10. Here the indices 

or exponents of the powers are 3, 4, and «. ^ 

Since 2 X 2 X 2 x 2 >c 2 = 32 is the 5f A power of the 
loot Qf it follows that the 5th power is the product of the square 
mxd cube. 
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For S X d = 4 is the square ; and 3XSX8 = 8 is the cube| 
therefore 4 x 8 =i 32 the 5th power. 

Hence 9* xs' =2' ; consequently the addition of the in« 
dices fiand 3 answer to the mnltipUcatioyrt^t 4lk powers ; vizm 
fi»X2»=:2*+'. 

Also 3' X 3* =: 3\ For s« is 27 5 tnd 3* is 81 ; and 
S7 X 81 is equal to 2187 = 3x3X3X3X3X3X3 

= 3^ 

Ciher Examples 

What is the squaw of 100? 

100 X 100 s 10000* Jns. 
Wfiat is the square of -^j ? 

AX^sStIt- ^^' 

Required tlie cube of the decimal •013 ? 

•0J35saE^013 X '013 X '01 3 = -000002 197. Ans. 

What is the Mh power of 2-01 ? 

2-01 »= 2-01 X 2'0l =4*0401 the square, which 
squared is 4-0401 » = 4-0401 X 4*0401 = 16*3224080 1, tits Answer^ 

EVOLUTION, 

112. Evolution is the extraction or finding the roQtsof 
any given powers, being the reverse of Involution. 

Every number which is a known power will have a determi- 
nate root called a rational root : thus the number 8 is a cube 
number \^ose root is 8 ; and the number 9 is a square having 
3 for the root: but 10 is not an exact power of any kind, be« 
cause its root can never be accurately obtained. By the help 
of decimals however, the roots of any numbers may be approzi« 
mated to any assigned degree^ of exactness; these approximate 
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fObts are called irroHondl of ^rd roots. Thus any rt>6t of i6 
will be a surd. And the square root of 8 ; and the cube rcrot of 
are both surdsr 

^ ^ -^ract tfie Square Root. 

113» Rule. Begin at the units place and point the hitmhef 
into periods of two figures each* 

Find the greatest square in the first period 6n the left hand 
and set its root on the right of the given number^ in the same 
manner as a quotient figure in division. 

Subtract the square from the period above it, and to the re« 
mainder bring down the next period^ for a dividend* 

Double the aforesaid root, and find ho^ often it is cod* 
tained in the dividend^ exclusive of its rig) .l.and figure^ and 
set the result in the quotient^ and also on the right of the 
divisor. 

Multiply the augmented divisor by this last quotient figure^ 
and subtract the product from the dividend, and to the remainder 
bring down the next period for a new dividend. 

Then find a new divisor by doubling the figures of the qttO«» 
tient; jind proceed as before till all the periods a|re brought 
down. 

The best way of doubling the root or quotient is by addin|| 
the last figure always to the last divisor. 

£xutHplef» 

1. Required the square root of 41409225 ? 

4 1409235 ( 6435 root or qtiotient* 
3G ^ 
l24 ) 510 
4 49$ 
1283 ) 4492 
3 3819 



I2b65 ) 64325 
64325 
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114. The rule for extracting the scjuare root Is easily derived 
from the following method of forming a square or the product 
of two like numbers. For example^ suppose ^643^9 x 6435 
(the abov€ square). 

64 X 64 is f f,^ ^2-: - — 3600 

the sum of i ^q ^ 4 {=^24x4 = 496 
64 X 64 = 4096 

The<um of 64 x 4 and 60 x 4 being the same as 4 multiplied by twice 
60 added to 4, or 124 x 4 ; therefore to find the difference of the squares 
•4}f 60and 64, add 4 to twice 60 and mu'.Uply the sum by4. 

In like manner the difference of the squares of 640 and 643 will b^ 3 
added to twice 640 and the sum multiplied by 3, (1283 X 3)« 

And the difference between the squares of 6430 and 6435, is 5 added to 
Iwice 6430, and the sum mifltiplied by 5, or 12865 X 5; and soon. 

Hence 6435 x 6435^ or the square of 6435 will be 

r 6000 X 6000 = 36000000 

*k.«.™^f J 12400 X 400 = 4960000 
the sum of < J2g3^ ^ 3^ _ ^g^^^^ 

12865 X 5 = ~ 64323 
41409225 



lof } 



Therefore as the whole square consists of the products 6000 K 6000, 
12400 X 400, 12830 X 30, and 12865 X 5, if it be divided by 6000, and 
then the remainder by 12400, and the next remainder by 12830, and the 
Ian remainder by 12865, the quotients will be 6000^ 400, 30, and 5, whose 
-sain is the root* 

6000 ) 41409225 t 6000 

3(>000000 
124.00 ) J^09ti'25 { 400 

49^0000 

12830 ) 449225 ( 30 

384900 

J2865 ) 64325 ( 5 

64325 

C4J5 the root 

in this operation the iirst divisor is the thousands m the root^ the second 
is double the thousands added to the hundreds ; the third is double the 
thousands and hundreds added to the tens ; and the fourth is double the 

VOL. I* F 
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thousands, hundreds, and tens, added to ^he units : hence the reason (or 
doubling the root And because a cipher in the divisor, and another in the 
quotient, will make two in the product, if tlie ciphers are omitted in both, 
it ts evident that only two figufes must be brought down at a time in order 
to form the dividend, which is the reason for pointing the number fitom the 
right to the left into periods of two figures each : for it is manifest from 
the formatiou of the square, that the root will consist of as many figures as 
there are points or periods. 

S. fiequired the square root of 100861849 1 



100861849 ( 10043 rod. 

1 
2004 ) 008618 

4^ 8016 

20083 ) 60249 
60249 

Q. What is the square root of 5*9049 } 

5-9049 (2«i3rcw/. 
4 
44) 190 

Jl '"^^ 

483) 1449 
1449 

4. Required the square root of 8 ^ 

8 ( 2*828 &c. root, 

4_ 
48 ) 400 
8 384 
5S2 ) 1600 
2_ 1124 
5648 ) 47600 
43184 

2416 

Thus by annexing periods of two ciphers each' to the remainders, the 
extraction may be continued to any number of decimals in the root. And 
the integral part of the root will consist of as many figures as there arc 
points over the integers in the number wliose root is required, 

115. 7%tf root of a proper fraction is greater than its 
square : Therefore decimals are pointed at every second figure, 
from the left-hand. 
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5 Required the square root of the dedmal *4^ 

•40 ( '632 &€• rwf . 

J 23 ) 400 

3 369 

1262 ) 3i00 

2524 

576 

6. What is the square root of •00095 ? 

•000950 ( •03802 &c. root^ 

_9 

608 ) 5000 
8 4864 



^162 ) 13600 

J 2324 

1276 

116. To extract the square root of a Vulgar Fraction* 
Reduce it to its lowest rerms : then the roots of the numerator 
, and denominator will form the fractional root required* 

Thsis the square root of -^^ is }• 

And the square root of }§ is ^ ; for f J =s f ^ whose root is ^t 

Also, the square root of ^li? ^s A J for ^^ = ^fe whose root is ^^ 

When the terms of the fraction are not perfect squaies, tt ntay |>ereT 
duced to a decimal, and its root extracted. 

Thus, suppose the square ropt of f is required ? 

f r= '7 142857 14 Ice. whose root is '845 15 &c. 

Or because f = ^yH ^ ^ therefore the square root of 35 divided 
by 7 (the square root of 49) will be the root sctjuired. 

The square root of 35 is 5*91608 nearly. 

K.gigQQ 

Therefore ■■■ ^ - = *34515 &c. the rooi, as before* 

. KMixtNumlerxmy be brought to an improper fraction, and 
its root extracted as above. 
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Thus, to extract the square root of 1 1 J : 

J I| = y , which is equal to —^ = ^ ^Iiose 
root js ■■■ = 3-41565 &c. the root required. 

Or the fraction may be reduced to a decimal, and the root of tKe whote 

extracted: ^ 

I 

Tb^$ 11^ == 11*5666 &c. whole r()o/is3'41565 See. 



To Extract the Cube Root. 

117- Kule, Point the number into periods of three figures 
each (beginning at the units) and find the greatest cube in the 
first period on the left hand, and set its root in the quotient 
for the first figure of the required root. 

Subtract the cube from the period above it, and bring down 
the next period to the remainder for a dividend : 

Divide this dividend by 300 timej^ the square of the figure 
in the root, and the quotient figure will be the ^econd figure ia 
the root : 

Subtract the cube of the two figures in the root from the two 
first periods on the left hand, and to the remainder bring down 
the next period for a new dividend : 

Divide this dividend by 300 times the square of the two 
figures, and the quotient figure is the third figure in the root : 

Subtract the cube of the three figures in the root from the 
three left hand periods ; then proceed as before till all the 
periods are brought down. ^ , 

N. B. Should there be a ren^ainder after all the figures cf 
the proposed number are brought down, periods of 3 cipbera 
each may be annexed, and the root continued in decimals. 

The above rule is given in Art. 109, vol. 2 ; only instead of neglectinj^ 
two iigures of the dividend on the right band in making the divigion, the 
sfjuare of the ropt is multiplied by 300 (instead of 3) for the divisor, 
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ExampUs, 
U To extract the cube root of 4973940»243. 

4973940-243 ( 170»7 root, 

divisor 1 ' >i 300 a: 300 ) 3973 ( T 
' "4973 .... two first periods* 

17^ =? 4913 
divisor 17 « X 300 = ^700 ) 60940 ( 
<3ivisor 170* x 300 = 867000 ) 60940243 ( 7 • 

4973940243 .... foHT periods. 
1707*= 4973940243 

Here 1 is the greatest cube ia 4 the first period.— 3973 the first dividend, 
and 300 the first divisor; now 300 is contained more then 7 times in 
5973, but 17 ^ =r 4913 which is nearly equal to 4973 the two first period^ 
and therefore a number or digit greater than 7 will not answer. 

The 2</. dividend is 60940, and S6700 the ^d. divisor, consequently 
is the ZeU figure in the root ; in which case^ another period is brought 
down to that dividend for a new dividend, and the three figures 170 are 
used in forming a new divisor. 

In this example we have 3 points over the integers in the proposed 
1 number, and therefore the integral part of the root will consist of the 
}ike number of figures. ^ 

2. To extract the cube root of 6383800, 

6383800 ( 185-5067 &c. rooi. 

1 

divisor 1*X 300 ) ^383 { 8 

6383 ....two first periods* 
18^=5832 
divisor 18* X 300=s97200) 551800 ( 5 

6383800 three first periods^ 

1853 = 63316 25 
divisor 183*X300»10267500) 52175*000 ( 5 

6383800000 .... four periods. 
1855'= 6383101 375 
divisor 1855* X 300 = 1032307500 ) 6986-25 000 ( 
^iviior 18550* X 300=103230750000 ) 69862.V(> h)-000 ( 6 

6383800'000*UU0'000 .. six periodft 
6383720 779 534 216 
divisor 18^506* X 300 ss 10323742810800 ) 79 2i0 465 784*000 {7 

&c. 3bc. 
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The 4 decimals in the root are foun4by annexing 4 periods of three 
ciphers each* 
3. Let the cube root of the decimal -07 be required. 

Here the periods or points are placed over every 3d. figufc from the 
lift hand. 

• • 
•070000 &c. (-412128 &c. roQi. 

4^=rGi 

4* X 300 = 4800 ) ^000 ( I 
70000 
4l3=6mi 
41 » X 300=504300) 1079000 ( 2 
70''00000 
4123 = ()9934528 
442* X 300 = 50923200 ) 65472000 ( 1 
70000000000 
4121'= 69985463561 
4121' X 300 = 5094792300 ) 14536439000 ( 2 

70000000000000 
41212'= 69995653640128 
41212« X 300 =: 509528633200 ) 4346359872000 ( 8 
&c. &c. 

The reason for pointing the number into periods of 3 figures each is ma- 
nifest from the principles of common multiplication ; for any number vtth 
OQtt or more ciphers on the right hand, must have exactly 3 times as many 
ciphers in its cube* 

118. But all the usual or common rule^ for extracting the 
cube and higl\er roots are extremely prolix. The following 
general method of approximation however, derived from the 
ra/tonai/ormu/^ of Dr. Halley, (vol.3, art. Ill) is more expe- 
ditious, and easily remembered. 



Jo extract the Root of any Power » 

Assume the root (the nearer the true root the better), then 
raise this root to the power whose root is required, and call it 
the assumed power* 
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Then take the sum of 

The assumed power multiplied by its index added to 1 ; 
And the given number multiplied by the index lessened by 1« 

And the sum of 

The assumed power multiplied by the index lessened by 1 ; 

And the given number multiplied by the index added to 1 '^ 

Then say, by the Rule of Proportiona , 

As the first of those sums. 

Is to the second. 

So is the assumed root. 

To the required root, nearly. And if this root be taken 
for the assumed root, and the operation repeated^ a nearer 
approximation wiH be obtained ; and so on* 



Examples o/ihe Cube RooU 

1. Required the 3i. or cube root of 184 ? 

Assume 6 for the root, ^hose cube is 216, the assumed power. 
Then the index 3 added to 1^ and lessened by 1| give 4 and 2. 

Therefore, 

As the sum of 216 X 4 and 184 X 2, 
Is to the sum of 21 6 X 2 and 184 x 4 ; 
So is the assumed root 6, 
Totheroot« nearly. 

Or dividing the two first terms of the proportion by 2 we have (9G.) 
As the sum of 21 6 x 2 and 184, 
Is to the sum of 216 and 184 X 2 ; 
So is 6, 

To the root , neariy* 

/ 

In words. 

As twice the assumed cube added to the given number. 
Is to the assumed cube added to twice the given number; 
So is the assumed root. 
To the required root, iiearly* 
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' A^med ^ik 216 Givtenniibber... ...... 184 

2 2 

432 3t)S 

Given number ..184 Assumed cube .2ig - 

ifum ..616 Sum .. ..jH^ 

As 61 6 1 '5i4 :: 6 :^ 5*T r«rf a«ir/y. 

Now taking 5*7 for the assumed root. Us cube is 185- 193 the assumed 
cubew 

Assumed cube 185*193 Given number 184 

2 _2 

370-386 368 

Gtrennumber 184 Assumed cube .185*193 

Sum 554*386 Sum.,. 533-193 

As 554*386 t 553*193 :: 5'T ; 5*687734 rooi, wUchis trttc in the last 
^lecimal* / 

2. Required the cube root of the decimal '07 ? 

Assume *4 for the root, its cube being *064 



•064 


•07 


2 


2 






•128 


•14 


•07 


•064 


M98 


Sum -204 



Sum, 

A/*198 : •204 :: 4 : '41 rcwlnearly. 

Now take *068921 the cube of '41 tor the second assumed cnbe# 

•068921 .07 

2 2 



•i37842 -14 

•07 •068921 



Stim... -207842 Sum... -208921 



A«;207842 ; -208921 :: ^41 : -4121285 r«rf, true to the last figure. 

For *4 12 1285'= -06999998 -H (retaining 8 places of decimals only) 
which is less than -00000002 short of the truth. 

119. To extract the cul^ root of a Vulgar Fraction. Re- 
duce it to its lowest terms : then the roots of the numerator and 
denominator will form the fractional root required. 



^?#' 
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Thus the cube root of ^^ is ^^ 
iiu'd the cube roQt of ^ is | ; for |$ = ^7. whose root is J, 

But when the terms of the fraction arc not perfect cubes, 
. 5et them be multiplied by the square of the denominator, then 
extract the root of the new fraction for the root reijuired. 

Thus, suppose the cube root of f is required. • 

ine fraction f^^f^TTg — qTT whose cube root is ^ aes 

-75394 &c. the tvot required. 

Or the fraction may be reduced to a decimal. And mixt numbers are 
prepared as in extracting the square root 

190. The Biquadratic or 4/A root is obtained by extract** 
ing the square root, and then extracting the square root of that 
xoot. 

Thus the itk root of 6561 is V. For the square root of 6561 is 8 1 whose 
square root is 9. 

Let the M root of 27 be required. 

Assume 2 for. the root ; then its 5/A power is 32. 

And the index 5 added to 1, and lessened by 1 give 6 and 4. 

Then 32 X 6 = 192 32 X 4 = 12$ 

57X4=K)8 g? X fe = 16g > 

Sum o>'0 Sum V9() 

As 300 : 290 :: 2 : 1-P3, roof wtfflr/yj» the first approximation. 

NowasKume 1*93 for the root; then its oth, power, or the assumed'powcr 
:U 26-778 (retaining 3 places of decimals only }» 

26-778 X 6 == 160-668 ff6'778 x 4 s= 107*112 

27 X 4 = 108 27 X 6 = m 

Sum 268-6<i8 Sum gSiMig" 

At 268-668 : 269-1 12 >: 1-93 : 1 '933 181 the root tni'e to the last figu2«« 

VOL. r. (J 



Of ARITHMETICAL PROPORTION and 
PROGRESSION. 

191. Whbm foi|r numbers have a common difference they 
are said to^be in continued arithmetical proportion. But if the 
difference of the first and second is equal to the difference of the 
third and fourth, but not to that between the second and third, 
it is called discontinued proportion* 

9, i, 6, B, continued proportion. 
% 4« 1, 9, discontinued proportion. 

1^. A series or rank of the first kind form a progression: 
k h t U. k ^, &c: { ^cending series or progressions, 

S«, 29, SG, 23, 20, 17, &c. > . ,. 

lOi, lOi, iO, 9i, 9i\ 9i, &c. j descending progressions^ 



123. The first and kst numbers or terms are called the ex- 
tremes ; and the others between them the means. 

Thus 1 and 6 are the extremes ; and, 2, 3, 4, 5, the means of the rank 
1, 2, 3,,4, 5, e. 

124. It is evident from the nature of the progressions, that 
the double of any term is equal to the sum of the two adjacent 
terms, or to the sum of anv two terms equidiotant from it. 

Thus in the rank 1> 2, 3, 4, 5, 6, &c. 
twice 4 = 3 + 5 = 2 + 6. 

125. Hence If three numbers are in arithmetical proportionj 
twice the mean is equal to the sum of the two extremes. 

Thus, if the three numbers are 10-^, 10, 9^, 
Then 10 x 2 = lOj + 9J. 

126. And when 4 numbers are in arithmetical proportioAi 
jbe sum of the two means is e<iual to that of the extremes'. 
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Thus if 3?, 29, 20, 17, are tlie 4 numbers. 
Then 2& -f 20 = 32 + 17. 

127« Since the terms of an arithmetical progression are found 
by continually adding or subtracting the common difference ; 
if the difference, twice the difference, three times the differeocc, 
&c. be added to the first term, the several sums i?vill give an 
ascending scries ; or subtracted, a descending one. 

Thu« the terms of the progression 3, 5, t 9, 11, &c. having the comr 
moB difference 2, will be ^ 

3, 3-*- 2,3 + 4,3+6,3 +8, &c. 

And the terms of the series 6, 5J, 5, 4|, 4, &c. where the common 
difference is 4, 

is 6, 6 — }, 6»-l, 6— 1|, 6 — 2, &c. 

128. Consequently when the first and last terms are given> if 
their difference be divided by the number of terms lessened by 
1^ the quotient will be the common difference of the terms* 

For example, let the first term be 2, the last 20, and the number of 
terms 7i ' 

Then 20 -^ 2 =5 18 the difference, which divided by 6 (or 7 — >> gives 
3 for the common difference of the terms. And the progressioa will be 

2, 5, 8, II, 14, 17, 20. 

]29« In this manner we can fii|d any proposed number of 
arithmetical means between two given numbers ; or interpose 
any number of terms between two given extremes. 

For example, let 9 arithmetical means be found between 1 and 2. 
Now the whole number of terms being 1 1, that number lessened^ by 1 

is 10: 

And 2--T 1 =r 1 the difference of the extremes,^ which divided by. 10 
gjvcs ^ the common difference of the terms, 

^nd the series will be 

?i lA* Iw W^* lA. ^^f 1t't5. 1/(5> 1A* ^^f 2. 

^8 
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ISO. Hence it appears that the difference of the tttremcB di^ 
vided by the common difference of the terms, gives the pumbci^ 
of terms less by 1 . 

For example, let the extremes be 3 and 20, and 3 tiiecomm6»difleKnce. 

Then .— - — 5s 6; therefore 6 + 1 = 7 the number of terms. 

131, Therefore it is evident that the number of terms kss by 
I^ multiplied by the common difference, is equal to the diffei:^ 
euce of the two extremes. 

Thus if tlienuinber of terms be t, and the common difference 3 ; 
Then 7 — 1 = 6 the number o( lerms less by 1 ^ 
And 6 X 3 =: 18 the dlfierence of the extremes; which add^d to 

the less extreme will give the greater; or subtracted from the greater m\i 

give the less, 

138. The suiki of all the terttis^ in a continued arithmetical 
series or progression^ is equal to the sum of the X\yo eftre^ie?, 
multiplied into half the number of terms. 

JEjuwiples, 
1. Required the sura of 2, 4, 6, 8, JO, 12? 

2, 4, 6, 8, 10, 12 to these add the same series in an inverted otdeK 

14, i4, J!, 14, 14, 14. Now the !>um of these num biers is evidently equal 
to twice the proposed series : 
« 
But tbpir sum is 14 X 6 (or 84) or the sum of the first and last temw 
multiplied by tiie number of terin£. 

Tl erefon* h ilf th.it sum or the sum of the series h 14 x 3 5p42 : ru^ 
the Sum of the two extremes into huU' the number Ql' terms. 

5. Suppose 1000 stones he placed on tlje ground in a direct line at th^. 
disran e or* a yard IVom each other; liow far would a person travel ix^ 
fetching them one at a time^i to a basket placed a yard bet^nd th« 
£rstbione} 
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The distance for the first stone will be 2 yards, awl that for the lost 
2000, which ibcteiorc, arc ».ij two extremes. 

2002 sum of ..\'roint»s. 

500 nail liie i.uiutcf of tenns. 



lOOlOUO y. rds, or 6o8^ milei, ihcanswtr, 

f 

Of geometrical PROPORTION and 
PROGRESSION- 

133. In aritlimetical proportion numbers are compared by 
means of their diflferences; but in geometrical proportion by 
the quotient arising from the division of one aumber by 
another. Thus, when the quotients are equal, the numbers 
which produce them are said to be in geometrical prov^rtion. 
For example, the numbers 2, 4, 5, lO, are in geometrieal 
proportion, because i z= -^^ see art. 92, &c. What we 
have to add concerning proportion chiefly relates to the pemm- 
tation, composition, &c. of the terms, and ratios. 

134. In any number of proportionals^ taken two and two iq 
order, the first, third, fifth, &c. terms arc calLd antecedents; 
^d the second, fourth, sixth, &c. their consequents. 

Thus, if the terms are 2 : 4 :: 5 : 10 :: 9 : 18, 

Then 2, 5, 9 are the antecedents; and 4, 10, IS their consequents* 

135. When 4 numbers are proportional, the terms admit- 
pf 9 variations or permutations. 



J^t the numbers be 3, 5, i\ 15. 


9 


Tlien i = ^. 




I = V 


• 


Therefore (92.) 3 : 9 :: 
9:3:: 


5 : 15 

15 : 5 


5 : 15 :: 


3 : 9 


15 ; 5 :: 


9 : 3 


3:5:: 


i> : 15 


5:3:: 


15 : 9 


9 : 15 :: 


3 : 5 


}5l 9 :: 


5 : 3 
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136. In a rank of proportionals standing in order, two an4 
two. — As any antecedent is to its consequent, so is the sum 
of all the antecedents to the sum of all the consequents. 

Let the proporlionals be 3 : 5 :: 9 : 15 : : 36 : 60. 

Then 3 : 5 (or 9 : 15) : ;3 + 9 + 36 ; 5 -t- 15 + 6a 
or 3 : 5 ; : 48 : SO. 

For 3 : 3 : : 5 : 5, hence } = f . 
3 : 9 :: 3 : 15, hence ^ = V. 
3 s 36 : : 5 : 60, hence ^^ = »/^ 

&C. &C 

Now the rams of the equal fractions must also be equals 

. 3 4- 9 4- 36 5 + 15 -»- 60 . 

VIZ. == : ; 

3 J 

Therefore (92) 3 : 5 :: 3+ 9 + 36 : 5 4- 15 H-60. 
This is called composition of proportion. 

137. If 4 numbers are proportional, then, as the difference 
of the first and second, is to the first (or second), so is the 
difference of the third and fourth, to the third (or fourth). 

Suppose 3 ; 5 :: 9 : 15 
Then 5— 3:3::15— 9;9 
And 5 — 3 ; 3 :: 15 — 9 : 15. 

5 — 3i 
For 5^ = V 5 *^d if we take | (or 1) from j- the remainder is — — . 

Andf (or 1) taken from V leaves l^-^Zl. 



And since equal numbers subtracted from equal numbers must give 

5 3 15 — 9 

equal remainders, the fractions — r-^—, — - — mi^t be equaL 

•J ^ 

Therefore {02) 5 -- 3 : 3 : : 15 — '9 : 9. 
This is called division of proportion. 

138. Since 3 : 5 :: 9 : 15, and (by composition), 5 -f 3 
: 3 :: 15 + 9 : 9 5 therefore 5 + 3 and 15 + 9 have the 
same proportion as 5 — 3 and 15—9 (137). Hence when 4 
numbers arc proportional. As the sum of the first and second 
is to their difference, so is the sum of the third and fourth, to 
their difference. 



GEOMBTRICAL PROPORTION. tV 

5 4- 3 : 5 — 3 :; 15 + 9 : 15 — 9 
or 8 : 2 :: 24 : 6- 

139. If several numbers are proportionals, their squares, 
cubes^ &c« are proportionals. 

For example, suppose 3 : 5 *• : 9 : 15 

Then | ^ ^y ; now those fractions being equal, their like powen muit 
be equal, 

. 3* 9» 

^ 3^ 9» , 

^«d S"3 = l53' ^^• 

Hierefore (92) 3»: 5» : : 9» : I5» 
or 9 : 25 :: 81: 225 

And 3' : 5*;: 9» : 15« 

or 27 : 125: -.729:3375, &c 

Hence the square^ cube^ 8cc* roots of proportional aumliers^ 
are also proportional. 

140. If there are several ranks of proportionals standing in 
order two and two^ the products of the corresponding terms will 
be proportional. 

For example, let 3 ; ^ ;; f ; ^^ J '^e two ranks. 

Then3 xl2 : 5 )$ 6 :: 9 X 8 : 15 X 4 
OT 35 ; ;J0 s; 79 ; 60, 

For I «B ^^; and »/ sr }, Aad since equal numbers multiplied by 
«qual numbers must give equal products, |. x V must be equal io-^ x h 

'*r^'="^^4» tlvrefore{92)3x 12:5X6::9x 8:15x4{ 
and so of any other number of ranks. 

141. H^ce the ratio pf the products is compounded of (h^ 
ratios of the terms : 

Fpr I denotes this ratip of 3 to 5; and \f that of 12 to 6; 



IM ARXTflMBTlC. 

And the product : ■ ■ - denotes the ratio of 3 x 12U>S x ^l and «> 
of the other terms. 

Therefore ratios are compounded by multiplyittg togetl^er the 
factions denoting those ratios. 



PROGRESSION. 

149* The terms of a geometrical progression result fromfluc<* 
eessive multiplications, or divisions, by some number which i* 
called the common ratio of the terms. 

Thus, if 1 be the first tenn, and 2 the ratio; 

Then 1, 2, 4, 8, 16, 32, Scc» is an ascending progrcssioni 

And ly i, I, f, -^^t 3^> &c. a descending progression. 

149. The first and last terms are called the extremes $ vxd 
the intermediate ones the geometrical means* 

144. In any continued geometrical series, the product of the 
two extremes is equal to that of any two means equally distant 
from them. 

Thus, if the series be 2, 4, 8, ]6, 32, 64; 
Then2 X 6V = 4x 32 =^8 X 16. 

For the ratio of every two adjacent terms bong the same^ wc have 
2 : 4 :: 32 : 64 

Therefore 2 x 64 s= 4 x 32. 

The terms 2 : 4 : : 32 : 64 are said to be in discontinued proportion, 
liecause the ratio of the first and second terms {2, 4,) and that of tlie second 
and third (4, 32,) are unequal. 

145. In any continued geometrical series, the ratio of the first 
term to the last is compounded of the ratios of all the antece- 
dents to their consequents. 

Thus, in the progression 1, 2, 4, 8, 16, 32, the fractions denoting tl^c 
raUos are i, J, J, xV* i i • 



CEOMSYRICAL YROGRESSIOM* )21 

And (141) the compounded ratio i« ^— -^^ :: — --, which frao 

tionio its lowest tenns is -fy* denotiog the ratio of 1 to 32. 

l40. All the terms of a geometrical progression may be 
expressed by means of the common ratio and one of the 
extremes. 

Thus the series 3, 6^ ]!?• Q4, 48> &c. where the commoD ratio is S, and 
£r8t term 3, will be 

3, 3X2, 3X2X2| 3X2X2X2, 3X2X2X2X2, &c 
or3, 3 X 2, 3 X 2% 3 X 2», 3 x 2\ ice. (Ill) 

147* Therefore in any ascending prc^ression^ if the first 
term be multiplied by the ratio raised to the power whose index 
if the number of terms less by 1, the product will be the last 
term* 

For exan^le, suppose the fiist term is ^ the commoo ratio 2, and the 
number of terms iS ; what is the last term ? 

The number of terms less by 1 is 9 : 

And 2^ s£ 5 1 2, which multiplied by | (tlie first term) gives 1^09 Ae 
last term* 

148. But in a descending progression (where the terms reauit 
from division) the first term divided by the said power of the 
ratio gives the Ian term. 

Thus, suppose the ficst term is 128, the common nHo 2> and the number 
cf terras 10; what is the last term? 

\ 
29:= 512* and 128 divided by 512 gives |4f^^ C*'^ ^^ lowest terms) 
J the last term* 

' 149. Hence) if one extreme be divided by the other^ the 
<}uotient will be that power of the ratio whose index is the 
. number of terms less by l ; and consequently its root will be 
the ratio.- 

For example, if 7 be the first term, 1 82 the last, and 4 the number of 
terms; what is the ratio ) 

VOL. I. R 
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i '■ 

ifirz 27 the 3i. power of the ratio (the numher of terms being 4), 
-whose cube root is 3 the ratio required. 

Therefore the 4 terms are 7, 7 x 3, 7 X 3*, 189» 
or 7, 21, 63, 189. 

150. In like manner we find a proposed number of geome- 
trical mean proportionals between two given numbers. 

For example, let it be required to find 3 geometrical means between 6 
and 1636. 

KS^ = 256 the 4th. power of the ratio (the number of terms being 5). 

The square root of 256 is 16 whose square root is 4, the Ath root of 236 
or the required ratio. 

And the three means will be 6 x 4, 6 X 4*, 6 x 4^ ; 

■ * or 24, • 96, '' 384; 

And the series 6, 24, 96, 384, 1536. 

151. When only one mean proportional between two given 
nfimbers is required, the square root of their product will be the 
answer. 

For example, to find a mean proportional between 8 and 18. 
8 X 18 = 144 whose square root is 12 the answer, 
ForS: 12:: 12: 18. 
And 18 is called a third proportional to 8 and 12. 

152. To find the sum of all the terms in a given pro- 
gression; suppose 2, 6, 18, 54, 162; where the common 
ratio is 3. 

2, 6, 18, 54, 162 
3 ' 

6, 18,54, 162, 4S6 the series multiplied by the ratio 34 

2. 6, 18, 54, 162 the scries it>elf, subtract: 

, . ^ .• 486 lessened by 2. is the remainder. 

This remainder is equal to twice the sum of the series, because it b the 
difTerence between the series and three times the series. 



GEOMETRICAL PROCRESSION. 1^^ 

Thprefore if 486 less by 2, be divided by 2 [viz, the ratio less by ij the 
quotient will be the sum of the series. 

But 486 less by 2 is the difference between the first term, and the pro- 
duct of the last by the ratio: hence the following 

Hule. Multiply the last term by the ratio, and Uke th^ 
first term from the product, then divide the difference by the 
ratio lessened by 1, and the quotient is the sum of the pro- 
gression. 

In a descending progression take the first term for the last, 
and vice versa. 

Ex. 2. Required the sum of the series 65536, 16384, 4096, &c. con- 
tinued to 12 terms? 

The ratio or divisor is 4; and 4" = 4194304 : 

And 65536 divided by 4194304 gives ^J^J^j or (in its lowest terms) 
^^ the 12//*. or last term of the series, which being made the lint term, and 
65j:i6 the last, the work will stand as below. 

65536 

4 ratio. 



262144 

^ subtract, 

4 the ratio less by 1 = 3 ) 262 1 43^|. 

87381^^ sum of the series. 

3. An officer with a detachment of 60 men having taken a very strong 
fort by surprize, desired as a reward for himself and the party, 1 musket 
• bullet for the first man, 2 for the second, 4 for the third, 8 for the fourth, 
and so on, doubling to 60 times (the number of men). Now suppose each 
bullet to be an ounce, and the lead at b shillings the hundred weight ; what 
vould be the value of his request? 

Here the first term is 1, the ratio 2, and the number of terms 60; 
therefore 2*«, or 2 raised to the 59ih, power will be the last term of the ' 
series. 

The 6tk. power of 2 is 64, which' cubed is 262144 the 18/^, power 
(111,) and that cubed gives 18014398509481984 the 54^«. power, which 

K2 
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multiplied by 35 (the Sth. power of 2) is 5764607553034234R8 the $Oih. 
power or last term of the series; this multiplied by ii the ratio, and 1 (the 
first term) subtracted from the product, gives IJ 5292 1504606846975 M^ 
fum of the series, or fiumber of buUets, or cmices (because the ratio les- 
sened by 1 is I), equal to 64337 1 37 533864%^^^^ hundred vei{>ht, which 
at 5 shillings the hundred, amounts to 4? 160842843834660^^ thd 

tffUUWa 
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Vulgar Fractions* 

133. Required the greatest common measure 

of 1738, 1458....^ .....^r/5. 54. 

J400, 35000 700 

1353, 1419, 187 IK 

2678, 4056, 6708, 7917 13. 

2057, 121. 
219, 9101. 
10307, 8433, 937. 
5600, 6705, 1033. 

r 

Reduce to the lowest terms 

^t^lh. I'JH' +f?f" — ^«- J. f *|. 

m^ iii?. nn-^ «, h- 

T^lfj' ttWw* TiHi" 
Reduce to equivalent whole or mixt numben 

V. V« V* -*»• '$» 2f. «• 

*|S2, ^^, iffMi 11«, 114?, 2«0f 

Heduce to improper fractions 

510^ lOOOA. lO^'y H"^*. *S§21, IfJIfi. 

Seduce to limple fractions 

iof^qfiof ^ Jm. f 

i«rfo/4i y. 

f 0/ 1 «/ 1 0/ 7 4. 

^«^ llj^ 13i y. 

^qTiof lOqf^ f 



ttd JlRltHMXTiC* 

Required the least common multiply of the nine digits, or the least whole 
Bumber that it divisible by 1, 2, 3, 4, 5, 6^ 7, 8, apd 9^ without leaving 
a remainder? Jtfis» Q 520. 

Of 10, 35, 15, and 13 Ans. 1260. 

Of 50, 120, 76, and 59. 
Of 162, 27, 729, 4S6. 

Required the least common multiple of lOJ, 131, ^^^ 26» ? Ans, inse^ 

Reduce to the least common deaominaton 



h h i ^"^- if1» }ih H?. 

T» TV* -iff*" — " • Y&» ^W» t5' 

|» J* ife* A -A^ A°a' /&» "TxV 

2i. h ^ 4i. H> vv- 

A. ^"i I </H .-. U' hv^ 

^and\2 ,.., f< V" 

tWt' AVt* ill* 
Jft. **r. IH- 

Addition* 
' Required the sums of 

it. I» i • ^"^- 11* 

h h i ^ f 

J» f' i ^h 

TT, Ai tV K 



hh 



hi «^ 

it i i- 

hhhi* 1«. 

^ if. h ^^ 

^flfirf|V"18i- 12f- 

Jo/10, ie^i3, fl««/je/'u i7|. 

744, 274| 349f. 

96400|, llj ^ 964I2H. 

7462], €^id\of 5%^e\ 941 Ii« 

lOOf, 2000J, 17G4J^ 3866t|, 

103%> 100^,301-^, 5in^v 



ADDITIONAL BXAMPLEI. Iff* 

Sultraciion. 



Required the diflferences 



\ 



o(^, f. Ans.^ 

fi- ~ i- 

H. -ft- h 

19, 9^...„ 9A. 

19^ 3^ »«fi- 

19A.9A •• 9A- 

h i • "*• 

h I h 

f. I • *• 

I.f 4. 

lOTOf, lOOff 899|. 

lOf, and i of lOJ 1|. 

f <}^ 8, and^o/7 |. 

|l/«. «r«/^^« fr 

10, flwi^^q^ 10 if, 

10000 and999^ 

Multiplication. 
Bequired the products 

of 4, f, I Ans^^ 

^f I ■• 1. 

io/h^io/i f 

S|, 3|, 14 , JS|. 

20, loj; I, i 7A. 

■iV-8 h 

22, A «V 

22, A • H^ 

2i, 4|, i, |, 10, ^wrff ^i- 25. 

fo/QO, and i of 30 ; 150. 

|flnJ7413li 494fl. 

4, |, 56427 9404|. 

6461244, 644 416750304* 

84G72, 10004 84681408, 

«^20rfnT^Wr - l^h 



Vfl^ ' AHITHMETIC. 

64i«of, 101} dnsMonai. 

h A» ^. ff. ««rfif 

#,, 5^4, and 1000. 
57344, 100, 14921. 



Z)miton« 



Dmseri, DhUmds. 



(luotUnts, 



y» TT • •........#..•• .....■!* 

f. If 1^ 

h -ff • i- 

}«. » II* 

«» *; «• 

I. A- +?• 

«!. 1 • 4. 

^ l-..- *• 

Si, 12* » 31. 

4> 10 >♦- 

10, 4 t A. 

370«5i, S4710i f f 

I, 9404i 56427. 

43I-A 24012 57. 

|</30 300 13|., 

f»/|. f«>/> .........4. 

*<>/9, fe^s f» 

I, lOOOOf 15001. 

7, «164217A 594888^^ 

Divide the difference of 3f and | by the sum. . . . 1 j{. 
12«34f »y 24012. 

4879107-^ *y«. • *^ 

JOOOOririyVryA* 
31930^^1101^ 



ADWrioNAt JMCAMPLBS. IJJk 

Additiim of Decimals. 
Required the sums of 

29*0101 + -046 -♦- 224-7 + 27*9 Anu 281*656U 

4-72 4- M-l + .0004 + 1000 ; 1536M004, 

0-9 + -01 + -022 + -056 + '00796 + '00404 1. 

What is the Mini of 

1 tenth, 89 hmdredihs, 46 thousandihs, 
299 ten thousandths, 76462 hundred thousandths^ 
799 milUotUhs, and 799 hundred nnlUonths f 

Jns. 1-83132699. 

Sultraction. 

Bequired the differences 

of -501 and -21 Jns. '291 • 

2'iOl 1211 1«9799. 

26-614 36-514 59. 

•001 1 0-999. 

100 -99 ! ^9.01, 

20-01 20-1 , 0-09. 

•005 500 

1000 -00001 

13 thousandths s(|d 13 miUionths. 

I and 1 hundred thousandth. 

Multiplication^ 
ileqaired the products 

of 4-01 and -24 ,.,. ^«f, •96?4, 

•^'2 'OS H)0224. ^ 

-0041 21 ;.. ^0861. ' 

4-4 4-4 ....; 19.35. 

•042 2400 lbo-8. 

100 5-246 542*6. 

10000 5-426 54260. 

716800 •0009765625 , 700. 

S2*22 6-25 and U'4 « ,., 1583*175. 

5000 '0001 

6000 *00006 

1000 -001 

4-096 -244140625 

3-12S, 2-048, and 15625 
64, 6*4, and 5-36376953125. 
VOL. I. ft 
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Diviiion. 

Divisors. Dividmds. Qitoiienif. 

•04 •0044g -113. 

401 1-9248 •4&. 

•0082 -1722 ..^,.,.. ., 21. 

8-8 38-72 4-4. 

240O 100*8 •042. 

5*4^6 54260 lOOOO- 

3500 '0412 ;... •00001648, 

10000 741001 -741001. 

100 '62 '006^. 

•125 100 800. 

700 2-25 •0032U2857&^ 

3510 23*4 •00666&C. 

29100 46214-72 1;58813 &C. 

1000 97400'. . , , , 

64 6J11 . . . , , 

4200 56126 « • . . . ^ 

288 -3456 

•288 3456 . . . • * # 

•00288' 345600 

2880 -003456 . . . , 

•0288 -3456 . . . , , 

•125 10000 

10000 •125 

Divide the sum of -375 and •0625 by their differeAce* 

Divide 1400 by '001953125. n 

Reduce to decimah 

the fractions -J ; Ans. -3333 &c, 

f ^SQi^Q ZiC 

i • 'STS. • 

fl •8125. 

-ih •031«5/ 

i^ -012557 &C, ' 

4t •9333 &C. 

1% ....' *9o. 

ii -lOlOlOl &C^ 

jl •9666 aco* 



KDDlTlOHAh EXAMPLES. , IM 

-tStt 01. 

zfc -0075. 

i^ •536375953125. 

V ••625. 



/. til. /. in. 

34ultiply 7 Gby4 8 .•..•... ^;25, 35 sqitare/eet, 

9 10 by 8 11 ^1 sq.f.BSsq. in. 

29 5J by 17 4J 511/ Qin. 3J/. 

or 5\lsq»f.2Hsq.in, 
or Sll^jj.y«r/. 

/S t«. in. 

If tbe length and breadth of a board be 7 8, aad 134; what 10 the con- 
sent in square feet? 

Jnu 8f 

The parts of the section of a field-work b^flag 

_/. ift. /• in 
11^ 4 X 2 6 

3 3 X 3 10 
16 8 X 10 4 

4 5X62 
3 7X29 

fioquired the whole number of square feet? 



jitts. 252Jf 



Reduction. 



Seduce X929 to pence. -^«*' 221230^ 

1000000 farthing3 to pounds, &C. ^1041 13 4. 

^19 19 lOJ to farthings. ^^f* 19195. 

^2|i to farthings. ^'"' ^^ ^ ^' 

585143 pence to pounds, 8cc. -^3688 1 11. 

S6i guineas to pence. -'''*• ^^^* 

^-i_ to the denomination (or fraction) of a penoyf 

What is f f of a pound ? -^«- l^i- 3d. 2^r. 

Ui.tothc fraction of a pound. -^«y- Ac- 

3irf. to the fraction of a pound. ^^' A* 
8S 



|3f ARITHMETIC, 

Sid. to till? r action of a shilling. 'dns, ^ 

lOf. GJrf. to the denomination (of fraction) of a pound-- 

Jtl to the fraction of a giiiBea. -^«»- It- 

7 farthings to the fraction of a shilling. Ans. ^ 

} of a guinea to shillings, &c. Ahs, 1 1*. Sd. 

X-^ to the denomination (or fraction) of a shilling. 

Arts. 4-- 
f of a crown to the fraction of a guinea. ' Ans. -^ 
\ a guinea to the fraction of a pound. Afis* J^. 

5 J. Oj^/. to the fraction of half a guinea, 
f of 6^, to the fraction of a shilling* 
What part of a guinea is ^^hi ^^ ^ pound ^ 
\Vhat is the value of ^g of a guinea ? 

Reduce .CSD-STS to farthings. -rf«j. 28200, 

•C'767 to pence. Ans, I84'0S* 

^•97 to shillings, &c. " Ans. \9s. id. 2^2qri 

42*75 shillings to pounds Ahs, .^2' 1375; 

«£8^. to the denomination (of decimal) of a pound, 

Ans, -00366, &c. 
•C24rf. to the decimal of a shilling. Am. -052. 

'25^. to tht decimal of a pounds Ans, *0125. 

3*75 farthings to the decimal of a pound. Ans. •00330625. 
2s, lld» to the decimal of a guinea. Arts. '125. 

^ of a pound and ^of a shilling to the decitnal of a pound. 

Ans» '6. 
1 Is. IQJ^. to the decimal of a pound. Ans, •55270833 kc. 
•D125 of a shilling to the decimal of a pound. 
•019 of a penny to the decimal of a shilling. 
<|^ of a guinea to the decimal of a pound* 
'5082 of a penny to the decimal of a crown. 

At Is. Qld. per day each man, what is the whole pay of 477 men for 
365 days? 

Afis, £10331 9 8JV 

* A debt of .£39 IS.f.was discliargid with ?n equal uumber «f ^ guineas^ 

crowns, and i crowns ; qt:c:y the number } 

Am. 11^ 

Beduce 7^3. troy weight, to grains- Afis.iMOO*' 

94'135iais. to pounds, tVc. • A;:s, 354/5. 8c'2. \5d::im 

224 grains to • ! . c fiMct if ; n :; f a /*. --/?/ f . > ; -, . 



ADDITIONAL t^AUVLZS. IB^ 

Reduce .J^. to grains Jns, 3384f. 

3" 175/16, to pennyweights, Ans 7 62, 

•55/A. to ounces, &c. Ans. 6oz. IQdtats, 

I5'125dttfts. to the decimal of a ib. Ans. •063020833 &c. 

The full weight of a half-crown is Odwis- \ 6}gr. then how many are 

Afis. Qm^ 

Reduce fib. (appth. weight) to oonoes, &c. Ans, 3oz. 3dr. Ifpc. 

I ton to drams, avoirduj)oise weight. Ans^ 573440. 

6577 lOB. to tons, &c. Ans. U. Iftwrf. IBlb. lloz, 

] 24 drams to the fraction of a Id. Ans. |^ 

10/3. Sox. to^the fraction of a cwi. Ans, ^ 

•%5cwL to lbs. &c. Am. 95lb, 3 2a5. 

5M. 4oz. to the decimal of a cart. Ans* -046875. 

A cubic foot of cast iron being 464/6* atKnrdupoise^ then how many 
cubic fieet are contained in a 32 pounder whose weight is S^avt f 

Arts. 13tj'^. 

Suppose 20000 foot soldiers, each man having 20 rounds of cartridge 
wkb ball ; now if the balls are an ounce each, and the weight of powder ^ 
ftf liie ball ; what is the whole weight of lead, and of powder ? 

/. c lb. 



.^ J 1 1 3 24 lead. 



90 powder. 

How many ourKC^ 3 omtce. 42&. and &. balls, and of each an equal 
Dumber, can be cast from a ton of lead ? 

Atis* 1280 of each. 

Reduce. 7| miles to yards, &c, Anu \20QGyds. 2/1 

56142 feet to miles, &c, Ans. 10m. 1 1 14yrfr. 

10000 inches to yard?. Ans. '2111. 

1 ioches to the denominatioDy or fraction of a yard. 

Afis.^ 

^ of a yard to feet, frc. Ans, 2/. 4fi«. 

f o( an inch to the fraction of a foot. Ans. ^V- 

5^ inches to the fraction of a foot. Atis. ^ 

2 J feci to the fraction of a yard. Ans. 44. 
tV of a mile to the fraction of yards. Am. xj^a. 
100 yards to the fraction of a mile. Ans. ^^ 
7| feet to inches. -^"J. ^'l^ 
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in^fcet to yards. Ans.:^1^ 

What is the value of -H of a mile? 

of ^ of a fathom? 

of4?ofafoot? 

. Reduce 7^ fathoms to the fraction of a mile. 
7^ feet to the fraction of a pole, 
7 j. poles or perches to feet, 
7| inches to the fraction of a fathom. 
•64 of a mile to yards, Sec. Ans. 1 126yd.. 1/ 2'4/rr. 

•125 of a foot to inches. '' ^ns. 1 J. 

10-56 miles to feet. ^«*. 557568. 

429-85 fathoms to feet. ^"^' ^^'^^''^ 

•855 of a foot lo the decimal of a yard. Ans. '285. 

2-84 feet to the decimal of a yard. Am. •i)46« &c- 

•0095 of a foot to the decimal of an inch. Ans.: i 14. 

10^ inches to the decimal of a foot, 

^ Ans, -895833 &c. 

2/ 31/n. to the decimal of a yard. Ans. -76388 &c. 

•074418 of a fathom to the decimal of a foo . 

•01356 of an inch to the decimal of a foot. 

•074418 of a foot to the decimal of a fathom. 

•015 of a mile to poles. 

•5076 of an inch to the decimal of a yard- 

VThatis the value of 0625 of a mile? 

•7862 of a pole ? 

■445 of a fathom? 

•124 of a yard? 

•85 of a foot? 



Ans. 1065*75. 
Ans. 938-3 &c. 



Reduce 1000 toises to fathoms. 
1000 fathoms to ^oww- 

9000 Rhynland feet to yards. ,. u . 

10 German miles (15 to a degree) to E»gl»h m.le.. 
^" -*«. 46^, nearly. 

The circumference of the earth being 360 degrees, and each degree 69f 
„,nes;^hatisthenumberofyardsf ^ ^.43824000. 

ITUwaverasestepofahone i,2ifeet; then bow ->^^^-^^ 



ADDXtlONAL £XAMPLKS« Z31 

If a company of foot march 65 paces of 2^ feet each in a xnbute ; ^hkt 
is the rate fcr hour* 

Am. Im. 1490y<fr. 

What is the extent of a front consisting of 100 men, allowing 22 in- 
ches per man ? 

Am. Giyds. Ain, 

How many palisades will surround a square fort whose side is 150 yards, 
the centres of the palisades being 10 inches asunder? 

Am^SlGO. 

If I observe the flash from a cannon, and 6 seco id^ after hear the 
report, what is its distance; the velocity of sound being 1100 feet per 
second T 

Am. 2200j/ds9 

Reduce 74| square feet to inches. Jns^ 1 Q782, 

] 00^ square yards to feat Arts, yoS-J. 

642 1$ square inches to feet Am, 445^^. 

1 19/ 1 oyn. (square) to yards. Ans, 13 ^§J. 

56 sq. in, to the fraction of a square foot. Am, -f^ 

-85of a foot square to inches. ulnx. 122*4. 

7*48 feet sq, to the decimal of a yard^ Am. *821 1 &o. 

59290 square yards to acres. , Am. 12^, 

7846729 square links to acres. Jm. 78'46t29. 
Vhat is the value of ^ of a square foot ? 

*85 of a square yard ? 

•755 of an acre? 

•755 of a square pole ? 

Reduce Fl 1-| square inches to the fraction of a yard square! 

* 1296 of an inch jquare, to the 4eciinal of a yard square. 

Reduce 140} cubic yards Co feet. Am. d800|. 

'56 of a cubic foot to inches. Am. 967-68. 

984^. 980iVi. (cub,^ to yards. Am- 364-/l^^ * 
100 bushels (dry meas.J to pints. Am. 6400* 

4^ quarters to gallons. Am, 277-|. 

2900 pecks to quarters. , 4ns. 90f. 

If 1 horse is allowed If pecks of com in 2 days, how many quarters 
nrlU serve 70 horses 39 weel^s ? 

Am. 373^. 
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Seditce 7i hogrfieacb (beer meat.) te^pUits. dns- 354S. 

64237 gallons to barrels. ^^' I'^SiJi- 

How many hogsheads of beer will serve a garrison of 1350 men for 
78 weeks, allowing each man 1^ pints ^ day ? 

^«u.2559A.2a^a/^ 

Reduce 2^ hours to seconds. -^"*- 9720. 

^ of a minute to the fraction of an hour. ^ns. y^- 

365rf. 5A. 48i». 48aw. (the solar year) to seconds. 

4«J. 31556928. 
7 -96 degrees of a circle to minutes- Ans. 477-6, 

25 seconds to the decimal of ^ degree. Ans^ -006944 &c. 
What is the \'alue of -0825 of a degree ? 

of -625 of a minute of a degree ? 
of -44 of an hour ? 

fif, B* 60 seconds make a mintUe, and 60 wih, a ifqrrw. 



CompQUtid Addition^ 

1. Suppose a debt is discharged in 6 weeks, after the following man- 
ner, namely. 3/. 17^. 7Jrf. ihejirst week, twice that sum the seeond^ihree 
times that sum the iAirrf, four times that sum {he/ourih, 6 ve times that 
»im the fifth, and si JC times that sum the 3 w^Ai what was the debt ? 

^ns* ^81 10 6J. 

9. What is the whole amount 
of 41 guineas, 

37 half guineas, 
^21, 
19 crowns, 
33 haU'-crow]i8> 
101 dollars, at 4^. 2^. each, 
147 gold moliurs, at i/- 134". ifd-nch^ 
191 sicca rupees, at 2^- 2|d. each } 

dns^3SU, 09. Id. 2^j^» 

3, What is the sum of 10/. 12^,— lj/,*-6/. 8i,4i<f.-4nd 17j 6|</,? 

Ans. 191. 3f. md, 

4. Required the sum of 8-7 C/.— 21/. 16-44j.— and 19j. 10-32£f. 

Aru.3U.lls.ed. 
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5. 'Wliat is the whole weight of 12 barrels of gunpowder, three be* 
iiig 80/A. 15^. each, four 93/.>. 9loz, each, aad the other five iOU6* 

1 \ioz. each? 

j4ns, iOcufi. 5lb, ISoz, 

6. Suppose the superficial contents of the seferal parts of the section 
of a field- work 

/. tfi^ 

are 79 i>4 

47 HI 

49 67 

64 8 

100 64 

19 13 

30 34 

What is the content in square yards ^ 

7. A field was measured in three divisions; the first rontaiiied iac. 
143|?po/. the second 5ac. Sck» 4500 li/ila, and the third i26S0 ^ard^; re- 
quired the whole content? 

A'ls, I3ac, 58XJ|j&o/, 

8. If the cubic contents of the ditch surrounding an irregular pentan- 
gular work 

feet in» 
are 36(J01 614 
27720 1700 
23761 49 
35^40 1606 
316S1 945 



What are the cubic yards? 



4ns. 5755f J-; 



Compound Svliraction^ 

i. What is the difference of 3 guineas, and 3 times 175. f0|i? 

Afis, 9s, 3f /. 

2. Suppose a person owed 1)7 guineas, what would he be indebtr^! 
after pacing the foUowing sums : 

£ s d. 

viz. 40 17 6i 

16 12 m 

10 5 9} 
5 19 Ji 
9 11 7| • 

Jns.^2i.9s, liy 

VOL II. T 
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3. If the discount on 80/. is 1/. 4$. 6^.— on 100/. 10s. is 1/. !Dj. M. 
1f^5.— on ^00/. is 3/. 1 !#• 4i<f«-<uid on 90/. b 17#. \ 1^ What is the 
whole difference or sum to be received V 

AfiM. 4631. 16j. 7</. 2i%iqrs. 

4. If the quantity of provisions in a garrison is 1 1 1/oit< I2cwi. how much 
would be left at the expiration of 7 weeks, supposing the weekly consuropr 
turn to be IS/cm. I3c»t. l^r, 2m. loz- f 

Am. 22ion. ilcwi, 3qr. IVK ISoz. 

5. If thiee.pieces whose lengths are 4/ 10*6in.— ^. 7'7t«.— and 1/. 
b'Sin. be cut from a plank whose length is 4yds. !/• 9yru how long is the 
remainder} 

4ns^ 1yd, If. 9'lifu 

6. From a piece of ground containing 3ac. 4ipol. a part equal to 1050 
square yards was marked off for a surrb^nding ditch. Required the con* 
tent of the inner space? 

Arts. 2ac. \^^^{poi. 

7. Three hogsheads and an half of liquor, wine measure, being 
poured into a vessel whose cubic capacity was lydL 7/. I3»if.; what ret 
mained empty ? . ^ 

Am.4f,0Vt\in. 



Compound Multiplication and J)iviston, 

1 . When oats are at 3^. U \d. per bushel, what is that |Mr quarter ? 

Ans. Mils.^d. 

2. What must be given for 10 sacks of barley at 1/. Is. I^d.per 
lack ? 

Ans.\3lAes,Sid. 

3. At 9s. I<>|<{. per bushel, what is that per load of 40 bushels? 

Ans. 191. ISsi. 

4. At UOid- per lb. what cost 16 barrels of gunpowder, each wdgfc* 
ipg 90^ r 

Am. 161* lOs. 

5. What cost 29 yards of cloth |rt 4i« Bid. per yard? 

Ans. €1 9. 8f £(/. 
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9. At If • 2|^ jMr /;»• what is that per hundred vreigbt ? 

Am. 61. 175/8rf. 

^. At 3s. 7ld. per day what is that per annum, or for 365 days? 

Jns. 65i. i5s. 6id. 

i. What isiheexpejaeperanman, or for 365 days, of a regiment of 

'xsLTniky, according to the following statement t 

£ s. tL 
<:donel .; i 15 daUy poff., 

9 Deutenant Colonds each 14 6 

S Majors ^ach 1 6 

'7 Captains each 15 «| 

Captain lieiitenant 9 

10 lieutenants « ^each 9 

*0 Cornets ;... each 8 

Adj<itant ..•.. $ 

Chaplain ^ 6 H 

Surgeon ^ 6 0| 

% Surgeon's Mates each 3 6( 

Faymatter 15 6i 

40 Ouster Masters each 5 6 

Seijeant Major 2 2f 

40 Serjeants each S 2 

TrumpetMajor 2 2i 

9 Trumpeters each 1 7 

40 Corporals •.««• each ^ 1 ^f 

^09 Privates ..•••... each 1 3 

Serjeant Major ^ s per da^. 

40 Serjeants ^c* 6 

TrumpetMajor 6 

9 Trumpeters each 6 4 

40 Corporals mcA 4 

709 Privates each 4 

Jam and Appointments. 

Seijeant Major 1 21 perdajf. 

40 Serjeants each 1 2^ 

Trunapet Major 10 n^ 

9 Trumpeters V— e'^^ 10 

40 Corporals «.. eocAi 1 2| 

709 Privates each (i I 2| 
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Forage, 

87 Officer's Hones each 1 5 ^ per day. 

300 Troop Horses each Q Ij 

9. What h the annual expense, or for P.Cj days, of a regiment of 
foot, consistipgof 10 companies; according to Uie following statement? 

£ s. d. 

Colonel 1 2 6 daily pay, 

2 Lieutenant Coloneb ... ozcA 15 li 

S Majors each 14 1 

7 Captains each 9 5 

Surgeon 9 5 

Assistant Surgeon 5 

\6 Lieutenants eacJi 5 8 

Quarter Master 5 8 

10 Ensigns... each 4 8 

Adjutant „0 5 

Paymaster 15 

40 Serjeants each 1 GJ 

40 Corpor.ils each 1 2* 

10 Druir.mers each 1 l^ 

910 Privates each 1 

Cloihiftg. 

40 Serjeants €.'»ch 5 per day. 

40 Coiporuis each 4 

JO Drumn^ers each 4 

910 Trivatcs each 4 

^fms and /Ippcinfjyients. 

40 Serjeants .,. each OJ pcrdui/. 

40 Corporals each 1]; 

10 Djunimers each 1 



i?10 IVivacs ... each JJ 

4ns, cfCJlGl 13. 

10. What cost 2j J quarters of oats, at \L Ms, A \d. per (quarter? 

An9. -iO/. 0^.03^, 

i 1. At 5i« l\d. per yard, i^*hat cost 57 f yards ? 

Arts. 14/. 15j. Ud, Cjyrj. 
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12. At 2h 1 1*, lidm per hundred weight, what cost lO^atft.f 

Jns.'21L 305. td. 

12. What cost 03\lb. of powder at 1*. Ojrf. per lb. f 

Ans.Al, 15j. 5rf. l^^s* 

14. What IS the neat weight of 38 barrels of gunpowder, the grow 
'weight of ^each being 9Qlb* lioz, and that of each empty barrel 8lb» 7(22./ 

jim, 30cwL lOoau 

J 5, \y\\aX is the weight of 44 guineas, each being Sdiffis. Ojjgr. f 

Arts. Woz, lldwiu lO^r. 

1 6. What is the whole length of 26 planks, each being 5yds> Of. 4'72«. f 

Arts, I50yds. 2/. 2'2in, 

17. TIow many square yards are contained in ^n boards, each being 

.13/: 57-8W r 

Ans. 25y. Of. 11 8 -effz. 

18. If I man can dig 6y<2r. 13/. CMbic measure ins day, Jbow nit|5;h 
would 57 men dig in 3 days ? V 

Ans* \\0%^du 

T9. How many hogsheads of beer in 47 barrels, each barrel containing 
^\ galUl pints? ^//i. 30/r&, IB^ulL If. 

^0. If oats are 39s. 5d. per quarter, what is that per bushel? 

Am. it. ll|i. 

5U When coals are 44 J. Cd. per chp.!.!rnii, what i.. the price of a bushel f 

Alls \t. 2d. 3^qrs. 

52. If the whole pay of ICO raen Ue 41/. i\s..^fi. for a weeji, what is 
the daily pay of each? 

Ans. \s. 2^d. 

53. If I give 4/. 17^. for 23 yards of cloth, what is that per yard? 

^iw. 3s. IQd. e^jfrs. 

2i. lil^lb. of gunpowder cost 85. \\d' what i« that />cr /6. 

Ans. u. id^ 

fti. If 3IW/. fsqsl 221. fijf. W. W^at i^ thijt per IbJ 
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S6. If the weekly expenditure of promoos in a gairisonbe 4 ten \1cmi. 
50ft. wbat}8that/>«rday? , 

ST. If the ground for a fort contains TIae. 29^, and \ is marked off 
Ibr the surrounding ditchj vhat is the content of the remainder i 

Ans. 2iac. Il9^p(i. 

58. If 64 men dig 292^yds. 12/ cubic naeasurci in 6 days, what is that 

f0r day for each inan^ e ^ oi» /? 

■^ "^ Jns. Syd$. 21|/ 

J9. Required the calibre, or diameter, of a cannon-ball, when it is A 
df the length of the bore, supposing the bore to be 7/ it*6 in. t 

Am. 3*9333 &c. incfefo 



Aliquot Parts* 
i. Required the product of 683 and 24 ? ^ ^^ 

9. Required the prodjtet of 5467 and 3i> mmx" 

S. Wliai b the j^roduct of 104657 and 21} ? 



4k What is the product of 553 and 7f ? 

5. What is the product of 98167 by 19^ ? 

6L Required the product of 6842111 and 110i|^ 

t. What is the product of 44i and 29| } 

8. Required the product of 1467| and 455^? 

•d. Reqmred the product of 84/. by If. ein, i 

la La 3^. ^in. be muUiplied by lOin.} 

ProduaSO^feetsqpme. 

11. What is the expense of digging a ditch 511 yards long, atif» 7^. 
^* Ans,\l^l,Z».iy^ 



Arts. 4239|* 

Jm. 1922437^1* 

4ms. 759132215^. 

Ans. 1312|. 

dtts. 66856a{. 

Anst 630 feet sqazrt^ 
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Mules of Proportion^ 

1* Required 1 3tf. ptoportional to 91 and d9i 

Atts. '72f 

9* ^ ..•••.,. to 16 and -071 ? 

Am, 

9 to li and 15|r 

4, Required a 4/^ proportional to 2|, |9|, and '01 1 1 ? 

i^flf. ^87«», 

^« •••••••««*«M*M.««*t».t.«..««.«a..f«»f ••» to yp ^1 and -^ j> r 

« to 1-75, 8'11, and -095 I 

7. Divide 1 into two parts having the ratio of ^ to 1^ 

Ans^ 

5. Let 10 be divided into three parts that shall have the same proppr* 
ticnis as the three decimals *S, *01, and '0092, 

Ans. 

9. If gunpowder is 4A I6s*€d.per cwt. what cost 17aBi€. Sfr^ 1 IB. > 

Afis. 

10. When oats are 1/. 175. 8i. per quarter^ what cost 17gr« 5 tusk. 

Ans. 

1 1. What will ^ cwt. of gunpowder come to at the rate of lib, for 6s. } 

Ans. \6guincat. 

IS. If lecmt. 3qrf ISlb, of lead cost 13^, IBs. 1 id^ how much will Sim. 
n{cwL come to } 

Ans.^6i.l9s.24. 

13. If the clothing of 600 men cost 1388/« 15^. what will be the ex* 
pense of clothing a regiment consisting of 91 1 men ? 

Ans. 1956/. 15#. 0|d 

14* If a bankrupt owes 740/. 18«« and his whole property amounts Id 
IIP more than 310/. 12«. what paallC|>ay^ i^ to his creditoni 

Ans. 8f. 4i& mH^s. 
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N 15. When a person's annual income is 3^3/. lOs* 3d, iFhatshmlJ be 
his daily expenses in order to lay by 60/. a year? 

Ans. ihs. Id^ 

16. What Will the tax on 529/. 105. amount taat 2j :>| '. n the pound? 

Ajts. 65/. ,i. ^5^. 

17. If the average step of a horse he 2 J feet, and that of a man 2^ 
feet, then how many men's paces are equa] to 40 oi a horse ? 

Jns. 44. 

18. If a garrison of 860 men hare provi .ions for 270 dnys, how long 
will those provibloiis last if the garrison Ixr reduced to 64i men ? 

Afis, 360 «^°r days^ 

19. Two hundred and forty men having raided a certain work in S days : 

how many men would be necessary to finisa a like quanuly ol work in 20 

days ? 

^ns. 96. 

SO. If 720 men when put in column of march with 8 men in frosty 
extend 216 paces ; wii^i wii. be the extent it they march 9 men in front? 

J/is. 192 paces, 

21 • If a certain number of workmen can t'lrow v.p an entrenchment in 

10 days when the day is 6 hours long ; in what time would the} do it when 

the day is 8 hours long I 

Ans. 7^ dif^s. 

22. If the garrison of a besieged place have prcvi<iions for 12 weeks^ at 

th^ rate of rs ounces per day for each man ; what must be the allowance 

if they intend to hold out 16 weeks ? 

jim. 13^0*, 

53. What length must be cut off a board that is 14{ Inches wide to 
make a foot square? 

jins, 9|i2>/ci«y. 

54. ^w many yards of paper which is 2 feet wide, will hang a joom 
that is 6 yards long, 5-i broad, and 8j feet high? 

2^. If the penny loaf weighs 6 Jo2. when wheat fs 125 6d. per bu&hel; 
what should it weigh when the wheat is 145. lOrf the bushel ? 

Afis. 5^f^ OS, 

26. If a ga rison of SOO men have proTisitins for 12 weeks at the ratt: of 
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50 ounces a day for each man : what must be the allowance to make those 
provuions last 20 weeks if the garrison is reduced to 700 men i 

^s» 13^. 

27. If the quantity of provisions in a garrison serve 1200 men 24 
weeks, at the rate of 20 ounces a day for each man ; how many men will 
the same provisions maintain l8 weeks, allowing each man 16 ounces a 
day? 

^fis. 2000. 

28. If 840 men require 5880 talons of bread for a week, how many 
raUons wiU 2520 men require for 7 weeks? 

^tm. 123480. 

^ZJlfT.!"T^ "^ ^"*''*"' *" '*''*»"" ""»d "^ «'rth on the 
Z of 'atuude ,. neady .5560 mile. ; now as the earth turns xoand 
once m 23A. 56m. 4scc. at what rate per minute is the City of London 
amed from west to east by thig motion? 

Am. lO^^U miies. 

JO. Suppose a General imposes a contributionof 2000/. on 4 towns to 
be paid in proportion to the number of inhabitants contained in eaU - 
now if the first contains 1200, the second 1400, the tliird 1600, and thJ 
fourth 1800; what part must each town pay? 

S 

Jins, 




31. Four companies consisting of 42, 57, 66, and 78 men, respective* 
ly, being sent into a garrison where the duty requires 81 men a day ; bow 
laaay muiteach company furnish in proportion to its strength ? 

-*«. 14, 19, 22, and 2^. 

32. Suppose the forage on 2* ceres of land will supply a body of 40O 
hone for 3 days ; how many such acres will serve 750 hone for 7 days ? 

Ans. 10f|. 

33. If the charge of keeping JO horses 52 weeks is 457/.; what will the 
keep of 66 liorses amount to in 21 wefeks at the same rate ? 

Ans. \2S^L \9{^. 

34. Three troops of horse rent a field for which they pay SO/.; the first 
VOL. I.^ U 
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sent 56 horses for 12 days ; tie second sent 64 Iiorses for 15 days 5 and tbe 
third sent 80 horses for IS days ; what must each troop pay ? 

Ans. \$U VlU 105. 
2rf. TdU Oj- 
3rf. 37/. lOx. 

35. If the carriage of 30ctt'/. of baggage cost I/. 4s. for 20 miles; 
what will the carriage of 76ca^. for 84 miles amount to at the same rate? 

A715. V2L 15^. 

36. If a piece of canvas IS Flemish ells long, and | ^(/. wide, cost 
18j, ^\d. ; what cost another piece of the same quality which is 63 English 
ells in length, and a yard wide ? 

Ansll 4j. 4fi- 

37. Bought a silver tankard weighing 36|^z. avoirdttpois at St. the 
ounce, and sold it at 5j. 5^. the ounce troy ; what was gained or lost? 

Ans. 10|^. lost. 

38. Suppose X^cwt, of- gunpowder at 5/. \2s. percwi.; 2\ewt. at 4/. 13r. 

4rf. per cwf,; and ^jjcwi. at 61. 1j. 4rf. percwt. to be mixed together ; what 

is a hundred weight of the compound worth ? 

Ans. 51' 8^"»- 

39. A General having detached | of his army to take possession of two 
strong posts, and 750^njen to watch the motions of the enemy, found that 
he had only ^ his army left; what was his whole force? 

Am. 3500 men, 

40. The ordinary Grecian army consisted of 28672 men: the psifes or 
light armed foot were twice the numb: r of the cavalry ; and the opiiies or 
heavy armec foot were twice Uie number nt the light armed. Query the 
number of each ? ^ 

A/is. Cavalry 405C. 

Light armed 8I9C. 
Heavy armed 16384. 

41. Three soldiers A, B, C, divide 3850 cartridges in the following 
manner, viz. A took 2 as often as B took 3 ; and C got 5 for every 4 whiUi 
B had ; what number did each get ' 

Ans. A 880. 
B 1320. 
C 1650. 
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4l?» A body of 252') troops is composed of 4 battalions ; what is the 
strength of each, if | the fust, -J of the second, -J of the tiiird, and f of 
the fourth are ecjual ? 

Ans^ 360, 540, 720, 900. 

43. A party of foot begin their march at 8 in the morning ; two hours 
afterwards a troop of horse follow them (from the same place) ; the foot 
march 80 paces f^er minute, and the horse 00 ; now if a man's step be 2^ 
feet, and that of a horse 2^ eet ; in what time will the horse overtake the 
foot ; and what distance will they have marched ? 

Aris. 8//. QS^mifU 
Dist. 23m. Z6\^\^ feei. 

44. At what time between 10 and 11 o'clock are the hour and minute 
hands of a watch together ? 

Atis. 54^min. past 10, 

45. A party of horse leave London for Oxford at 7 in the morning : and 
another party leave Oxford for London at 9 the same morning; the former 
march 3| miles an hour, and the latter 4^ ; how far will each have tra- 
velled when they meet, the distance from Oxford to ix)ndoij being 53 
miles ? 

Arts. 30-J^ from Ij^ndon. 
• 28-rV from Oxibrd. 

46. A bank of earth 330 yards long was to have been raised by 40 men 
in 7 days, but at the end of 5 days only 220 yards were completed ; now 
Jiow many men should be added to finish the bunk in the proposed time 
at the same rate of working ? 

Ans, 10. 

47. A General after detaching -/j of his army to take possession of a 
height, and -^y of the remainder to reconnoitre the enemy, had 1280 men 
lelt; what was his whole force ? 

Ans. 3380 men* 

48. If a garrison qf 1200 men have provisions for 12 months, but at 
the cnd'pf 3 months are reinforced with 500 men, and 2 months after that 
■with 400 mon*; how long will the provisions last, supposing no alteration 
in the daily allowance of each n^an ? 

' Atis, S-ll months in the aholCm 

49. Two labourers A and B if they work together can dig a trench 

U 2 
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in 20 days ; A can dig it himself in 34 days ; in what time would B do it 
ifhe worked alone? 

j4ns. 4Bf daysm 

50. A can'dig 32 yards of a trench in 6 days ; Bean dig 29 yards in 

5 days; and C can dig 54 yards in 10 days; in what time would they 
finish 100 yards if they work together ? 

Ans^ 6^ days. 

51. If A can finish a certain number of yards of an entrenchment in 

6 days of 7 hours each^ and B can do 4 times as much in 15 days of 9 
hours each ; what is their cSmparative strength ? 

Am. the strength of B is to that of A as 56 to 45. 

52. Suppose 20 men in 15 days of 8 hours each, can dig 45 cubic 
yards; how many cubic yards can 25 men dig ip 40 days of 10 boun 
long, supposing the hardness of the ground in the former case, is to that 
in the latter, as 9 to 1 i, and the strength of each of the 20 men is to that 
of each of the 25, as 6 to 7 ? 

Arts. \1%^l yards. 

53. If 30 men in 40 hours can dig 80 cubic yards; how many men, 
•which are stronger in the proportion of 5 to 4, would it require to dig 
120 yards in 90 hours, supposing the ground in the latter case is harder 
than that in the former, in the ratio of 9 to 8 J 

Ans. 18. 

54. Suppose two labouring parties, one consisting of 40, the otiier 
of 50 men, and let the strength of each man of the former party be to 
that of each of the latter as 3 to 4 ; now if the 40 men can dig 100 cubic 
yards in 10 hours ; in what time would the other party dig 480 yards, 
if the ground in the former case is twice as hard as that in the latter? 

Ans. 14| hours ^ 

N. B. In the three last questions, the labour in digging a like number 
of yards, is supposed to be directly proportional to the hardness of the 
ground. 

55. A plan of raising the siege of Brunswick, by Prince Ferdinand in 
1761, has a scaie of 300 Rhynland roods ; the s<:ale is just 262 inches in 
length : the plan is 18^ inches long, and 15| broad ; now if it be enlarged 
to 6 itKhes the English mile, what will be its length and breadth? 

Am- 29'8i/i. long. 
U-y-Mri* broad. 
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56. A^ B, and C, can dig a trench in 4 days ; A can do it by himself 
in 7 days, and B in 14 ; in what time would C finish it if he worked 
alone ? 

Ans. 28 days^ 

57. A, B, and C, can do a piece of work in 10 days; B, C, and D, 
in 12 days; C, D, and A, in 14 days; and D, A, and B, in 16 days ; 
in what time would each do it by himself ? 

A B C D 

Arts. 44-«Sy, 20^ Q3^, 173H ^^t 

58. Suppose a clock has three hands, and that one moves round 
ODce in a day, another once in SO days, and the third once in 365 days ; 
now if they are all together at any particular time, how long is it before 
tliey come together again ? 

Ans. 2190 daj/s» 

59. Divide 10 into three such parts, tliat when the Isi, is multi- 
plied by 2, the 2d, by 3, and the 3d. by 4, the three products may be 
equal } 

Ans. 4^, 3^, 2^ 

60. Let 10 be divided into 4 parts such, that when they are respec* 
tively divided by 2, 3, 4, and 5, the quotients shall be in the same pro< 
portion as 6, 7, S, and 9 ? 

Ans. l^, 140, 2^^ 4^ 



Questions respecting the march of Troops. 

1. If the force of a battalion be 490 men, in three ranks ; what is the 
extent of its front, the allowance for each man in front being 22 inches or 
Hfiiet r (See quest. 27, art. 104.) 

2. Suppose the same battalion in line of two ranks ; what is the extent 
of its front? 

Ans. U9l feet. 

3. In what tim« would a column consisting of 7 battalions, the extent 
of each being 317 feet, march its own length at the ordinary rate of 75 paces 
of 2i feet each per minute ? 

Ans. lliimin. 
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4. In what time would a column of 1 1 such battalions march through 
a defile 1| miles long at the same rate ? 

5. Supposing the march is according to quick time or 108 paces per 
Hiinute; in what time would the column pusi through the dehle ? 

"^ ^riSf 42 J mm, 

6» In what time would a column of horso who<?e extent is 896 /eet, 
march through a tkfile J a mile in length, at the rate of 90 paces per 
minute, supposing the average step of a horse to be 2 ? feet ? 

Ans. H\\ mirtn 

7. Suppose 12 battalions, the extent of each including 3 field pieces, 
being hAOfeetf have to pass a defile 1-^ miles in length ; now if the column 
can move at the rate of 75 paces {2^/eet each) in the first mile, but the 
last I mile being a bad road in which the horses attached to the cannon 
can march only 40 paces {^2\feei each) per minute; In what time will the 
column pass the defile ? 

Am. 111^^ mw- 

8* If in the last question the first mile is a bad road, and the ^ mile 
a good one ; in what time would the column march through the defile ; 
the other circurastand:es remainirg the same } 

Ans. I20|f} min, 

9. Suppose a column whose extent is 200D p'itet of ^\feet each, has 
to pass a defile 34 miles in length, and that it can march 80 paces per 
minute in the first mile, 50 in the next \ mile, 63 in the following 1^ 
miles, and only 45 in the last \ mile; in what time will it clear the defile ? 

10. Admit the column A has a good road 6600 pocw in length; the 
eolumn B a middling road \m^ paces in length; and the column C a 
bad road 3310 paces in length; now if the first column march 108, the 
second column 75, and the third column only 50 paces per YMXi\i\jt\ how 
must the march be regulated that the heads of the columns may arrive at 

the same parallel togiUher ? 

Ans. A must halt 5^ min. 
B 7nusi hall 12{-| min* 

11. If in the last question it is required that the heads of the columns 
shall arrive at the same parallel at the expiration of 1-^ hours ; how must 

the march be regulated ? 

Ans, A must haft 13 J min, 
B must halt 2 U niin» 
C must hall St- mift. 
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12 Suppose 17 battalions, the extent of each being 520 /?(tf, have 

to pass 3 defiles; the first 1 mile, the second 1^ miles, and the third 1| 

jniles in length ; how many battalions must pass through each defile that 

the whole march through tlem maybe made in the least time; and "what 

will that time be if the rate of marching is 75 paces (2^ feet each) per 

tnhiut€ ? 

• Ans* 10 through tke shortest. "J ,, 

r .1. -1.J1. ^ t the nearest 

5 through the next. \ ... ,^ ,. 

, , , I whole battalions. 

S through ike longest. ) 

And the respective titnesmll be 55^ J, S^, b^^min, 

13; Suppose the same 17 battalions have to pass 2 defiles, the first 
being 1^ miles, and the second 1 mile in length; now if the troaps can 
march \0% paces per minute in the first defile, and 75 in the other ; how 
must the battalions be divided that the whole march through the defilis 
nay iie made in the least time ? 

Ans* 10 battaiions must march through the Umgea* 
7 through the shortest* 

14. Suppose 2^ battalions have to pass 3 defiUs of equal extent ; the 
first admitting of 4 men to march in front, the second of 6> and the 
third of 8; now if the length of a battalion (including 2 field pieces) 
when in column of Inarch with 4 men in front is 560, with 6 men in 
front is 490, and with 8 men in front is 410^^, respectively; how many- 
battalions must pass each defile that the whole march.through them may 
be made in the least time ; and what will that time be if the defiUs are 
each 2 miles in extent, and the rate of marching 75 paces {Q^/eet each) 
per minute ? 

Jns. 5 battalions through the first. timttZ^miTt^ 

8 through the second* '^'^fj- 

9 , through the third. . 7fi. 

15.. If 12 battalions have to pas^ 2 defiles, one 2 miles, the other i 
mile in length, the former admitting 7^and the latter 4 men to march 
abreast, fbspectively ; now if the length of a battalion (including 2 field 
pieces) is 280 paces of 2^ feet each when 7 men march in fiont, and 407 
paces when 4 men niarch in front ; how many battalions must pass each 
defile that the whole march through them may be made in the least time ; 
and what will that time be, supposing the march is 70 pactii per minute 

^ns. 4 battalions through the broadest. time 76^ min 
8 through the other* ,. •• "6fJ- mji?,' 
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16. Suppose in the last examine, the march through the shortest de£l^ 
& at the rate of 50 paces per minute, and that through the other 65 ; how 
luust the battalions be divided^ the other circumstances remaining the 
same? ^ 

An5> 6 battalions must march through the longest. 90^ ndnm 
6 ...» through the other ^i^V 

17. Admit 15 battalions of unequal strength have to pass 2 defile; 
One a mile, the other 1^ miles in length, each admitting of a like number 
of men to march in front ; now if the extent of each of 9 battalions when ia 
column of march is 480 feet, and the extent of each of the other 6 is 620 
feet ; what number of battalions must pass each defiU that the whole march 
through them may be performed ia the least time^ at the rate of lb paces 
{^ifset each) ;vr minute ? 

Ans> 6 of the less battalions, and 4 of the greater , must march through 
the' shortest deJilS. 
^ of the lesi and 2 of the greater through the other. 

And the time of nuxrdiing through the former 56ff .i»fff. 
through the Lu^vr 5Gf| min. 

ff, B. In the forejgoing questions, the fronts of the columns are supposed 
to enter the defiles nearly at the same time. And in reducing feet to 
paces^ the nearest integer is visually taken. 

Interest, 

1. What is the simple interest of 319/. 12j. for 4 years zi \ per eeni. 
per annum t 

Am. 51/. 2s. %'6id. 

2. What is the simple interest of 217/. 15*. 8</. for 4J years, at 34 per 
tent, per arm f 

Ant. 361. 4s. 1 j^. 

3. What is the simple interest of 279/, 10*. for 190 days at ^ per 
cent, per ann. f 

I Ans. 61. 10*. llfif^. 

4. What will be the amount of 251/. 10*. in 5 years at 4 per cent, per 
ann, simple interest } 

Ans, 301 /• 16*. 

5. What is the discount qd 200/. at 4 per cent ? 

Ans. SL 
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6. What is the dtscouat of 200/. due a year hence at 4 perc€nt, 
per anrim simple interest ? 

Am. 7/. 135, lO/jS. 

7. If 150/. become due to me at the end of li years, what should f 
receive immediately, discounting at the rate of 4 per cent, psr mm, sim- 
ple interest? 

Ans. 141/, 10*. 2f^. 

8. ffl receive 275/. for 300/. due 2^ yean hence, what am I charged 
per cent, per ann, discoui^ty reckoning simple interest ? 

Ans*:^^ 

9. What is the purchase of 1000/L hank amaUties zX^i\fer cent f 

Ans. 9 \U. 5s. 

10. What is the purchaseof 1000i:» India stock at 1 \2ipereent t 

Am.ll23i. IBs, 

1 1 . What is the amount of 56/* 10/« in 4 years at 4| p9r cent, per ann, 
conipo\|jid interest } 

4ns. enL 7x. ^lU. 

12. What is the compouad interest of 120/. for 5 years 9X5 per cent, 
per ann» f 

Ans.33L3s. 0'9(L 



Double Position. 

1. What two fractions are those whose sum is I, and the greater divi* 
ded by the less gives tiie quotient 10) 

Ans. ^and^if. 

S. A general Iiaving detached 620 men to take possession of a strong 
post, and 4 of the remainder of his troops to watch the motions of the 
enemy, finds that lie has only ^^ of his army left ; what was hit whole 
force? 

Ans* 1040 moti 

3. Three battalions of unequal force are in column of march; the 
extent of the first battalion is 2 16 paces^ the extent of the second is eqral 
to that of the first and third together, and the extent of the third is equal 
to that of the first and half the second ; what is the extent of the 

column ? 

Ans, 172S paces. 
VOL. I, X 
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4. What number is that which being addt;d to its square shall make 
the sum 70 ? 

^ns. 7-881527 &c, 

5. Required that number which added to its cube shall make the 
sum 70? 

^t, 4*040415, nearfyw 



Invtilution. 

1. What is the square of 8765 ? 

2. What is the cube of 8765? 
3* Required the cube of ^07001 } 

4. What is the ith, power of 93 ? 

5. What is the \Zth power of 3? 
€. Required the square of ^! 

7# What is tlie \Uh power of ^f 

fi. What is tlje bih power of ^ i 



Arts. 76825225. 

Ans. 673373097125. 

Jnu •0OO343I470210O1. 

Arts- t480;520I. 

Ans: 1594323. 

Ans. ili. 



^;;^.4714^-^V 



Exiraciion «/* Roots, 

1. How miny ranks arc in a column consisting of 5625 men, when 
the number of men in front are equal to the i^uuiber of ranks? 

Afu. 75. 



2* What is the square root of 34J8801 ? 

5. What is the square root of 5304W 160801 > 



A2ts. 1849, 



Ans. 5004G1. 
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4. Required the square root of 4609-0321 ? 

5. What is the squaf« root of •0003418801 ? 
C. What is the square root of 1 1 ? 

7. Required the square root of 3 ? 

8. Required the square root of ^Jg ? 
S. What is the square root of ^ ? 

1 0. Required the square root of ^y ? 

11. What is the square root of i^yfro'? 

12. What is the square root of 20389.^*7 ? 

13. Required the square root of 3 J ? 
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Ans. 67*89. 

I 

Ans. 01849. 

^;i& 3-3166248 n^or/j^S 

Atis. I '7320508 tmrly. 

Am. \S% 

Ans. 
Ans*' 



Ans. U2H^ 



Anu V8516402ftearfy, 

14. What is the square root of the decimal •0183 ? 

Ansm *1352775 marly* 

15« Required the Ath root of 37015056? 



16* Required the cube root of 961504803 

17. What is the cube root of 193»100552 ? 

18. Required the cube root of 5 1230158344 ? 

19. What IB the cube root of U? 

20. What 18 the cube root of fj|! 



Ans> 78. 

Jns^ 987. 

Ans. 5<78. 

Ans^yilA^ 

Ans,^ 

Anf^^0 
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S 1 • Eequired the cube root of jf f^ ? 

52. What is the cube root of wjjjyzj ? 

23. What is the cube root of 1 \10eii{i ^ 

24« Required the cube root of 1 6 ? 

^ Am. 9'5 19842 nearly. 

$5. Required the cube root of 197 ? 

jim, 5*8 18648 Marly. 

26. What is the cube root of the decimal «014 ? 

Arts. *2iiOU2 nearly. 

f 

27. Required the cube root of •000001 ? 

Jns. 

28. What is the cube root of 4? 

Jns. 96\A99 nearly. 

29# The diameeer of a 9M. iron shot being 4 inches, what is the weight 
of a shot 6 iaches in diameter ? 

N. B. It [is proved by geometry, that the cubic contents (and conse- 
quently the weights) of similar solids are directly proportional to the 
cubes of their hke sides or diameters. 

30. What is the diameter of a 48/3, iron shot ? 

jins. 6'99 inches^ 

3 1 . What is the diameter of a 24Z6. shot ? 

, Afis. 5*55 inches. 

32. A lead ball whose diameter is 4j- inches weighs nib* nearly; 
hence it is required to find the diameter of a musket ball whose weight is 
an ounce } 

Ans^ •esc ofa» inch. 

33. If the depth of a barrel which holds 80/R. of gunpowder be 20 
laches, what is the depth of another barrel of similar dimensions which 
holds three times that quantity \ 

Arts. 28*84 ijiches* 

3l, If a musket barrel which carries an ounce ball ('6562>f» in 
diam. b 3 feet in length ; what would be the diameter of the bore, ajid 
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length of a similar barrel for a pound ball, allowing -f^ of an inch for 

witiciageiu both barrels? 

jins. Ham, qf bore 1»7029 inches, 

letigih 7/. 2*8 inches, 

35. What is the Sth root of 25f ? 

Am. 1*9 1441 nearlif. 

3 6. Required the eth root of 3 6 ? 

Ans, 1*81712 nearly. 



Arithmetical Progression. 

1. If the first term of an arithmetical progression be|, the common 

diiference |, and the number of terms 50, what is the last term? 

j^ns, 24f. 

2. If the first and last terms of an arithmetical series be 18 and 2, 
and the nuaiber of terms 9, what is the common diiference ? 

Am. 2« 

3. Required 3 arithmetical means between 1 and 2 ? 

^ , Ans. 11, 11, l|. 

4. If the first term of an arithmetical progression be 0, thts last 

term 10, and the number of terms 20, what is the sum ? 

Ans. 100. 

5. Suppose a triangular battalion to consist of 20 ranks, the first 

rank being 1 man, tiie next 4, the third 7, the fourth 10, and so on ;• 

what is its strength ? 

Ans. 590 men, 

6. If a detachment march 32{ miles at the rate of 4 miles the first 

hour, and I mile the last» in what time did they perform the journey 

supposing each hour's march was successively diminished by tlie same 

distance, -and what was that distance ? 

Afis. 13 hours. 

And the decrease \m. per hour, 

7. It is found that a heavy body near the earth's surface descends 
by its own weight (from rest) the space of XQ-f^/eet in the first second 
of time, 48^ in the next second, 80,^ feet in thira second, and so on 
constilutM) series in arithmetical progression, whose first term s • ^-^ 

Jeei, and common difference 32-^ jeet : now according to this liat^ how far 

would a heavy body descend in 10 seconds I 

Ans. XeoV^ feci. 



C »*8 3 



Geometrical 'Progression^ 

1 . If the first term be 1 J., the ratio or multiplier 3, and the number of 
terms 10, what is the last term ? 

Jins. 295241. 

2. Let the first term be 9, the ratio or divisor 1^ and number of 
terms S, what is the last term ? 

^. Suppose the first term Is 100, the ratio or multiplier 1-05, and the 
number of terms 8, what is the last term ? In other words— What i» 
the amount of 100/. in 7 years, at 5 per cent, per annum compound 
interest ? 

Alls. ^140-7 10042265625. 

4. Let the extremes be 6 add 24, and number of terms 3 ; required 
the middle term ? Or, what is the mean proportional between 6 and 24 ! 

Ans. 12. 

5. Required a geometrical mean between 10 and 20? 

Afis. 14-1421356 nearfy. 

6. If the first term is 22, last term 130501 S, r.nd the number of 
terms 4; what is the ratio, and the two midJIe terms?— Or let it be 
required to find 2 geometrical means between 22 and 1305018 ? 

Ansm 39 ratio. 
And the middle terms 858 and 33462. 



7. Hequired two geometrical mean proportionals between 10 and 100 



> 



Ans. 



21-54435 
46*4159 



\ nearly. 



8. Suppose the musket cartridges necessary for an army to be counted 
at 16 times ; the first count being 3, the next 6, the third 12, the fourth 
24, and so on ; what is the whole number of cartridges? 

Ans. 196605. 

9. What would be the produce (or last crop) in 10 years from a 
grain of \v',.»al, the increase or crop being constantly sown, and each 
grain producing yearly an ear of 40 grains, suppoung 7000 grains to 
weigh a pound, and 60/^. to the bushel ? 

Am, 31207619042rj« 6^^ush. 
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10. Required the sum of the progression ^^^ ^, ,^, rcl^* &c. 
contlDued ad itifinUum, (the ratio or diyisor being 10, and last term 0) ? 

Arts, ^p 

11. What is the sum of the series |, j^, \, ^, &c. continued ad ins 
finitum T 

Ans. If 

12. The sum of three continued proportionals being 100, and the 
ratio of the first to the third as 1 to 4, vhat are the 3 numbers ? 

Ans. 14|, a^, S^p 

13. Suppose the ratio of the first to the Zd. as 2 to 3, required the 
three numbers ? 

Ans. 26-«475, 3288 13, 40*2712, nearly^ 

14. To divide 100 into 5 continued proportionals, the ratio of the 
4irst to the 5ih being as 16 to 81 ? 

4m. m{, 1I,V,, n/A. ^$+f{, 38^p 



Of logarithms, 

154. Logarithms are a set of numbers so xsoiurlved, that 
the products in multiplication, and the quotients in division^ 
are obtained by means of Addition and subtraction only* 

155. Or, Logarithms are a series of numbers in arithmetical 
progression corrcsponcjiing to another series of numbers ip gepr 
metrical progression. 

Thus if 1 be the first term of a geon)etrIcal progression, an^ 
2 the ratio or multiplier, the terms will be 

1, 2, 4, 8, 16, 32, 64, 128, &c. 
(146) or 1^,2',2%2', 84,25, 2«, 2?, &c. 

And the arithmetical series of indices or ^xpQQ^ntf 

0, 1, 2j 3, 4, 5, a, 7j &Pf 

are the logarithms of the corresponding terms of thp gepio§Ulcj(| 

^eriec or powers of the r^tio 9* 
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1 9 2, 4, 8, 16, 33, 6i, 128, &c. numbers. 

0, 1, 2, 3, 4, d, 6, 7i &c. logarithms. 

156. Now the sums and differences of the indices or I(^a« 
rlthms answer to the products and quotients of the correspoad« 
ing terms or numbers. 

Thus 2+3 make 5 the index or logarithm answering 
to 32. 

(ill.) And the product of 4 and 8 (the terms corresponding 
to 2 and 3] make 32. 

Again, the diSerence of the indices or logarithms 7 and 4 is 
3t the index or logarithm of the term or number 8. 

And the quotient of the corresponding terms, or 128 divided 
by 16 is 8. 

Therefore the products and quotients of the n mbers in the 
geometrical progression are found by taking the su ns or differ- 
ences of the corresponding indices or logarithms. 

157. But the indices 0, 1, 2, 3, 4, 5, 6, 7, &c. may denote 
the powers of any other number or ratio ; consequently differ- 
ent ratios or geometric progressions give different systems of 
logarithms. 

Thus if 1 be the first term, and 10 the ratio of a geometrical 
progression^ the terms will be 

1, 10, 100, 1000, 10000, 100000, &C. 

or 1°, 10*, 10', 10% los lo^ &c. 

And the indices 0, l , 2, 3, 4, 5, &c. are the logarithms of 
the corresponding terms or numbers, as before. 

1, 10, 100, 1000, 10000, 100000, &c. numbers. 
Vj Ij 2, 3, 4, 5, &c. logarithms. 
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And according to thi9 system or scale, the common logarith- 
TOic tables now in use, are calculated*. , 

153. Now being the logarithm of 1 ; 1 the logarithm of 
10; 2 the logarithm of 100 ; &€• it follows that the logarithm 
of any number between 1 and 10 wiH be O with a fraction ; be- 
tween 10 and 100, 1 with a fraction; betweea 100 and 1000, 
2 with a fraction, &c« 

159. It is also evident from the nature of the progressions, 
that if any number of geometrical mean proportionals be in- 
terposed between any two terras of the geometrieal series 1, 10, 
lOO, 1000, &c. and the like number of arithmetical means 
between the corresponding indices O, 1, 2, 3, &c. that the latter 
will be the indices or logarithms of the former. 

Thus one geometrical mean proportional between loo^ and 
10000 is 1000(151.; 

And the arithmetical mean between the indices 2 and 4 is 3 
(129 -, the logarithm of 1000, 

In like manner the geometrical mean between 10 and 100 it 
V^lOOOt or 31-6227 &c. 



* The invention of Logarithms is (\ur to I ord Ntper, Baron of Mer- 
chi«5ton, in Scotland, who in 1614, published th.- tir.t table of these numbers 
in a small trcalise, cntilied Mirifici Logarithm^'rum Canomx Description 
His logarithms, however, are of that form which has since been Culled /py- 
perbolic logarithms. The preseht scale or system of logarithms wc owe to 
Mr. Henry Briggs, at that lime (1614) Professor of Geometry at Gr.-sham 
College. 

The modern Lo^rithmir tables, in most cs'eein at present for ; eneral 
use ar^ Gardener's, Ala. 1742. Taylor's, large 4/0. 1792. Tabhs Poriatives, 
par Cailet, ^vo. (the stereotypic edition). D=. llult jn's Mjtbon atlcal 
Tables, Sw- 1801; this also con talus' a very coiupkte History of io- 
garithms. 

t yf signifies the square root ; thus • lo x - ^^ ^^^ '^ ^* 

VOL. I. y 
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And the corresponding arithmetical mean between the in- 
dices 1 and 2 is 1*5^ which is the logarithm or index of the 
term 31-6227 &c. 

Therefore the business of computing the logarithm of ^^ivcn 
number principally consists in finding a geometrical mean or 
term of the series equal to, or nearly equal to, the number pro- 
posed; then its corresponding arithmetical mean or index will 
be the Ic^arithm sought. 

Now, by repeated extractions of the square root, such an ap- 
proximate mean proportional may be found, as in the following 
example : 

160. Let it be required to find the logarithm of 2 ? 

First. The number 2 lies betwet:n 1 and 10 ; 

(151) and the geometrical mean between I and 10 is Vi X 10 

= 3-162278. 

And the arithmetical mean between the indices and 1 (the logarithms 
of 1 and 10) is 0*5 t 

therefore the index or logarithm of 3-16C278 is Oj, 

Secondly. The number 2 now lies between 1 and 3* 1 62278 : 
and the geometrical mean between those numbers is \/ i X 3' 102-278 
= 1-778279. 

And the arithmetical mean or half the sum of the indices and 05 (the 
logarithms of 1 and 3-162278) is 25 : 

therefore the logarithm of 1 '778279 is 0*25. 

Thirdly. . The number 2 lies between 1-778279 and 316C37S ; 
and the geometrical mean is |/l-778279 X 3162278 = 2*37 1371. 

And the arithmetical mean between the indices 0-25 and 0*5 is 0*375 : 
tlierefore the logarithm or index of 2371374 is 0-375. 

Fourthly. The terms next less and next greater than 2 are 1-778279 

and 371374; 

and the geom. mean is V^ 1-778279 x 2*371374 -sl 2'0j3525. 

And half the sum of the corresponding indices or logarithms 0*25 and 
0-375 is 0-3125: 

therefore the log. or index of 2 053 525 is 0*3125. 
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And in this manner by constantly making use of the resultmg geomctri-* 
cal nicMus next less and next grva»<M- than 2, aftei* 22 extractions we get 
the term l-9P!>S'y-', and thectjrRsoonv: iig: i^rit'imctical mean or logarithm 
O«30 10299 for its index. Tliercfore as l-9l>9PJ'i> differs but 0-00(^.01 from 
2, we may take 0*30 10299 or 0301930 (the nearest 6 decimals) lor the 
loguriihin of 2. 

This is one of the methods by which logarithms were first computed. 
But more direct and expeditious rules have since be«n derived from alge- 
braic formulae, and the fluxion : calculus. 

161 . Now from the logarithm of 2, the logarithms of 4, 8, 
1 6j &c. the powers of 2, are obtained by multiplication. 

Tiius, 0-301030 X 2 = 0-602060 the log. of 2* or 4, 
0-30 J 030 X 3 = 0*903090 the log. of 2' or 8. 
0-301030 X 4 = 1-204120 the log. of Q< or 16, 
&c. &c. 

162. And since lO divided by 2 gives 5, if the logarithm of 
2 be subtracted from the logarithm of 10, the remainder will be 
the loga rithm of 5 (150). 

' Thus 1-000000 log. of 10. 
0-301030 log. of 2. 
0-6^'S970 log. of 5. 

163. And if the logarithm of 5 be multiplied by 2, 3, 4» 
&c. the products will be the logarithms of its powers j thus 
0-698970 X 4 = 2795880 the log of 5* or 625. 

164. Hance in the common scale or system of logarithms, 
every number is supposed to be that power of 10 whose index 
is the logarithm of the number. 

Thus by the foregoing operation ioo-3o»o3» is equal to 2, nearly. 

J0O'9O3ogo equal to 8, 
jOo-«»897o equal to 5, 
loa-795 880 equal to 625. 

&G. &C. 

165. The integral part of a logarithm is called its index oi 
characteristic] thus in the logarithms 0*901030^ 1*804120 

Y « 
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2'795880, the indices are 0, 1, 2; the other figures being deci- 
mals. And as the indices are easily supplied by the computer 
himself, they are commonly omiited in the tables, 

166. Since the logarithm of the divisor taken from that of 
the dividend gives the logarithm of the quotient (162], it follows 
that the index of the logarithm of a proper fraction will be 
negative. 

Thus suppose the logarithm of i^, or the decimal '625 is required : 

10, its log. 1-000000 

I69 its log. ]*i'On L^O «;ub. 

— i-7*Jj8S0 log. of4f- OT*625. 

In this subtraction 1 is carried to the index 1, which together make 
2, then I minus Ogives 1 negalivc, marked wiih tlie negative sign ( — ) 
in the remainder. 

167. But the logarithm of an improper fraction will have 
a positive index, because its value is greater than !• 

Thus to find the logarithm of y or 625. 

£'5, its log. 1-3979 to (twice the log. of 5.) 
4, its Jog. 0-60J()(";o subtract. 

oYrrVsM) leg. of 6*25, 

ICS. Because 625 X 10 = 6250; and 625 x 100 = 62500, 
if we add the logarithm of 10, and lo:) to that of 6i'5, we 
get 3'795S80 tlie log. of 6250, and 4-795860 the log. of 
. 62500. 

16a. Hence it appears, that the logaritlini of a whole 
number and that of a mixed number, or a fraction, con- 
sisting of ihc same bignificunt figures, difllr in nothing but 
the index, which varies according to the place of the first 
figure. 
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Thcis, 

NumlMjrs. Lpgarithras. 

62500 4*795880 

6250 a-Ty5880 

62^ 5?'7i'j880 

62-5 l-7i>5880 

6-25 0-795880 

•6?5 — 1-705880 

'Oo:5 — 2-79583() 

•00oC5 — 3-79:)8S0 

Therefore the index or characteristic of any logarithm is 
always 1 less than the number of figures in the integral part 
of the natural number. 

Explanation and use of the Table of Logarithms^ 

170. The teble contains the logarithms of the natural 
numbers from 1 to 10000, to 6 places of figures. The loga- 
rithms of the first 100 numbers are printed with the indices. 
Thus the logarithm of 8 is O' 903090 : and the log. of 97 is 
1'98677'3. The indices or characteristics of the other loga- 
rithms are to be annexed according to the value of the integral 
part of the number, as in art. I69. 

171. To find the logarithm of a number consisting of 3 
figures: suppose 123. 

Look in the left-hand column for the nnmber 133 ; then 
•089905 in the next or 2rf, column is the dtcmial part of its 
logarithm ;* and as the number 123 c nsists of 3 integers^ 
the index will be 2 (^69) 3 therefore 2*089905 is ihe logarithm 
of 123. 

172. To find the logarithm of a number consisting of 4 

figures: suppose 2157. 

The two first figures of the logarithm of 215 are '33 ; then 
under 7 at the top of the table, and iu the honzo tal row an* 
Bwering to 215 is 3850 which are the right hand figures of the 
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logarithm required : therefore the logarithm with its index will 
be 3-333850. 

173. When the 4 right-hand figures of a logarithm are 
less than the 4 figures next preceding, it shows that the two 
first figures of the logarithm in the 9d, coUimn are changed 
or augmented : thus the logarithm of 2344 (without the index) 
is •369958 ; but the logarithm of 1j345 is •370143. 

174. To find the logarithm of a number consisting of 5 
figures. N 

Take the logarithm of the four left-hand figures of the proposed 
number from the logarithm next greater; then say. 

As 10, is to the difference, so is the 5tlu figure of the num- 
ber, to a 4th, number, which added to the least of tlie two 
logarithms gives the log. sought. 

Let the number be 24676* 

2467 log. -392169 

next greater :' ir?3 i 5 

JTu ci; T. 

As 10 a 176 :: 6 : 105-6 the 4th. number. 
52467 log. '39'2\G9 

UK ) 

24 676 log. 4-3y2'jl5 

Here we suppose the differences of the logarithms to be nearly propor- 
tional to the differences of the corresponding natural numbers: 

Thus the log. of 2467 Oj[ is 4'3r2!(^9 

of 24680 is 4-392345 

diff. of numbers _ loo j 7 6 d iff. of logs. 

Then, as 10 : 176 :: 6 : 1056 the proportional part for 6, the whole 
for 10 Ijcing 176. 

175. When the logarithm of a number consisting of 6 fi- 
gures is required^ the diflcrence is taRen for 100 ; 
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Thus to find the logarithm of 54*6347. 

54-(j300 log. 1*737431 

54'6-4.00 . log. 1-737511 

di/T. \00 80 diff. 

Then, as 100 : 80 : : 47 : 37*6 the proportional part for 47. 

1-737431 
38 



1-737469 log. of 54*6347. 

But if the logarithms next less and next greater are in the latter part of 
the table, the required logarithm may err in the last figure ^vhen the 
natural number consists of 6 figures. 

^76. The logarithm of a vulgar fraxition is found by sub- 
tracting the logarithm of the denominator from that of the 
numerator : 

Thus to find the log. of 4^ : 

117 log. 2-0$8l86 
147 log. 2-167317 

^ 1-900869 log.offjf* 

Or the fraction may be reduced to a decimal. 

177- A mixt number may be reduced to an improper 
fraction : 

Thus to find the logarithm of 20|. 

50-' = »?. 

83 log. J -9 1 9078 
4 log. 0-60u;Q60 

J*3I7018 log. of 20|, 

Or the fraction may be reduced to a decimal. 
20 J = 20-75, and its log. is 1 •3 170 1 8 as before. 



To find the numler answering to a given logarithml " 

178. This is only the reverse of finding the logarithm of a 
given number. Therefore look for the two left-hand figures of 
the proposed logarithm in the 2d, column, and for the 
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Other figures on the right, and take out the corresponding 
number. 

Thus the number answering to the log. 2'327]55 is C12*4, 
The number answering to the log. 4-3:10054 is 2':VJ0. 
And the number answerin^j to the log. — 3*360404 is -001^1)3. 

179» If the proposed logarithm is not, found exactly in the 
table, take the difference of the logarithms next greater and next 
less, and also the difference between the given logarithm and 
the next less, then say 

As the first of those differences. 

Is to the second ; 

So is 10 

To the 5fh. figure of the required number. 

180. But if the number is required to 6 places of figures, 
make 100 the third term of the proportion. And the figures 
thus found when annexed to the number answering to the next 
less logarithm, will give the number sought. 

Example. Let it be required to find the number answering to the 
log. 2«265S86? 

Given l^^. S'^-oSBG 
ni'xt :e^s Q":r.:u6\ the log, of 184-4 
IlT) diir. 



next greater 2 "J^jlr'it) 
next less ii'2tKn(ii 

"""g^5 diif. 

As 235 :'icr» :: 10 : 5 the 5//f. figure; thtrcfore the required number 
to 5 places is 184--15. 

But making the Zd- term of the proportion 100 instead of 10, 
As 23j : 125 :: 100 : jJ the :u'h. and C/h. figures; and the number t« 
6 places is 184-4:)3. 

This operation is exactly the reverse of that in art. 175. 
And it may be necessary to remark, that when the logarithms 
next less, and next greater fall in the latter part of the' table 
where the differences are small, the number answering to the 
proposed logarithm cannot be depended upon to more than 5 
places of figures. 
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Multiplication ly Logarithms^ 

\%\. Add the logarithms of the factors together^ and the 
feum will be the logarithm of the product. (168) 

Examples. 

1. Requii-ed the product of 2G by 74 ? 

26 log. 1-414973 

74 log. I'869g3g 

product 1924 log. 3*28^>euj 

2. What is the product of 1-447 and 1'375 ? 

1-447 log. 0-160^69 

1-375 log. Oi 38303 

product 1-98963 log. 0-298772 

3. Wliat is the product of '0054 and -95 ? 

•0054 log. — 3-732394 

•95 log. —1-977724 

product -00513 log. —-3-710118 

In this addition 1 carried to the indices caacells negaHue I ; and the 
^dex in the sum is — 3. 

182. But to avoid the use of negative indices when 
one or more of the factors are decimals^ multiply such factor or 
factors by 10^ 100, or 1000, &c« so as to make the product or 
products whole or mixt numbers, then having added the Ic^* 
rilhms of those products together, divide the corresponding num- 
ber by the like 10, 100, or 1000, &c. for. the answer. 

Thus, taking the last example : 

•0654 K 1000 = ^-1. log. 0-732394 
•95 X 10 = 9*5 log. 0i)77724 

I>7t0il8 the log. of 51 3 which 

is evidently 1000 X 10 times too great ; therefore 51-3 divided by lOOOf 

gives '00513 the product as before. 
f 

Divisio?i by Logarithms. 

1 8df S u B T R AC T the logarithm of the divisor from the loga«> 
Tithm of the dividend, and the remainder is the Iqgariihm of thA 
quotient. (l62) 

VOL. I. z 
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Examples, 
J. Divide 1416 by 59. 

HI6 log. 3-15I0G3 

5i) log. j_;7™>-3~ 

quotient i'l K»g. 1 -38021] 

2. Divide 25100 by 1997. 



25100 log. 4-399674 

i997 log. 3-30037 S 

quotient 12-5688 Iqg. \'Q9in96 

2. Divide -04271 by •ST^^. -^ 

•04271 1(^. '— 2-630530 

•87 99 log. — 1-944433 

quotient -0485396 log. — 2-686097 

184. But if we proceed as in the 3(f. example of multipli- 
cation, remembering always to make the dividend greater than 
the divisor, the operation may be performed without the ncga-> 
tive indices : . 

Thus, taking the last example ; 

'04271 X 1000 = 42-71 log. 1*630530 

•8799 X 10 = 8-799 log. 0-;M4I33 

4«S5396 k)g. (••6S(;097 

But this quotient 4-85396 is 1000 times too great on account of ihc divH 
dend, and 10 times too Hi fie because the divisor was multiplied by 10, 
ttierefore it must be 100 times too great \ consequently the quotient is 

•0485396. 

• And in like manner we may avoid the negative index in all 
cases when the divisor is greater than the dividend. 

To work a proportion ly Logarithms. 

185. Shbtract the logarithm of the dimor from the sum 
of the Ic^arithms of the other two terms, and the remainder 
ipviU evidently i)e the logarithm of the Ath. term or auinber 
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Example 1. Bequired a Mh. proportional (o 4G28, D78, and 1793 ^ 

As 4628 log. 3-665393 

is to 978 log. 2'9I>0339 

so is 1798 log. 3 254790 

'' 6-245 iVi> 

3 G6b:}93 

to 379-958 log. 2-57**736 

186. But instead of subtracting the log. of the first term. 
It will be found more cxpedit ous io z.M'\is arithmetical comm 
plement : 

Thus, 4628 log, 3 6f)'i3P.3 

6 •;>3 ^ t)07 the arithmetical complernetili 
978 log. 2'i>90339 
17.98 loK. 3-254790 
379-958 Jog, 2-3797:3^.' as before. 

The arithmetical complement of any number is the dif- 
ference between that number and 1 with as many ciphers an- 
nexed as there are figtires in the number; thus the arithmetical 
complement of 57 is 43, which is the difference of 5/ and 100; 
and therefore adding 43 to any number, and bubtracting lOO 
from the sum, must give the same difference as when 57 is taken 
from that number ; for by adding 43 instead of subtracting 57, 
we get 100 too much. 

Thus the log. 'fG65393 is taken frorti 10-000000,' whence the sum 
becomes 12-579736, but as tliis is 10' 000000 too much, the 10 is omitted 
in the index. 

The easiest method of subtracting for the arithmetical com- 
plement is to begin at the left-hand and take eiacb figure 
from 9, except the last figure on the right, which must be sub- 
tracted from 10. 

Therefore in Division, instead of subtracting the logarithms 
of the divisors, add their arithmetical complements, and 
reject 10 in the sum. of the indices for each. arithmetical 
complement, and the result will be the logarithm of th© 
<|uotient, 

as 
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2. Required a 4ih. proportional to the ftacUon* -^^ ^V ^^ 

As JAS;-^?^ :: 4S44 ; ii£iiL!12JLl^ the 4//i. terra in a corak* 
pound fraction, 

1192 log. 3076276 

749 log. 2-874482 

8022 1<^. 3-9042Ba 

596 arith.comp. otihe log. 7 224754 

3745 ariih.comp k>g. 6-426548 

1146 arith. comp log- 6*940815 

4/A. term required 2 8 log. C)'U7lS8 

Here 3 tens or 30 is rejected in the sum of the indices for the 3 arith* 
metical complements ; and the result is the log. of 2*8, or of '/ vhicU » 
the compound fraction reduced to its lowest terms. 

For the log. of 14 is 1146128 
of 5 is 0*698970 

0'4-47l58 log. of '/. 

3. Suppose the result of a proportion is the compound fraction 
l|j^ X ^ViJ w^^»* is its value? 

,«,*^ <„.,*. «^. logs. {;s 

19455 log. 4-28903 \ 

17 384615 

Here 2 tens shouhl be cancelled in the sum of the indices for the two 
arithmetical complements, but 17 is 3 short of 2 tens, therefore the index 
will be 3 with a negative sign, 

thus — 3-384615, 

The number, to 5 places,, answering to the logarithm (without the 
index) is 24245 ; but the index — 3 shews that it must be 3 places below 
1,(169), therefore »0024245 is the value required, true to the last 
decimal* 

4. Required a 4/A. proportional to the three decimals 14275, •07468, 
and •001278 ? 

•14275 X 10 c= 1-4275 ariih.comp. log. 9845424 

•07468 X 100 = 7-468 log. 0-873204 

'001278 X 1000 = 1-278 log. 106531 

f 6859 log. 0-826159 .^ 
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£ut the result 6-6859 is 100 x 1000 ilmes too great on account of the 
multipliers, and 10 times too little because the divisor was increased 10 
times (184), consecjuently it must be 100 X 100 or 10000 times too great i 
therefore 6*6859 divided by 10000 giv^s '00066859 the 4th. proportional 
required. 

Or, making use of the negative indices s 

•14275 log, — 1*154576 

10 815424 afith.comp. 
•07468 log — 2-873304 
•001278 log. — 3- 106531 
j4m, nearly "00066859 log* — 4-825159 

In taking the arithmetical complement of the 1st. term, the negattvo 
index 1 must be added to 9 instead of subtracted.— And the sum of the 
indices {mih the positive 1 carried) make 6 positive, but 10 should be r©* 
jected in the sum on account of the arithmetical complement, therefow 
%h^ index in the sum will be negative 4, 



Involution ly Logarithms. 

187. M u LT I p L Y the logarithm of the number whose pow* 
cr is required by the index of the power, and the product in 
the logarithm of the power required. (161} 

Examples, 

h What is the cube or 3d. power of 170 i 

170 log. 2-230449 

3 indfx, 

4ns. 4913000 log. 6-691347 

2. What is the 4/*. power of the decimal 7867 ? 

To avoid the negative index, multiply the decimal by 10 and divide 
the 4th, power of the product by the 4th, power of 10. 

•7867 X 10 53=7-867 log. 0*895809 

4 

O 3-583236 log. of 3830*3. 

Which divided by 10000 (the4lA. power of 10) pv€S-SS303 therequirej 
|»ower, true to 5 decimals, 



Or thus: 

•7867 log. — 1-895809 

4 

Ans. -38303 log. — 1-583236 

Here 3 carried to nagaHvc 4 make 1 negative the index. 

3. What is the amount of ^60 in 50 years at 5 per cent, per tarn, com* 
pound interest ? 

It is evident from Ex. I, art, \(ft , that 60 x I'OS x 105 x 1'05 &c 
or 60 X l*055o is the amount. 

1-05 log, ©•021189 

M) inden, 

1'(jj94j0 log. of 1'055® 

60 log. I 7781:)! 

Amount «£688'02 log. 2^%TA\ 1 

4. If in the last example, the interest is payable half-yearly, what would 
be the amount in the same time ? 

Here the amount oi£\ in half a year wlU be «^S*02S« 

Therefore 60 X 1*055 *oo is the amount. 

1035 log. 0010724 

100 

1 u7.>1.00 

60 log. r^78l51 

Amount •^708-87 log. 2*86655T 

Evolution or Extraction of Roots ly Logarithms* 

188. Divide the logarithm of the number whose root is 
required by the index denoting the root^ and the quotient wtU 
be the logarithm of th e root. (187) 

Examptes9 

I. "What is the square root of 75^. 

Index 2) 3-879039 , log. of 7$6P. 

1-^>3M5I^ log, of 87 therw/# 

9. Ecquired the cube root of 10. 

3) 1*000000 lo^. of 10. 

^_ _ 0'333j;i3 ,. log. of 2*15443 root iicaify^ ■ 
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5» What is the 4th root of •38303, (see examp. 5, preceding art.). 

4) — J-583236 log. of 38303 

— l-8i)3509 log. of -7867 root nearly. 

Hdte the operation is tbe reverse of that in the example referred to^and 
therefore in making the division by the exponent 4, we add 3 (the number 
carried in raising the power) to the index 1 so as to make the sum just 
divisible by 4, and the 3 is considered as so many tens added to the next 
figure on tlie right; hence the dividend will be — 4'3583236 i^hich divid- 
ed by 4 gives the log, of the root. — But if the cube. root were required, 2 
must be added to make the sum just divisible by the exponent 3, and the 
dividend becomes — 3- 2583236, the 3rf. of which is — 1* 861079 the log. 
of the 3d^ root, &c. 

Or thus, (wUhoia the negative index)^ 

•38303 X 10^ =5 3830-3 ...log. 3. 583236 

0. 895809 log. of 7*867 which divided by 

10 the 4th root of 10* gives '7867 the root aa before. 

4. What it the square root of the compound fraction |||| x fjff ? 

€421 log. 3.807603 

f9J77 log. 3-962701 

6547 i .,, ^ , S 6-183958 

^088r"'''«^*-'''^^-i 604153 2 

^t * 2)— 1 '995794 

—^997897 log. of'99517fW/ nearly. 

5. Tke diameter of a 9/*. iron shot being 4 inches \ then what is the 
diameter of a 48M. bail; the weights being as the cubes of the dia^ 
meters? 

\, As m, : 4^ :: Atlh. : - ^ ^ ^^ ' the cube of the diameter. 

64 log. 1-806180 

48 log- 1-681241 

9 arith. comp. log. 9-045757 

3 )2-533178 

* Diam. nearly 6*99z/i. log. 0-844393 

t, Whaf is the diameter of a lead musket ball whose weight is 1 ouncef. 
£xainp. 4^ art* 419, vol. 2.) 
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3) 

1 k -2914 =£ -2914 log.— I;464-490 

— i-H'iiti>7 log, of 663 o(aaiinch. 

the diameter nearly. 

7- Required the geometrical mean proportional between 81 and 
«5€1? (151.) 

6561 log. 3-816970 

IBI log. 1-903185 

2) 5 7 'i. VI 55 

jtns.'J29 log. 2-86«27g7. 

And the three terms are 81, 729, 6561^ 

For 81 5 729 :: 729 : 6561. But the ftquafe roots are also proportional 
(139); «2.9 : 27 :: 27 : 81, whence 27 x 27 = 9 X 81. Therefore 
the mean proportional is the product of the square roots of the two ex- 
tremes- 

6« Required 3 mean proportionals between 81 and 6561 ? (150-) 

6561 log. 3-816970 
81 log. 1 -908485 
4) 1-908485 
0-47Ti2t log. of 3 thf^raiioormidHpiier. 

Therefore the 3 means are 81 X 3 = 243 

81 X 9 = 729 ^ 

81 X 27 = 2187 

And the 5 termsare 81, 243, 729, 2187, 6561. 

B. To find 4 geometrical means between 2 and 10. 

10 log. lOQDOOO 

2 log. 0-301030 

5) 0-6;'HM70 

0- J 31^79 i log. of the ratio or multii>iier. 
2 log. 0-301030 

0.440824 log. 2-7595 the 1st 

0-13;.i794 

0-DSU618 log. 3-8073 the 2d. 

0- 139794 

0-720412 log* 5*2531 the 3d. 

0-I39T94 

86o2Q6 log. 7-2478 the 4th. 

Examples of Fractional Powers and Roots. 
1. What is the | power of 4096,or the cube root of the square of 409&> 
•r the number answering to 4096 ^ 
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4096 log 3-612360 
2 
3 ) 7 '224720 log. of the square of 4096. 
Ans. 256 log. 2-408240 log. of the cube root of that square, 

2. What is the '4 power of 1000? 

l00O....log. 3-000000 
Am. nearly 13.85 log. 1 '200000 

3. Beqnired the 4^ power of 0*98 ? 

In this and similar cases, it is best to take the power, or the root, of the 
reciprocal of the proposed fraction, and then the reciprocal of that power, 
or root, will be the answer : 



Thus the reciprocal of -98 or of ^ is 'ap. 



V5f....log. 0-008774 

4-5 

43870 
35096 



0-0394830 log. of the ^ power of the reciprocal. 
— l-9o05170 log. of -9131 the required power. 
The log. — 1- 9605 17 is found by subtracting the log* 0039483 from th« 
log. of J . 

4. What is the '079 power of -079 > 

l?52....log. M 02373 
•079 

9i>2l3J7 
7716611 



0-087087167 



— nn^lL^liH ^^8- ^^ *^^^^ nearly, Ans. 
5. What is the 0*75 root of 2 ? 

•75) 0-301030. . ..log, of 2, 

0'\\\\'M.\ ...log. of 2.5198 Am, 

This however, is exactly the same thing as iinding the 3(/. root of the 

4/A. power of 2 fbecause -75 =s J), and therefore 2-5198 is the numbet 

4 
denoted by 2^. 

6. Required the 3 1 7 root of 0- 8 ? 
TOL. I. A4 
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*/....log. 0-096910. 
And -— P = 0-003101 log. ofthe 311 root of the reciprocal. 
* ^ — 111^0899 log. of -9929 roo/ required. 

€. What is the 0*65 root of 0*0754 ? 

i^52....Iog. 1M22629, 

— U"^T2STJ log. of •018743 roo/ nearly. 



0//i^r Examples. 

1. Required the continued product oi-j^^£^r -^^s* ^"^ tctAt^ • 

^n*. 000000224034 fcc 

2 '. the continued product of I^Si, AV^^, and ^?f? 

3 the continued product of •76141, '01779, and V999 } 

Afis. 0*27077 wcflr/y. 

4 the continued product of 1-593, '0076^3, and 01198? 

Ajis. 

5. Divi(lcfViby4l.?59^? Quel. -023411 &c. 

6. Divides by -}• of ^y^Vg ? , QuoiienL 

7. Divide -1863 by -2863? Qnoiierit ^6b0'!2 nearl^^ 

8 •1875 by -009375 r Quel. 

9 Iby 128? QuoL 

10. Required a 3d. proportional to -rWj: and IfJ ? 

Aris, -400185 &c. 

11 ..a 3d, proportional to Jff J and -JffJ ? 

12 ,....a 3d. proportional to -5977 and -9777 ? 

13 a 3d. proi'octional to •^.876 ind -9786? 

Ans^ 
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14. Required a 4^A. proportional to -07655, 'ISSl, and -15791 ? 

Jw. -31582 

^^ a 4//i. proportional to -3777, -2987, and •09876? 

Arts. 
16. Required a 4/A, proportional to||^^ Ai^, and ;g||? 

a7. What is the geometrical mean between •07414 and '7414? 

-rrfwf. -23445 &a 
^^ between «4 and ^3^^^? 

19. Required 2 geometrical means between^ and 3000 ? 

Ans» 

20. Required the cube root of ^^ ? 

-4«j. '046417 nearly, 

21. Required a 4/A. proportional to the cube roots of 17, 19, and 21 ? 

^ Ans. 

22. What is the 100/A. root of 10? 

Am. 1,02329 nearly, 

23. To what power must 10 be raised to produce 700 ? 

Ans» 

24. Required the J- root of ^ ? Ans. -037037 t^w/j^, 

25. What is the J root of ^? , ,jns. 
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GEOMETRY. 

Definitions. 

1. Geometry is that branch of Mathematics in which 
are considered the properties of lines, surfaces, and solids 5 and 
may be denominated the science of extension or magnitude, 
in contradistinction to Arithmetic, which is called the science 
of number. 

Extension is distinguished into length, breadth, and thick- 
ness. 

8. A line is length without breadth or thickness. 

3. The extremities of a line are points. And the intersec- 
tions of one line with another are also points. 

4. A surface is that which has length and breadth only. 
The bounds of a surface are lines. 

5. A body or solid has three dimensions, namely, length, 
breadth, and thickness. 

The bounds of a solid are surfaces. 

6. A right line, or straight line, is that which lies all in the 
same direction between its extremities ; and is the shortest 
distance between two points. 

7. A plane, or plane superficies, is that in which any two 
points being taken, the right line between them lies wholly in 
that plane or superficies. 

8. A rectilipeal angle is the inclination of two /A 
fltraight lines to one another, which meet in a point >^ 
called the angular point, as the angle C. C 3 

\ 
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An angle is usually denoted by three letters, the middle letter being that 
at the angular point. Thus, the angle formed by the lines AC, BC Is the 
angle ACB. And the angle formed by the lines DC, BC, 
as the angle DC \ 1 'here fore the ntagnitude or opening 
of an angle is not dependant on the lengths of the lines 
wliich include or make tlie angle: thus, DC is less than 
AC, but the angle DCB is greater than the angle ACB ; or 
the inclination of the line DC to BC is greater than the in- 
clination of AC to BC. 

Scholium. From the foregoing defiiiition of an angle^ it fol- 
lows^ that if two straight lines in the same plane are not inclined 
to each other, they cannot form an angle, and consequently can 
never be produced so as to meet^ in which case the lines are sai<i 
to be parallel : Therefore^ 

g. Parallel straight lines are such as are in 
the same plane but not inclined to each other, 
or when indefinitely produced both ways do 
never toeet, as AB, CD. 

So if two straight lines AB, CD intersect a third 
straight line £F (all in the same plane) and are equal* 
]y inclined to that line, or make the angles AGE, 
CH£ equal, the two lines ha\% no incUnation to one ^' 

another, but are parallel or equidistant ; and when aU 
the angles at G and U are equal to each other, the line Gil is the distauce 
of those parallels* 

10. A right angle is formed by two lines 
which are perpenclicular to each othef. Thus if 
PQ is perpendicular to RS, each of the angles ^ 
PQR» PQS is a right angle. 

11. An acute angle is less than a right angle ; as the 
angle GQS. 

12. An obtuse angle is greater than a right angle | as the 
Jingle GQR. Those are called oblique angleai. 

13« The sides of a right lined plane figure are straight linef. 
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14 When the number of sides are thre<», the figure is 
a triangle. 

15. An equilateral triangle is that Whose sides 
are all equal, as A. / K. 





16* An isosceles triangle is that which has only 

two sides equal, as B. /b 

17. A scalene triangle is when all the three sides yi 
are unequal, as C. j/z I 

18. A right angled triangle is that which has one 
right angle, as D. /d 




19* An acute angled triangle has all its angles 
acute, as £• 



A 




20. An obtuse angled triangle has one obtuse 
angle, as F. ^ 

21. Every plane figure bounded by four right lines is 
called a quadrangle or quadrilateral. And when the opposite 
sides are respectively parallel^ the quadrilateral is called a paral* 
lelogram. 



22. A rectangle is a parallelogram having all its 
angles right ones, as G. 

23. A square is a parallelogram having all its sides \ 1 

equal, and all its angles right ones, as H. I M 

24. A rhomboid is an oblique angled par^llelo- / 7 



gram, as I. 

S 



25. A rhombus is an equilateral rhomboid 
asK. 
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26. A trapezoid is a quadrilateral with only two r -7 

parallel sides, as L. /_/ 

27. A trapezium is a quadrilateral in which none /'^-•^^ 
of the sides are parallel, as M. / ^ \ 

28. A right line joining any two opposite ^^^r— ..^ 
angles of a quadrilateral is called a diagonal, as / v. 1 
NO. ^ ^O 

29. The side PQ upon which any paral* 
lelograni PQRS, or triangle PSQ, is suppo-* 
sed to stand, is called the base ; and the 
perpendicular ST, falling thereon from the 
opposite angle at S, is called the height or alti- 
tude of the parallelogram or triangle. 
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The perpendicular ST is also called the distance of the 
point S from the line PQ, or the distance of the parallels 
SR, PQ. 

30. All right lined plane figures having more than four sides 
are generally called polygons. And a regular polygon is one 
whose angles as well ^s sides are all equaU 

Axioms. 

31 . Th I n gs which are-cqual to the same thing, or to equal 
things, are equal to each other, 

32# If equals arc added to equals, the wholes are equal, 

33. If equals are subtracted from equals, the remainders 
arc equal. 

34. Every whole is equal to all its parts taken together. 

35. Things which are the like parts of the same thing, aro 
equal* 
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3§. Magnitudes which coincide with one another^ that is 
which exactly fill the same space^ are identicalj or mutually 
equal in all their parts. 

37* All right angles are equal to one another. 

N. B. A Proposition is something either proposed to be 
done, or to be demonstrated^ and is either a problem or a 
theorem. 

A Problem is something proposed to be done. 

A Theorem is something proposed to be demonstrated, 

A Corollary is a consequent truth gained from some preceding 
truth or demonstraiioii. 

A Scholium is a remark or observation made upon something 
going before it« 

A Lemma is something premised or demonstrated, in order ta 
render what follows more easy. 



Of the Angles op Right-lined Plane Figures. 

Theorems. 

38. // there he two triangles- ABD, abd, having two 
sides BA, BD of one triangle^ respectively equal to two 
sides ba, bd of the other, and the included angles B and b 
also equal; the triangles are identical^ or equal in all 
respects. 

If we conceive the triangle 
ABD to be so applied to the 
triangle aid that the angle B j-~ 
may coincide with the angle by 
and the side BA fall upon ^a : Then the angles at B ioA b be- 
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ing supposed equal, the side BD will fall upon bdy and the 
point Don d; consequently AQ will coincide with ad : hencd 
it is manifest that the triangles are identical or equal in all re« 
spects ; and therefore AD will be equal to ad, and the ad- 
jacent angles A, and D, equal to the angles a, and d, re- 
spectively. 

And in a similar mann2r it is proved that triangles are tden,* 
ileal wh0n the bases (AD, ad) and the adjacent angles (A, Dj 
a^ d) are eqiiaL — For if one triangle is supposed to be placed 
upon the other so that the bases, and adjacent angles coincide, 
the other sides, and also the two vertical angles, must coincide, 
and will therefore be respectively equal. 

38«. The angles which one right line make with another 
tm the same side, ae together equal to two right angles. 



Let the line DP meet the line AB in the point Cj 
P, then the two angles DPB, DPA are together 
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equal to two right angles, ' XT"? — 2 

If the angles are equals each will be equal to a right 
angle (lo). 

But when they are unequal, let PC be perpendicular lo AB. 

Then the three angles BPD, DPC, CPA, together are equal 
to two right angles (34). 

But the two angles DPC, CPA are together equal to th^ an- 
gle DPA. 

Therefore the two angles DPB, l5 PA together make two right 
angles. 

CoroL 1 • Hence it appears that all the angles at the same 
point (P) on the same side of a right line (AB) are together 
equal to two right angles. And consequently all the angles 
that can be made round a given point (P} are equal to four 
right ones. 

vox:. I* B » 
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CoroL 2. And if two angles DPB, DPA on both sides of 
the line DP arc together equal to two right angles, then the sidet 
Vl&i PA make one continued line. 

39. If two right lines intersect each other^ the opposite 
tingles will be equal. 

Let AB intersect CD in the point P. Then /A 

will the ani.le APD be equal to the angle BPC; ^ ^^^ -^ 
and the angle APC equal to the angle BPD. /i> 

This rtight have been admitted as an axiom. For since 
all I he parts of a straight line lie in the same direction, the 
segments PD, PB must have the same inclination to one ano- 
ther as the segchenls PC, PA on the other side of the point of 
intersection; consequently those parts fonn equal angles. — It 
is however, usually demonstrated thus: 

.Because the angles APC, APD are together equal to two 
right angles, and also the angles APC, BPC together equal to 
two right one>, i38^;, if the common angle APC be taken 
from each of those equal sums, there will remain the angle 
APD equal to the angle BPC, (33). In the same manner it 
is proved that the angles APC, BPD are also equal. 

39''. If one side (CA) of a triangle (CBA) he produced^ 
the exterior or outward angle (BAG) will be greater thar^ 
cither of the interior opposite angles (ACB, ABC). 

Suppose CD \s drawn to bisect AB, and that 
PD - PC, and the points A, D, arc joined. 

. C/ 
Because the sidef PB, PC, of the triangle 

PBC, are respectively equal to the sides PA, PD 
of the triangle PAD, and the included angles at P also equal 
(39), the two triangles arc identical (38), and therefore the 
angles opposite the equal sides PD, PC are equal, that is, the 
angle PAD =: PBC ; hut the angle PAG or BAG is greater ' 
than the angle PAD, and therefore greater than its equal PBC 




THEOREMS. Igf 

t)r ABC. Ill the same manner, if we produce BA, and bisect 
AC, it may be proved that the angle CAR or its equal BAG 
is greater than ACB. 

40. Iffivo straight lines in the same plave intersect another 
straight line, and make the alternate angles equal, the two 
lines are parallel. 

Let the lines AB, CD, intersect QS, and Qi ^ 

make the ahernate angles APS, QRD equal to A. >y .- B 
each other 5 then AB is parallel to CD. o"" c A^ ^ 

For if it be not parallel, the lines AB, CD are inclined to one 
another, and will meet when produced. Let O be the point of 
concourse,- then RPO is a triangle, and the exterior angle 
PRD or QRD is greater than the interior opposite angle OPR 
(39'*),but it is also equal to it fby construction), which is impos. 
sible; therefore the lines when produced do not meet on that 
side of QS : and in the same manner it may be proved that they 
cannot meet when produced on the other side. Therefore the 
lines are parallel. 

And the converse is equally obvious, namely.— //a straigf^ 
line fQS) intersect two parallel lines (AB, CD), the alternate 
ungles (APS, QRD) will he equal. 

CoroL 1. Two parallel lines cannot be drawn from the same 
point. • 

CoroL Q. Because the angles APS, SPB together are equal to 
two right angles, and QRD, DRS also equal to two right 
angles, the two angles BRP, DRP together will make two right 
angles; therefore if two straight lines (BP, DR) in the same 
plane, meet another straight line (QS) and make the tvvb- inward 
angles (BPR, DRP) together equal to two right angles, those 
two lines are parallel. 

CoroL 3* Hence also, if a straight line falls upon one of 

BBS 
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Bcveral parallel Straight line*/ in given angles, it will interject 
the other lines in the same angles, 

- 41. If one side of a triangle he produced^ thq exterior or 
^ / outward angle, will be equal to both the interior opposite 
"' angles: and the three interior angles ' of ^he triangle are 
iig^ther equal to two right ones. 
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Let the side CA of the triangle CB A be pro- 
duced to G. Then the exteri^ angle GAB will 

be equal to both the interior opposite angles ^ ^ ^ 

ABC, ACB ; and the angles ABC, ACB, 
CABy together make two right angl(^. 

Draw AD parallel to CB,' 

Then because AD is parallel to CB, the angle DAG is equal 
to the angle ACB (40). 

And the ^ngle DA.B is equal to the angle ABC (40). 

But the two angles DAG, DAB together constitute the out- 
ward angle GAB* 

Therefore (31) the exterior angle GAB is equal to both the 
angles ABC, ACB. 

And since the three angles DAG, DAB, BAC, together 
make two right angles (38'), and are respectively the same as the 
three angles of the triangle CBA; therefore the gum of the 
three angles of a plane triangle is equal to two right angles. 

CoroL 1. Hence the difference between an exterior angle of 
a triangle and either of the interior opposite angles, is equal to the 
i)ther interior opposite angle. 

Carol, S. Hence also, if one angle of a triangle be a right 
mgle, the sum of the other two make a right one. 

43. The four inward angles of every right lined quadri-^ 
Uderalare tQgeifier equal to four right angles. 
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Lei ABCD be a quadrilateral. Then'Aksum IV, C 
of the angles at A, B, C, D, will be equal to / '\ \ 
four right angles. ^ ^ 

Draw the diagonal BD, which will divide the quadrilateral iato 
two triangles BCD, BAD. 

Then becaus^the angles of those two triangles make up the 
four angles of tra quadrilateral, and the sum of the angles of 
both the triangles are equal to four right angles (41), therefore 
the angles of the quadrilateral are together equal to four right 
angles. 

CoroL Hence if two angles of a quadrilateral make two 
Tight angles^ the sum of the other two will also be equal to two 
right angles* 

43. The sum of all the interior angles of any polygon t$ • 
equal to twice as many right angles, wanting four^ as thc^ 
figure has sides. V 

Let ABCDG be a polygon of 5 sides. 

Then the sum of the angles at A, B, C, 
D, 6, will be equal to six right angles. 



From any point P in the polygon let right lines be drawn to 
the angles of the figure, which will divide it into as many tri* 
angles as the figure has sides. 

Now all the angles of the triangles are together equal to twic^ 
as many right angles as there are triangles, or as the polygon 
has sides. 

But the angles of the triangles, exclusive of the angles atP^ 
which make four right angles (41), constitute the interior 
angles of the polygon, and therefore those angles together are 
equal to twice as many right angles^ warning four^ as tlie po« 
lygon has sides. 
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44. The sum of (h^'Xterior angles (aAG, IB A, &c.) of 
any polygon^ are equal tofeur right angles. 

Since the Interior and exterior angles at 
each angular point of the polygon make 
two right angles (3 8«, corol. l), all the 
interior and exterior angles must together 
make twice as many right angles as the 
figure has angles or sides. 

But the sum of all the interior angles are equal to twice as 
many right angles, wanting four, as the figure has sides (43). 

Therefore the difference of those sums, or four right angles^ 
19 the sum of the exterior angles. 

46. The angles opposite the equal si^es oj an isosceles iru 
cngle are also equal* 

If ABC be an isosceles triangle, having the side 1V\ 

BA equal to the side BC. Then the angles at A / : \ 
and C are equaU / \ 

A P C 

Suppose the angle ABC to be bisected by the line BP. Then 
because BA z= BC, and the angle ABP =z the angle CBP, and 
the side BP common to both the triangles APB, CBP, those 
triangles will iherefore be identical or equal in all respects (38), 
and consequently will have the; angles at A and C equal. 

CoroL 1. Hence the line (BP) which bisects the vertical 
angle (ABC) of an isosceles triangle, bisects the base (AC), and 
is ateo perpendicular to it. 

CoroL 2. And if two angles of a triangle be equal, the 
fides subtending those angles will also be equal. 

CoroL 3. Hence also, every equilateral triangle is likewise 
equiangular. 
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46^ If the sides of one triangle (ACB) te equal to the 
sides of another triangle {ACD), each to each; the angles 
opposite the like sides are also respectively equal* 

The truth of this seems sufficiently evident B;^^^.,,^^^ 
from Art. 38, It is however, demonstrated i y-^^^x 
thus: d";/--'''''"^ 

Let a side AC of one triangle coincide with the equal side AC 
of the other : then AB = AD, and CB zz CD. 

Draw BD, Then because AB - AD, and CB - CD, the 
triangles ABD and CBD are isosceles, and the angle ABD == 

ADB, and the angle CBD = CDB (46) : 

Now if the equal angles CBD, CDB are taken from the equal 
angles ABD, ADB, the two remainders 'or the angles ABC» 

ADC, must also be equal (33) : 

Therefore the sides CB, BA, and the included angle of one 
triangle, being respectively equal to the sides CD, DA, and the 
included angle of the other, the two triangK:s i.t: identical 
(38)5 therefore the angle DC A = BCA, and the angle BAG 
= DAC. 

47. fn any triangle (ABC) the greatest angle (ACB) is 
iuhtended by, or is opposite the longest side (ABJ, 

Make AG zi AC, and draw CG. Then 
because AG -AC, the triangle GAC is 
isosceles, and the angles ACG, AGC are A~ 
equal (46) : 

But the exterior angle AGC of the triangle GBC is equal tO 
both the angles GBC, GCB (41) : 

■ Therefore the angle ACG (equal to AGC) which is only a 
part of the angle ACB, exceeds the angle B; consequently the 
whole angle ACB is greater than B» 

CoroL Hence the longest side of a triangle is opposite the 
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greatest angle; for it is proved that ACB cannot be greater than 
B, except AB is longer than AC. 

48. The shortest line which can he drawn from a given 
point (P) to an indefinite line (AB) is that right line (PD) 
which is perpendicular to it. 

Suppose PD is perpendicular to AB : then 
any other line, as PR, drawn from P to meet _ 

AB will be longer than PD. aTr. i)"B 

For the right angle RDP of the triangle RDP is greater than 
the angle PRD, because the latter with the angle P are tc^ther 
equal to a right angle (41, coroL 2), therefore PD is less than 
FR (47, corol.). 

Of THE CIRCLE. 

Definitions. 

49. A CIRCLE is a plane figure bounded by one cur\'e line 
called its circumference, which is every where equally disUnt 
from a point within it called the centre. 

50. The radius of a circle is the distance of the y^ N 
centre from the circumference. Thus if C be the f = — Jr 
centre, CR is the radius. >^Jl^ 

51. The diameter of a circle is a right line drawn through 
the centre, and terminated by the circumference both ways, and 
therefore it is twice the radius. 

52. An arc of a circle is any part of the circumference. 

53. The chord or subtense of an arc AGB, 
or ARB, is a right line AB joining the extrenu- 
ties of that arc. 
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54. A segment is any part of a circle bounded by an arc and 
its chord ; as the segment ABG» or ABR. 

55. A semicircle is half the circle, or a segment cut off by 
a diameter. Half the circumference i^ sometimes called a semi* 
circle; 

56. A sector is any part of a circle bounded by aii arc and 
two radii drawn to its extremities. 

Thus if C be the centre, ACB is a sector. 

When the angle at C is right, the sector (and 
eometimes the arc AB) is called a quadrant. 

57. When two right lines AC, BC, are drawn from the 
extremity of a chord AB, and meet any where 
in the arc ADB, the angle ACB (at the circum- ^ / 
fercnce) is said to be in the segment ADB, and 
to stand on the chord AB, or on the arc ARB* Vi^ 

58. A right line is said to touch a circle when it passes 
through a point in the circumference without cutting off any 
part of the circle. 

This line is also called a tangent to the circle. 

59. A secant is a right line which intersects the circumfer- 
ence of a circle, 

60. Two circles are said to touch each other when the cir- 
cumferences of both pass through the same point without inter, 
secting each other. 

61. When all the angular points of a right-lined figure are 
in the circumference of a circle, it is said to be inscribed in the 
circle; and the circle is said to circumscribe the figure. 

63. A right lined figure circumscribes a circle when all its 

VOtf I* CO 
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fides touch the circumference of the circle; and the circle U siiid 
to be inscribed in the figure. 

63. The perimeter of a figure is the sum of all its sides taken 
together* 

64. When two right lines AC, BC^ form an angle ACB. 
and a circle is described about the angular 
point C as the centre, the arc GD intercepted 
by those lines is the measure of the angle ACB^ 
the whole circumference of the circle being the 
measure of four right angles. 

To estii^ate the opening or jnagnitiide of an angle, the circumference 
of the circle is supposed to be divided into 360 equal parts called degrees, 
and each of those degrees, into 60 equal parts called minutes, and each 
minute into 60 seconds^ &c. This is called the sexagesimal division^ 
Thus if the circumference ABDR is divided into 360 
equal parts or degrees, and the diameters AD, HR inter- 
sect each other at right angles, the points A, B, D, R, 
will divide the circumference ii>to 4 equal arcs of 90 de- 
grees each ; :«nd each of the 4 angles at the centre C is 
said to be an angle of 90 degrees. 

If the arc Dw is ^^ of the whole circumference or * of the arc DB, the 
angle DCn will be 22]; degrees. 




Theorems. 

65. If the radius of a circle bisects any 
chords it will he at right angles to it, and the 
arc of that chord will also be bisected by the '^ 
same radius. 



Let C be the centre of the circle, and AB a chord ; then if 
the radius CR bisects the chord in the point D, CD will be 
perpendicular to AB ; and the arc AR equal to the arc RB, 

Draw CA and CB. Then because CA is fqual to CB, the 
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♦riang^e ACB is isosceles, and therefore (46, coroU 1.) CUf 
bisects the angle ACB, and is perpendicular to AB. 

And because the arcs AR, BR are the measures of the 
^qual angles ACR, BCR (64), they must therefore be equal to 
^ach others 

CoroL Hence a right line which bisects any chord at right 
angles, will pass through the centre of the circle. 

66. In a circle^ equal chords are equally distant from 
the centre • 

Let AB, GD be two equal chords in the 
tircle whose centre is C; then the perpendicu- 
lars CR, CS drawn froto the Centre C will be 
ecjual. 

Draw the radii CB, CA, CD, CG : then those radii being 
equal, and BA equal to GD, the triangles BCA, GCD will be 
identical, or equal in all respects (46«); and because they are 
isosceles, the perpendiculars CR, CS will bisect BA, GD (46, 
^or. 1); hence the triangles RCB, RCA, SCD, SCG areiden. 
iical, therefore CR = CS. 

CoroL Chords in a circle equally distant from the centre are 
equal to each other. 

67. If two right lines AB, DG i?itersect each other at 
right angles in P 5 then if any circle, whose centre C is in 
the line DG, le described through the point of intersection 
P, it wili touch the other line AB in that point. 

Draw CO to any point in PB. Then CO being greater than 
CP (48), the point O must necessarily fall 
without the circle ; and as the same reasoning 
holds good with respect to every other point 
in PB or PA, it is evident that AB cuts off 
HO part of the circle, but touches it at P. 
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Coral. I. Hence the angle formed by a tartgent to a t\tc\e and 
the radius drawn to the point of contact, is a right angle* 

Carol. 2. Hence also, it appears that any 
number of circ'es described through P, will 
touch each other in that point if their centres are 
in the line DG, And that AB is a tangent to 
them all. 

Coral 3. Therefore if two circles touch inwardly or out- 
wardly, their centres and the point of contact are in the same 
right line. 

68. The angle farmed hy a tangent and a chord drawn 
from the paint of contact^ is measured by half the arc of that 
chord. 

Let RS be a tangent to the circle whose 
centre is C 5 and PA a chord drawn from the 
point of contact P. Then the measure of the 
angle SPA is half the arc PGA ; and the mea- 
sure of the angle RPA is half the arc PDA : 
that is, if a circle were described about the centre P with the 
radius CP or CG, tlie arc intercepted by PS and PA would be 
equal to half the arc PGA, and the arc intercepted by PR and 
PA equal to half the arc PDA. 

For let the diameter DCG be drawn to bisect the chord PA, 
And join CP. 

Then CNP is a right angle (65) ; and the angles RPC, SPC 
are also both right angles (67> coroL l). 

Now in the right angled triangle CNP, the sum of the tw© 
acute angles NOP, CPN, is equal to a right angle. (41, 
ccrol. 2). 

But the latter angle CPN together with the angle APS also 
make a right angle CPS, 




Therefore th« angle APS is equal to NCP (33). And since 
the arc PG (half of PGA) is the measure of the angle PCN^it 
must also be the measure of its equal APS. 

Again, the external ajagle DCP of the triangle CNP is equal 
to both the inward opposite angles, or to the angle CPN and a 
right angle CNP (41). 

And the angle RPA is also equal to the same angle CPN and 
a right angle RPC* 

Therefore the angles RPNf, DCP ate equal. And since the 
arc PD (half of PDA) is the measure of the angle DCP. it * 
also themeasare.of its equal RPA. 

Corol. Because the arcs GP, PD together make half the 
circumference, and the sum of the two angles RPA, SPA 
equal to two right angles, therefore the sum of two right angles 
u measured by half the circumference, 

Cq. 'The angle at the circumference of a circle is measured 
ly half the arc that subtends it. 

Let GPA be an angle at the circumference. H. 
Then half the arc GA is the measure of that 
angle. 

Suppose RS is a tangent to the circle at P. 

Then the sum of the three angles at P, or two right angles, 
is measured by half the circumference of the circle (68, carol.). 

But half the circumference is half the arcs PG, GA, AP 
added together. 

Now the angle RPG is measured by half the arc PG : and 
^ the angle SPA by half the arc AP (68) : 

Take those two angles fromthe three angles at P, and there 
remains the angle GPA : 

And take the measures of those two angles^ or half the arci 





PG, AP, from half the circumference, and ihere remains half 
the arc GA for the measure of the remaining angle GPA* 

70. All angles in the same segment of a circle, or standi 
ing on the. same arc, are equal to each other* 

Let GSA, GPA be two angles standing on the 
same arc GA. Then will those -angles be equal 
to each other. 

For each of those angles is measured by half the arc GA [69], 
*nd consequently they must be equal. 

Corol. Hence equal chords in a circle, subtend equal anglci 
at the circumference. 

71. The angU at the centre of a circle is double the 
angle at the circumference when both of them stand on the 
same arc* 

let GAC be an angle at the centre, and GPA 
im angle at the circumferencie. Then the angle 
QCA is double the angle GPA. 

For GCA is measured by the arc GA; and the angle G?A 
is measured by half that arc (69;» therefore the angle GCA 
must be double GPA. 

Otherwise thus .* 
Let PO be drawn through the centre C. 

Then the triangles GCP, ACP being isosceles, 
the angle CGP will be equal to the angle CPG ; 
And the angle CAP equal to CPA (46). 

And because the external angle GCO is equal to both the 
inward opposite angles CGP, CGP (41), it is therefore equal 
to double the angle CPG. And for the same reason, the 
external angle ACO is double the angle CPA : therefore tb« 
^holt an^e GCA is double the whole angle GPA, 
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T2. The angle GPA in a semicircle is a right angU% 

For it is measured by half the arc QDA or 
half a semicircle (69), but half a semicircle ii 
the measure of a right angle (64) • 

73. The angle R?G formed by the tangent RP and the 
€hord PG, is equal to the alternate angle PAG standing on 
the same chord PG* 

For the angle RPG is measured by half tlie aro B^^ 
PG (68) ; and the angle PAG is measured by q.^ 
half the same arc (69}; therefore those angles 
must be equal, 

74. The opposite angles of any quadrangle inscribed in a 
circle are together equal to two right angles. 

For the angle P is measured by half the arc 
GAR ; and the angle A by half the arc GPR ; 
therefore the sum of both angles must be mea- 
sured by half the sum of both arcs, or by half the 
circumference. 

But half the circuAiference is the measure of two right an« 
glps ; consequently the opposite angles together are equal to two 
right angles. 

75. If a side GA of a quadrangle inscribed in a circle be 
produced^ the exterior angle OAR will be equal to the inward 
opposite atigle GPR. 

For the angle GAR with its opposite angle p 
GPR together make two right angles (74) ; and 
the same angle GAR wjth the exterior angle ^> 
OAR make two right angles ; therefore by equal 
subtraction, the angle OAR is equal to the angle GPR. 

76. In a circle, two parallel chords AB, CD intercept 
f^ual arcs ACf BD, 
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Join AD; Then because AB is parallel to ^ 
CD, the alternate angles BAD, CDA, are equal 
to each other (40); and therefore the arc BD 
is equal to the arc AC (70. cofoL). 

77. The angle formed by two chords AB, CD, intersect^ 
ing each other in a circle^ is measured by half the sum of the 
intercepted arcs AC ^ DB, 

Let CR be parallel to AB» 

Then the angle of intersection DPB is equal 
to the angle DCR (40), which is measured by 
Jialf thearcDBR(6g;. 

But the arc BR is equal to the arc AC (70); therefore the 
arc DBR is equal to both the intercepted arcs DB, AC ; con- 
sequently the angle DCR, or its equal DPB, is measured bjr 
half the sum of those arcs. 

78. The angle P without a circle , formed by two secants 
PB, PA, is measured by half the difference of the intercepted 
arcs DC, BA. 

Let CR be parallel to PB. 

Then because DC is equal to BR (76), the 
<Jiflference of the intercepted arcs DC, BRA ia ^ 
the arc RA, half of which is the measure of the B^ 
angle RCA, qr of iu equal BPA. 

79. The angle P formed by the two tangents PS, PA, ix 
measured by halfth^ difference of the two intercepted arc^ 
GD, GRD. 

Join the points of contact G, P ; and le| P 

PR be parallel to PS. /\ 

Then because DR is parallel to GP, the A / \ 
^ngle GDR is equal to DGP (4qJ. 8 V>lV JL 
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Now the angle DGP Is measured by half the arc GD (68), 
and the angle GDR by half the arc GR (69) ; therefore the 
arcs GD, GR are equal : consequently the arc RD is the dif- 
ference of the intercepted arcs GD, and GRD. 

But half the arc RD is the measure of the angle RDA (68), 
and therefore the measure of its equal SPA. 

CoroL I. From this and the preceding theorem, it appears, 
that the angle formed by the intersection of a tangent and a 
secant is also measured by half the difference of the two inter* 
cepted arcs. 

CoroL S. Because each of the angles PGD, PDG, is mea- 
•ured by half the arc GD [^6S), those angles are equal, there* 
fcre PG = PD ; hence the tangents drawn to a circle from any 
point without it^ are equal to each other. 



OP THE 

Equality of Parallelograms and Triangles* 

theorems. 

60. The diagonal DB of a parallelogram ABCD divides 
it into two equal parts or triangles DBA, DCB. 

For the angles of the two triangles DAB, DCB j^y — -^ 

being respectively equal, each to each (40), and L"^ I 

the side DB common to both triangles, those tri- ^ ^ 
angles will therefore be identical or equal in all re- 
spects (38). 

CoroL Hence the opposite sides of a parallelogram are re# 
•pectively equal to each other. 

81. If a t gilt line GR bisects or divides the diagonal DB 
^ the parallelogram DABC into two equal parts in O, it will 
VOL. I. DO 
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mIso divide the parallelogram into two equal parts or trape^ 
xoids DAGR» BCRG. 

Let GS aad NR be parallel to the sides AD, A C- 'N B 
BC. 




Then because the triangles GBO, RDO are 5^ RTC 
equiangular (40), and the side OD equal to the 
•ide OB, those triangles will be equal in all reftpects (38), con- 
•equently GB =z RD ; and therefore GA =1 RC ; hence the 
paraHelogram GADS is equal to the parallelogram NBCR. 

But GR divides the parallelogram SGNR into two equal 
triangles GSR, GNR (80); therefore as the parallelogramf 
GADS, NBCR are equal, the trapezoids GADR, BCRG, 
each consisting of two equal figures, must also be equal. 

Carol. 1. Because DQ is equal to DR and AG together, 
a trapezoid (DAGR) is half a parallelogram whose base is the 
turn of the parallel sides of the trapezoid, and whose height 
is the distance of those parallel sides. 

CoroL 9. Hence all right lines that bisect the diagonal of a 
parallelogram, end are terminaieJ by the sides, are also bisected 
by the diagonal. 

82. Parallelograms standing upon the same base, and 
letween the same parallels (or having equal altitudesjy are 
equal to each other. 

^ Let RB be parallel to DC. Then' the pa- 
rallelogram DRGC is equal to the parallelo* 
gram DABC. j5 ^ 

FotDR is equal to CG, and DA to CB; and RG, DC, 
AB equal to each other {80, corol.), hence if GA be added to 
RG^ and AB respectively, RA will be equal to GB 5 and 
therefore the sides of the triangles DRA, CGB are respec- 
tively equal; and consequently the triangles themselves must 
^tlso be equal. 
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Now the triangle DRA being taken from the quadrilateral 
DRBC, the remainder is the parallelogram DABC ; and if the 
triangle CGB be taken from the same quadrilateral there 
remains the parallelogram DRGC : therefore the triangleB 
being equals the remaining parallelograms must also be equaU ^ 

Corel. Hence it appears, that parallelograms standing 
upon equal bases, and having equal altitudes, are equal to each 
other. For if one figure be app*lied with its base upon the base 
of the other, the two parallelograms will stand on the same 
base, and have equal altitudes. 

82". Triangles standing upon the same lase and between 
the same parallels (or having equal altihtdesj , are equal to 
each other. 

Let RB be parallel to DC ; then the trian^es R G. A... 

DRC, DBC are equal. 




Draw CG, DA parallel to DR, CB respec- ^ C 
lively. Then the triangle DRC is half the parallelogram DRGC, 
and the triangle DBC half the parallelogram DABC (80) : 
but the two parallelograms are equal (83) : therefore their halves 
or the two triangles must also be equal. 

CoroL 1 . A triangle is half a parallelogram of the same base 

and altitude. 

Corol. 2. And triangles having equal bases, and altitudes are 
equal. For if one triangle be applied with its base upon the 
base of the other, the two triangles will stand on the same base^ 
and have equal altitudes. 

83. IjrACB he a right angled triangle ; then the square 
ABSG upon the longest side or hypotenuse AB, is equal to 
loth the squares ACDO, BCPN, upon the other two sides 
AC, BC. 
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Draw CR parallel to AG ; ao(f join 
OBandCG. 

Because the angles OAC, BAG 
are right angles, if to each be added 
the angle CAB, the angles OAB^ 
CAG of the triangles OAB, CAG 
Will be €fi|ual to each other. 



And since the sides AO, AB ; AC, AG including those equal 
angles, are respectively equal, the triangle OAB is equal to the 
triangle CAG 




And because BD id parallerto AO, and CR to AG, the tri- 
dngle AOB is equal to half the parallelogram AODC; and the 
triangle ACG equal to half the parallelogram AGRI t8««. corol. 
I) I therefore the halves being equal, the whofes must also be 
equal, or the parallelc^ram or square AODC equal to the pa* 
rallelogram AGRI. 

^ And exactly rn the same manner it is proved that the tri^Dgie 
BNA is equal to ihe triangle BCS ; and the square BNPC equal 
to the remaining parallelogram BSRI. 

Corol. Hence the difference between the square of the hy. 
potenuse and the square of either of the other sides, is equal to 
the square of the remaining side. 

Therefore vrhen the lengths of two sides of a right angled triangle 
are given, the third side may be found by extracting the square root. 

Let AC se 4, and BC =: 3 : Then the square of AC is 
* 16; and the square ot BCis9; and the sum oUthose 
squares is 25 tile square of AB, and the square root of that 
square is S, the length of AB. A 






Again, suppose AB s= 10, and BC =4^^ ; then the square of AB is 
100, and the square of BC is 22-^1^ and the difference of those squares is 
77f}^ the square of AC, and die square coot of 77||} Is a|^ the length 
of AC. 

;if AC = U ud BC s^i the sum of their squares is 20^ and the square- 
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loot of 30 is the length of AB : but the square root of 30 it a $urd : there* 
foce AB and the other sides are incommensurable. 

When AC and BC arc equal, the hypothenuse AB is * 
the diagonal of the scuiare ACBD ; and the square of AB 
is double the square of the side AC or CB : but twice a 
fquare number is not a rational square, or a square whose 
root caa be exactly obtained ; therefore the diagonal 
of a square and its side are irtcommetisurable : In other wordt, whaterec 
number of equal partft the side of a square is^ or may be divided inlo^ tiw 
diagonal cannot contain an exact number of those parts. 

84. If a fight line (DB) be divided into any number of 
parts (DO, OC, CB), the rectangles made by the whole line 
and each part, are together equal to the square on the wkoU 
line. 



Let AB be the square on the line DB ; and from 
the points of division O, G, draw OS, CP, per« 
pendicular to DB. Then because those lines are jy 
equal to DA or DB the side of the square, AG, 



SP 



^ 



SC, PB are the rectangles made by the whole line and each 
part respectively, aikl these rectangles together evidently constu 
tute the square, because the whole is equal to all its parts taken 
together. Or if we denote the rectangles after the manner of 
products, AO is equal to DB x DO, SC equal to DB x OC, 
and PB equal to DB x CB^ and the three products together 
equal to DB\ 



[ fi06 ] 



Of RATIO! AND Proportions which respect 
Magnitudes. 

D£FIMITI0HS. 

g5. The following Defimtion of Ratio is usually given ia 
the 5/A. Book of Euclid's Elements. 

•• Ratio IS a mutual relation of two Tiiagatiudes of the same 
lund to one another in respect of quantity.'* 

TMs definition is frequently objected to as imperfect and ob- 
• ecure. And it seems difficult to acquire a correct idea of the 
fatio of two magnitudes from the definition, if we arc limited to 
the consideration of magniludes abstractedly. By the help of 
numbers however, it becomes perfectly intelligible. 
Thus, if we divide the line or magnitude AB i.ito A>*»^****B 
3 equal parts, and the magnitude CD contains 4 i r.iAi^ 
of those parts, the relation of AB to CD is the 
flame as that of 3 to 4, which in numbers, is -the ratio of the 
magnitudes AB and CD in respect of quantity. 

Let GH be any other line or magnitude divided into 6 equal 
parts, and suppose IK contains 8 of those parts. 

Then the relation or ratio of GH to IK G j 7 t i i r i H 
is the same as that of AB to CD, because rruii^i li^ 
GH is contained or can be taken in IK as 
often as AB is contained or can be taken in CD, for the same 
reason that 6 is contained in 8 as often as 3 is contained in 4, 
that is, because I = f • 

Those'four lines or magnitudes are proportional ; viz. AB is 
to CD, as GH is to IK ; and are set down in the manner of 
proportional numbers, thus AB : CD :: GH : IK. And 
the proportion must cvidenUy h«ld good whether AB and CD 



are commensurable or incommensurable when compared with 
GH and IK. 

S6. Quantities of the same kind which are commensurable 
or can be divided into like parts, or parts of the same magni- 
tude, may be compared in the same manner as we compare 
numbers in geometrical proportion (133, 134, arith,). Thus 
if AB contains 2; CD, 3; GH, 4; and AmhB 

IK, 6 equal parts, those lines or magni- ci t !-<D 

tudes will evidently have the same proportion Gl i i MH 

as the number of equal parts into which H i | M 1 I K 
they are respectively divided ; 

AB : CD :: GH : IK. 
2 : 3 ft 4 : 6. 
Or AB : GH :: CD : IK, 
2 : 4 :: 3 : 6. 

Or suppose the equal parts are again divided into a 
like number of equal parts, as 10 for example; then A B will 
contain 20; CD, 30; GH, 40; and IK, 60; therefore the 
quantities or lines will be in the* proportion of 20, 30, 40, and 
60; or as 2, 3, 4, and 6, the same as before. 

Hence it is evident (if we make use of a common measure^ 
as in Practical Geometry) that commensurable magnitudes may 
be represented by numbers, and their properties, as far as re- 
lates to proportion, demonstrated arithmetically. In the fol- 
lowing theorems therefore, we shall sometimes refer to the 
articles in arithmetic which treat of proportion, in order to 
abridge the operations. 

Theorems. . 

87. Parallelograrps AC, GK letween the same parallels^ 
or having the same altitude^ are to one another in the same 
ratio as their bases AD, OR. 
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For suppose AD Is divided into 3 equal |L 
parts, and that GR contains d of those 
parts. Then if lines ire drawn from the 
points of division parallel to the sides^ the 
parallelografti AC will be divided into 3, aad the parallelc^ram 
GK into 2 equal parallelograms^ because they stand upon equal 
bases (82** corol.) • 

Therefore 

3 is to 2, as the paral. AC is to the paral. GK. 
Or AD : GR ;: paral, C : paral. GK. 

And if the bases AD, GR are incommensurable, the like 
proportion must evidently hold good. 
Suppose the base GR is the side of 
a square, and the base AD its dia- 
gonal (83, coroL). Let AN zr GR, 
and draw NO parallel to DC : and 



a 
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NPJ> Q 

take NP so that AN and NP are commensurable. 



D 



Then, paral. BN : paral. BP :: AN : AP. 

And by continually taking commensurable parts in the 
remainder PD, we may at last, approximate nearer to D than 
any assignable distance. Consequently the parallelc^ram 
BD will ultimately be to the parallelogram BN for HRj as 
AD to GR. 

CoroL 1 • Since triangles are the halves of their parallelo* 
gramn (89^. ccroL 1.), therefore triangles having the same, or 
equal altitudes, are to one another as their bases. 

CoroL 8. If RK, and DC be taken for the equal bases of 
the parallclc^rams RH and DB, then RG and DA will be their 
altitudes: Therefore parallelograms, or triangles, on equal 
bases, are respectively in the same ratio as their heights^ 
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88. Parallelograms CADB, ORQP, having unequal 
bases and altitudes^ are as the rectangles of the bases and 
altitudes. 

Make BG, CH, and PS, it a G- T) 
ON, perpendicular to CB,OP, 
respectively; then the rectangle 
HB is equal to the parallelogram 
AB, and the rectangle N P equal 
to the parallelogram RP ^82). 
Then, because equals must have equal ratios. As rectangle to 
rectangle, so is parallelogram to parallelogram. 

Scholium. The parallelograms are also said lo be in the compound ratio 
of .their bases and altitudes. For if CB : OP, and BG : F6 denote the 
ratio of the bases, and altitudes, respectively, the rectangles of the <orres- 
pondiiig terms or CB x BG : OP x PS will denote the compound ratio 
or the ratio of their rectangles. (141, Jriih.) 

Suppose CB = 2, BG = 5, OP = 4, PS s= 3 ; then f denotes the 
ratio ol CB to OP; and | that of BG to PS; and their product f X ^ 
(or if) is the compounded ratio or that of the parallelograms, namely, as 
10 to 12. 

89. Jffour right lines AB, DC, PD, BR are propor- 
tional (AB : DC :: PD : BR, or AB : PD :: DC : BR); 

the rectangle PC made with the two means DC, PD, is equal 
to the rectangle AR made with ihe two extremes AB, BR. 
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Let CO = BR, and RQ =: DC. Then the rectangles AR, 
J30 having equal altitudes, will be as their bases (67); 
and for the same reason the rectangles PC, BQ will also be as 
their bases ; 



VO 



AB : DC :: rectang. AR : rectang. DO; 
PD : BR :: rectang. PC : rectang^ BQ; 
I.. 1. ££ 
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But AB : DC :: PD : BR, therefore by equality of ration 
rectang. AR : reciavg. DO :: rectang. PC : rectang. BO : 

Now the surfaces or rectangles DO, BQ contained under the 
same or equal lines (DC, BR) mast be equal; therefore the 
consequents being equal, the antecedents or rectangks AR, PC 
will also be equal. 

Or thus : Since the rectangle of two lines is analogous to the 
product of two numbers, if AB : DC :: PD : BR, then AB 
X BR = DC X PD *. (93, Jrith.) 

CoroL 1. When DC and PD are equal, the rccUngle PC 
becomes a square ; and its side is a mean proportional between 
the other two lines AB and BR (1.51, Arith,). 

CoroL 2. Hence also, the product of the base and pcrpen* 
dicular gives the area or surface of a paralklogram. 



* Here the surfaces of the rectan'Oos or para lid op; rams AR and PC are 
denoted by AH X BR, and DC X TO. Aud W' i\\\=i 8, BR = 3, DC = 
6, and 1 D = 4 (lurhps, for rxainpk) ; thrn S y 5 ai;d G X 4 are the sur- 
faces ojr arcG:^ ox lii'jst; rectang'cs in h^iiarc* ii;ches. 
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Of Similar. Plane Figures. 

Definitions* 

00.. Similar rectilineal figures are those which have their 
several angles equal, each to each, aiid the sides about the equal 
angles proportional. 

ThuS; if the angles of the triangles 
ABD, abd are resipeetively equal, 
and AB : BD z: ab : Id; and AB 
: AD :: ab \ udy &c. the triangles ^ 
. are said to be similar. 

The sides opposite the equal angles are called homologous : 
thus AB, ah are homologous sides. 

91. And if ABDN, abdn arc 
equiangular, and AB : AN :: 
€Lb : an, &c. the two figures are / 
•irnilar. t' ^ti A ' JNT 

CoroL Hence all squares are similar* 
92* AH circles are similar. 

Theorems* 

93. If ove side of a triangle he divided into any num" 
ler of equal parts, and from the points of division lines art 
drawn through the triangle parallel to one of the other sides, 
those lines will divide the third side into the same nttmler 
•/ equal parts. 

BX 9 
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Suppose BR, RD, DA are eqiiaJ, andRS, DP B 

parallel to AC. Then will BS, SP, PC. be j^A^ 

equal to each other. d / '• ' p 

Draw RO, DQ, parallel to BC. ^ '^ 

Then because the triangles RBS, DRO, ADQ are equi- 
angular, and the like sides BR, RD, DA equal, those triangles 
will be identical or equal in all respects (38) : consequently 
BS, RO, DQ, are equal. 

But RP, DC are parallelograms, therefore PC =z DQ, and 
SP zz RO, and each equal to BS. 

Corol. Hence, if right lines AC, DP, RS, &c. cutting die 
sides of a triangle, make the segments DA = DR, PC = PS, 
&c. those lines will be parallel. 

94. If a line be drawn in a triangle parallel to one of 
the sides, it will divide the other two sides proportionally. 

Let DP be parallel to AC. R 

R As 

Then BD : BA :: BP : BC. C/ .....\y B 

And BA : DA :: BC : PC. J/- V' / \ 



Suppose BD is divided into 3 equal parts, and that DA 
contains two of those parts; and let lines be drawn from the 
points of division in BA parallel to AC, meeting BC. Then 
BC will also be divided into 5 equal parts (93). 

Now, whatever part BD is of BA, the like part will PB be 
of BC, let the actual length*? of the equal parts in BA and BC 
be what they will : thus BD is ^ of BA. and BP is ^ of BC ; 
therefore the relation or ratio of BD and BA is the same as 
that of BPand BC; consequently those four lines are propor- 
tional^ 

BD : BA :: BP : BC. 
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And because DA is | of BA, and PC | of BC, these are 
also proportionals, 

BA : DA :: BC : PC. 

And it is also evident that BD, DA, BP, PC are proportion- 
als ; for DA is the same part of BD, as PC is of BP (each 
being i) ; 

Hence BD : DA :: BP : PC. 

Otherwise thus: 

Join AP, DC. Then the triangles DAP, 
DCP, standing upon the same base DP, and 
between the parallels DP, AC are equal 
(82«): 

To each of these add the triangle DBP, then the triangles 
BDC, BPA will be equal (32) : 

But the triangles BDP, BDC standing on the bases BP, BC 
and having the same vertex D, have the same altilucfe : 

Also, the triangles BPD, BPA on the bases BD, BA, and 
having the vertex F, have the same altitude ; 

Therefore BD : BA :: triang. BPD : triang. BPA (87, coral. 1 .) 
And BP : BC :: triang. BDP : triang. BDC. 

But the ratio of the triangle BPD to the triangle BPA. is the 
same as that of BDP to BDC, because they are respectively 
equal : 

Therefore the ratio of BD to BA is the same as that of BP 
to BC (31); or BD : BA :: BP : BC. 

CoroL 1. Because the parallels AC, DP make the angles 
B AC, BDP equal, and the angle BCA = BPD (40), the tri- 
angles B AC, BD? are equiangular or similar : Therefore si 
milar triangles have the sides about the equal angles proportional ' 
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Thus the angle ABC t)f the triangle ABC, is equal to the anp^t 
DBP of the triangle DBP; and BD : BA :: BP : BC. And 
if the triangle BDP were applied to the triangle BAC so that 
the angles DPB, ACB are made to coincide, it may be proved 
in the same manner, that the Including sides BP, DP, and 
BC, AC are proportionals. 

And conversely, if the angles DBP, ABC of two triangles 
DBP, ABC are equal, and the dldes about those angles propor- 
tional^ the triangles will be mutually equi^angular. 

Carol. 2. Hence also, it lines (NO, DP, &c.) drawn 
through a triangle, are parallel to the base (AC)^ the intercept- 
ed segments of the sides (AN, CO; ND, OP, &c.) will be 
proportional : 

For BA : AN :: BC : CO; 
And BA : BC :: AN : CO (86 or 09) : 

In like manner BN : BO :: ND : OP : 
But BA :BC :: BN : BO ; hence AN:CO::ND:OP, by equality. 

Scholium. Hence all that relates to the composition and 
division of ratios when these respect the comparison of right 
lines, will easily be comprehended ; thus. If 4 righi lines are 
proportional, BI> : DA :: BP : PC, they will also le pro^ 
portional by composition and division. 

Thatis,BD+DA:BD(orDA)::BP+PC:BP(orPC).B ^D 

# D — A 

. And BD-DA:BD(orDA)::BP-.PC;5P(orPC).5Z:3~^ 

B 

On two indefinite lines BA, BC meeting in B, R/^^^s 

take BD = BD, BP = BP, DA and DR each ^Z1.3p 

= DA, and PC, PS each = PC ; then as the V"~ 1P 

corresponding segments in BA and BC have the same ratio as 
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those sides^ and the sides of the the triangles ABC^ DBP^ RBS 
are also proportional^ we have 

BA : BD :: BC : BP, 
Thatis BD + DA : BD :: BP+PC : BP. 

But DA and PC have the same ratio as BD and BP, 
Therefore BD + DA : DA :: BP+PC : PC. 

Again, BD— DA = BR, and BP — PC = BS, and iht 

sidea of the triangles BRS, BDP being proportional^ 
BR (or BD —DA) : BD :: BS (or BP — PC) : BP. 
But BR and RD or DA, and BS and SP or PC are pro- 
portion al. 

Whence BD — DA : DA :: BP — PC : PC. 

Also, because the sides of the triangles BAC, BRS are pro- 

portional, 
BD + dA : BD — DA :: BP + PC : BP — PC. 

And if any number of right lines are proportional,. BR : -BS 
:: RD : SP :; DA : PC ; then, as any antecedent is to its con-- 
sequent, so is the sum of all the antecedents to the sum of all 
the consequents. For BA is the sum of the antecedents, and 
BC that of the consequents, a:nd the corresponding segments in 
BA, BC, in the same ratio as those sides, it will be 

BR:B S :: BR+ RD+DA(or BA) : BS+SP+PC(or BC). 

And the same will hold good with proportional quantities of 
any kind ; for such magnitudes may be represented by lines, 
or by numbers. (Arith. art. 136). 
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95. If several right lines meetings or intersecting each 
other in a point P, are tut .ly two parallel lines AB, 
CD; the intercepted segments will he respectively pro- 
portional ; 

AG : CO :: GN : OI :: NB : ID, &c. 

Yox Liie mangles APG, CPO ; GPN, OPI; 
NPB, IPD are respectively equi-angular, 
and therefore similar ; 




A u 



Hence (94, coroL 1), AG : CO :: GP I) 
: OP :: GN : 01 :: NP : IP :: NB : 
•ID, &c. 

Therefore (31) AG : CO :: GN : 01 :: 
NB : ID, &c. 



TOO 




A C^ N B 




CoroL Hence it is evident, if AG, GN, 
&c, and CO, 01, &c. are not in the same 
continued right lines, but respectively pa- 
rallel as before, that CO, OI, ID, &c. will 
be in the same proportion as AG, GN, 
NB, &c. 

9fi. The line BG bisecting the vertical angle ABC of the 
triangle ABC, divides the base AC into two parts having the 
ratio of the sides AB, BC : 

AB : AG :: BC : GC. ^ 



Draw CD parallel to BG meeting 
frodaced in D, 



AB 




Then because CD is parallel to BG, the angles BCD, GBC 
are equal (40). 

And the external angle CBA (or double the angle GBC) of 
the triangle CBD, is equal to both the angles BCDj 
BDC (41). 
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Therefore the angles BDC, BCD are equal, and conse- 
quently BD is equal to BC (46, coroL 2). 

But the triangles ABG, ADC are similar; 

Hence AB : AG : : BD (BC) : GC (94, corol. 1). 

CoroL Hence, if a line bisects the vertical angle of a tri« 
angle, the rectangle of either side and the alternate segment of 
the base, is equal to the rectangle of the other side and the 
remaining segment : 

AB X GC = AG X BC. 

97. In a circle^ if two chords AB, CD intersect each 
ether J and their extremities are joined^ the triaHgles PCA, 
PBD will be similar 5 and the rectangle of the segments PA 
X PB equal to the rectangle of the segments PC X PD, 

For the angles PBD, PCA, standing on the 
same arc DA, are equal to each other (70). 

And the angles PDB, PAC, standing on the 
arc CB, are also equal. 

And the equal angles at P being common to both triangles, 
those triangles are therefore equi-angular, and consequently 
similar ; 

Hence PA : PC :: PD : PB (94, corol. l); 
Therefore PA x PB = PC x PD (89). 

CoroL 1 . If one chord DC bisects the other 
AB at right angles, then DC is the diameter of 
the circle (65), and AP or PB is a mean pro- 
portional between DP and PC. 

CoroL S. And if AD, AC are joined, the angle CAD is 
aright one(7S); therefore the perpendicular A P let fall fxDm 
the right angle on the hypotenuse DC, h « B^ean proportional 
between the segments DP, CP. 

vol,, I* V B 
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CoroL 3, Hence also, if two lines AB, CI>, 
intersect each other in the point P, and PA X PB 
=: PD X PC; then a circle will pass through the 
points D, B, C, A. And the triangles PDB, 
PAC, will be similar. 

98. If two right lines PA, VC from the same point P, 
intersect a circle, and the chords BD, AC are drawn ; 
then the triangles BPD, CPA will be similar ^ and 
the rectangle PA x PB is equal to the rectangle PC 
X PD. 

For the sum of the two opposite angles BDC, 
BAC is equal to two right angles (74). 

And the angles BDC, BDP are together equal 

to two right angles. 

A 
Therefore the angle BDP is equal to the / 

angfe BAC. 

And for the like reason, the angle DBP is equal to the 
angle DCA. 

And the anixlc P being common to both triangles, those 
triangles must be cqui-angular, and conseqiKrntly similar : 

Hence PA 4 PC :: PD : PB, 
Therefore PA x PB = PC x PD (89^. 

99. i/* PB le a tangent to a circle, and PC a secant ; 
then the rectangle PC X PD is equal to the square of the 
tangent PB. 

Draw BD, BC. Then the angle PBD is 
equal to the angle PQB (73). 

And the angle ABC eqqal to the angle /( 
BDC (73j. ^^ V_^c 




p 
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Therefore the angles ABC, BDC, being equal, their sup; 
pfements or the angles CBP, BDP must be equal. 

Couscquently ihe triangles PDB, PBC are cqui - angular : 

Hence" PC : PB :: PB : PD. 
Therefore PC x PD m PB\ 

100. If two triangles l^?D 9 bPd are similar; ihe loses 
BDy bd, and perpendiculars PA. Pa, are proportional : 
BD : Id i: PA : Pa. 



Because the angles BAP, hd? are right ones, 
the triangles BAP, iaV are also siaiilar ; 

Hence PB : Pi :: PA : ?a (91, coroL l), 
And since PB : Pi :: BD : bd, 
Therefore BD : bd ::PA: Pa (by equality). 




A D 



101. The surfaces or areas oj similar triangles are in 
ihe duplicate ratio for as the squaresj of their homologous 
sides. 



/^ 
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Let the triangles BPD, Ipd be 
fiimihir; and BN, bn^ the squares on 
the sides BD, bd: 

Thm, triang. BPD : Iriang. bpd 
:: square BN ; square bn. 

Suppose the perpendiculars PA, pa, are let fall on BD, Id^ 
rpsixictively; and join DG, dg. 

Then because the triangles BPD, BGD are on the same base 
5D, we have (87, corol. 2). 

Triang. BPD : triang. BGD :: PA : BG (BD). 

And, triang. bpd : triang. bgd :: pa : Ig (bd). 
But PA : BD :: pa : bd (lOo): 
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Therefore (31), 

triang. BPD : triang. BGD :: triang. Jpd : triang. i^^f : 
or triang. BPD : square BN :: triang. bpd : square bn ; 
because the two squares must evidently have the same ratio a» 
their halves, 

102. All similar right lined plane figures (ABDNG, 
abdng) are to one another in the duplicate ratio, or, as the 
squares of their homologous sides (AG, ag)« 

Draw GB, GD, gl, gd. 

Then the figures being similar, the angle 

A is equal to the angle a ; and the including 

' sides AB, AG; ah, ag, are proportional 

(90) ; therefore the triangles ABG, abg are 

equi-angular and similar (94, corol. l). 

And if the equal angles ABG, abg are 
taken from the equal angles ABD, abd, 
the remaining angles GBD, gbd, must be 
equal. 

Hence AB : ab :: BG : bg} 

AB : ab :: BD : bd^ 

Therefore (31) BG : bg :: BD : bd: consequently (94, 
XoroL l) the triangles GBD, gbd, are similar. And in the 
same manner it may be proved that the triangles GDN, gdn, 
ore similar. 

Hence(l01).triang-GAB:triang.^fl*:;GB«:^i«::GnD:^W::GDVrf«::GDN: 
gdn; or GAB : gab :: GBD : gbd :: GDN : gdri : 

And (94, schol.) GAB : gab :: GAB + GBD + GDN : gid» + gbd -^gdn. 

But the antecedents together is the figure ABDNG, and the consequents 
the figure flirfflg-; 

Therefore AG* : ag^ (GAB J gab) :: ABDNG : abdng. 

To illustrate this by an example in numbers, suppose AG ss 10 feet. 
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ag ^ S feet; and the area or surface of the figure ABDNG =s 650 
square feet ; 

Then 10» : 8':: 650 : ^ — = 416 square feet, the area or sur- 
face of abdrig. 

103. The Perimeters of similar right lined plane figures 
are in the same ratio as their homologous sides. (See the 
figures to the preceding Theoiem.) 

For the angles being equals each to each, and the sides about 
the equal angles respectively proportional ; we have 

AG : ag :: GN : gn :: ND : nd :: DB : db :: BA : *a; 
therefore AG : ag :: sum of all the antecedents AG -|-GN + 
ND •+- DB + B A (the perimeter) : sum of all the consequent! 
ag + gn + nd + di + ba (the perimeter). 

104. The perimeters of similar Polygons (ABDNG, 
abdng^ inscribed in circles^ have the same ratio as the di» 
ameters (AP, ap,) of those circles. 

Draw GB. GP, gh, gp. 

Then the polygons be- '^' 
ing similar, the triangles 
ABGy a^^j^'will be tqui- 
angular, and the angle 
ABG equal to the angle a% (102). 

But the angle APG is equal to the angle ABG; and the an- 
gle apg equal to the angle abg (70). And the angles AGP, 
agp, being right ones (7 i), the triangles APG» apg, are there* 
fore equi-anguLir. 

Hence AP : ap :: AG : ag ;: perim. of polyg. ABDNG 
: perim- of polyg. abd7ig (103). 

Coroh Hence it appears that the circumferences of circles 
have the same ratio a?; their diameters. For conceive regular 
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polygons of the like number of sides to be inscribed in boih 
cireles } then it follows that those polygons will be similar, and 
that their perimeters are in the same ratio as the diameters of 
the circles, let the number of sides be What they will. If now 
we suppose the number of sides to be conlinually augmented and 
their lengths diminished^ it is manifest that at last, the dif- 
ferences between the perimeters and the circumferences of the 
circles, will be less than any assignable quantities ; consequendy 
the ultimate ratio of the perimeters and that of the circumftr- 
euces must be equal. 

105. The areas or surfaces of similar polygons inscribed 
m circles are in the duplicate raiio^ or as the squares oj 
the diameters of the circles : (See the figures to the preceding 
Theorem). 

Jor the triangles APG, apg, being similar^ wehavc(lOl), 
AP* : ap* :: triang. APG : triang. apg :: AG* : a^ 
:: polyg. ABDNG : polyg. abdng (102). 

CoroL Hence, if we suppose (as in the last Theorem) the 
drcumference of a circle, to be the perimeter of a regular po- 
lygon, consisting of an infinite or rather an indefinite number of 
indefinitely short sides, it follows that the surfaces or areas of 
circles will be as the squares of their diameters. And because 
the circumferences are directly proportional to the diameters 
(104^ coro/.) the areas will be as the squares of the circum* 
ferences also. 

106. The area or surface of a polygon (ABDNG) is equal 
to a rectangle under half the perimeter and (CO) the distance 
of its centre from the sides* 

The centre of a regular polygon is a point equally distant from all its 
sides; and is the same as the centre ofthe inscribed, or circumscribing 
cirde. 
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Suppose lines are drawn from the centre 
to the angular points ; then the polygon will 
be divided into as many equal triangles as * 
it has sides. And because those triangles 
are isosceles, CO will bisect AG and be per- 
pendicular to it (46) : therefore the area of 
the triangle ACG is half the rectangle CO x AG (89, cor. 2), 
or CO >c -J^AG ; and the area of another of the triangles (GCN) 
is CO X |GN, and so on : but the halves of all the side* 
together make half the perimeter ; therefore the rectangle CO 
X half the perimeter, is the area of all the triangles or surface 
of the polygon, 

CoroL Hence it appears, that the area or surface of a circle 
is equal to a rectangle under the radius and a right line equal to 
half the circumference. For, if we conceive the circle to be a 
regular polygon of an indefinite number of indefinitely short 
sides, the distance (CO) of the centre (C) from the sides, 
will in that case, be the radius of the circle, and half the 
perimeter becomes half the circumference. 

107- If semicircles (Q, R, S,) are described upon the 
sides of a right angled triangle (BCD), that which is upon 
the longest side ^DB) will be equal to both the other two 
taken together. 

For circles being similar, and in the sanie 
ratio as the squares* of their diameters (105, 
coroL) their halves must also be similar, and 
in like proportion, therefore 

S : R :: CB* : CD*, and by composition 

S nh R : R :: CB« + CD* (= BD% 83) 

or S +R:R:; Q 




CD»::Q:R, 

R ; therefore S+R is equal to Q (31)* 



Hence, if similar figures are described on the sides of a 
right-angled triangle, that on the longest side wJH be eqi;al to 
t]ie other two taken together. 
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Or Planes and Solids. 



Definitions. 

108. A right line is perpendicular to a plane when it is at 
right angles to all the straight lines that can be drawn in that 
plai^e« from the point on which it insists. 

109. The distance of a point from a Plane is a right line 
conceived to be drawn from that point perpendicular to the 
plane. 

CoroL From the two preceding Definitions, and ^rL 48, 
h iollvjvvs, til \t a perpendicular is the shortest line which caa 
be drawn from any point to the Plane. 

1 10. The inclination of one plane to another is measured by 
the inclination of two right lines in those planes, drawn from 
any point in their common intersection, and at right 
angles to the same : Thus if AB is the line 

of intersection of the two parallelograms 
AG, AD; and PR, PS are perpendicular 
to AB, the inclination of the planes or pa- 
rallelograms is the angle included by the liqes 
PS, PR. 

Hi. ParalM planes are those which are not inclined to 
each other, or are every where at an equal perpendicular 
distance. 

112. A solid angle is that which is made by the meeting 
of more than two plane angles, which are not in the same 
plane, in one point. 

113. Similar solid figures are such as have all their solid 
angles equal, each to each, and which are co^tain^ by t*.<: 
same number of similar planes. 
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114. A. Prism is a solid whose ends are paralk?, equals and 
like plane ^gures^ and its sides, connecting those «nds, are 

parallelograms. 

Thus AB is a triangular prism^ its ends being J>rivi 
the parallel and equal triangles AOC^ DGB. 



115. An upright prism is that which has the planes of 
the sides perpendicular to he ends or base. 

Thus AB is an upright prism; the sides, or parallelograms 

CG, GA, CD, being perpendicular to the ends or triangles 
AOC, DGB. 

116. A Parallelopiped, or Parallelopipedon^ is a prism 
bounded by six parallelograms, whereof the opposite ones toe 
parallel, equal, and like to each other. 

117- A rectangular parallel opipedon, or prism, is that 
whose bounding planed are all rectangles, and which stand at 
tight angles one to another. 

1 1 8. When all the bounding planes are squares, the prism 
or rectangular parallelopipedon, is called a Cube. 

119. lA Pyramid is a solid whose base is any ri^ht lined 
plane figure, and whose sides are triangles having all their 
vertices united in a point above the base, called the vertex 
£>f the pyramid. 

V 
Thus AOCV is a triangular pyramid, its h$fie 
being the triangle AOC, and its vcrtex^V. / oi 

120. A Cylinder ABCD (sometimes called a 
round prism) is a solid conceived to be generated 
by the rotation of a rectangle SBCR about one 
of its sides SK, supposed at rest : which side SR 
is called the axia of the cylinder. 
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CoroL If OG is parallel to SB^ those lines will describe 
equal circlfs; therefore every section, of a cylinder parallel to its 
eadsy is a circle equal to the base. 

121. A G)ne or round pyramid AVC is a 
sDKd generated by the rotation of a right angled / 
triangle CDV about its perpendicular DV, called A 
the axis of the cone. ^^ 

Carol. If OB is. parallel to DC, it will describe a ciicle ; 
therefore the section of a cone parallel to the base is a circle. 

122. Similar Cones^ and Cylinders, are such as have their 
altitudes, and the diameters of their bases proportionaK 

123. A Sphere ARBD, is a solid supposed /" 
to be generated by the revolution of a semi- -jj 
circle (ABD) about the diameter (AB) which V 
remains fixed, and is called the axis. 

C$roL If ON is at right angles to the axis AB, it will 
describe a circle ; therefore any section of ^ sjAcrc, made by a 
plane, is a circle. 

124. The altitude of a pyramid, or prism» is the perpendU 
cular distance of the vertex, or upper plane thereof, from the 
plane of the base. 



Theorems. 

125. The common section (GH) of (wo planes (AB, CD) 
is a right line. 

For let the extreme points G, H, of ihe A_ 



common section be joined by the line GH, \ ,- — — -^.-p 

then that line being in the plane AB, and / \~ /"^ 

also in the plane CD (7.) it therefor^ pius^ ^ ^ — ^ 
be the common section of both. 
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166. Ifanghtline PB be perpendicular iotwo right lines 
HB, SB, ai their point of concourse B, it will be perpendi- 
t:ular to AD the plane oj those lines. 

For suppose PB is perpendicular to a plane 
pa*sii>g tlirough the point B; then all right 
Jines in that plane which meet in B will be at 
right angles to BP (loe), therefore converse- 
ly, all right lines (RB, SB) which form right 
angles with BP at the point B, must fall in 
that plane. 

127. If two right lines (PB, RS) are perpendicular to 
<i plane (AD,) they will be parallel to each other. 

Join the points B^ S. Then because BPis 
perpendicular to the plane AD, it must lie in 
(or is the common intersection of) every plane 
that passes through the point B which is per- 
pendicular to the plane AD, it is therefore in "^ 
the perpendici^pr plane that intersects AD in the line BS« la 
like maniKT SR must also lie in that same plane, or the perpen- 
dicular plane intersecting AD in the line SB ; therefore as the 
angles PBS, RSB are right angles in the same plane, PB, RS^ 
will be parallel to each other (40, coroL 2.)« 

Corol. Hence if several right lines are perpendicular to the 
Sfwnc plane, they will be parallel to each other, 

128. If two planes (AI, CO) are parallel to each 
other f then a right line (PB) which is perpendicular to one 
(AI) will also be perpendicular to the other (CO). 

From any point S in the plane AI erect ano- 
ther perpendicular to that plane meeting the 
other plane in R, and draw PR, BS; then 
the planes being parallel, the two perpendicu- 
lars will be equal (11 1), and parallel (127); 
and as the angles at B and S are right angles, 

G C S 
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m whatever direetiati BS may be drawn upontbe plane AI, 
the quadrilateral BPRS will alwavs be a feetaa^e ; coneequendy 
BP is perpendicul ir o PRor to the plane CO. 

Corol. Since BS, PR are parallel, therefore the sections 
(BS, PR) made by a plane (BPRS) intersecting two parallel 
planes, are also parallel. And it is also manifest^ that a plane 
will cut any number of parallel planes in like angles. 

1«9» If a Parallelopipedon or Prism (AB) be cui by q 
plane {CD) parallel to Us base (AG); the section will be 
like and equal to the base. 

For by supposition the plane CD is parallel y"\ . y 7B 

to the plane AG, therefore (128, coroL)^ ^ I | J. L 

the sections of those planes with the four 

sides of the prism are also parallel, namely, 

CR parallel to AH, RD parallel to HG, &c. A H 

and because the sides of the prism are pa- 

talldograms, the sides of the section CD will be equal to tb^' 

corresponding sides of the base AG ; therefore Ae section CD 

is a parallelogram like and equal to the base AG. 

Corel. And the like is evident when the base is a polygon 
of any kind whatever : for the method of demonstration will be 
exactly the same if the sides of the prism are parallelograms. 

130. If a Pyrumid (DVAB) ie (mt by a plane (dba) 
parallel io the base (DBA), the section (dba) will be similar 
<d the base* 

for (128, corol.) the sections db^ da, ab 
are respectively parallel to DB, DA, AB, 
therefore the triangle dVb is similar to the 
triangle DVB, the triangle dVa to DVA, and 
aVb to AVB (0^). 

Hence DB : db :: BV : fiV :: BA : ba :: AV : «V 
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:: AD : aJ; tb«itfore dh, ba.adtre as the corresponding 
sides of ihebaae; and consequently the triangles dba^ DBA 
are similar. 

CoroL In like manner it is proved that all sections of a 
pyramid parallel to its base are similar, and similar to the base, 
whatever be the number of sides. 

131. Parallelopipeds or Prisms (ABCD, AGRD) on the 
same base (AOPD), and having equal altitudes, are equal 
to each other. 

By substituting surfaces for lines, and 
9o]id» for surfaces, the demonstratimi will be 
similar to that in Art. 89, for pstrallelograms 
when BR is one right line. Thus, because 
the plane AB is parallel and equal to the 
plane DC, and the planes AG, DR also pa. 
ralld and equal to each othet, therefore BC is equal to GR^ 
and taking GC, which is common to both those lines, from 
«ch, there remains BG equal to CR; consequently the splids 
ABGO^ DCRP are bounded by like and equal planes, alike 
Bituated, and therefore are indentical : now if the solid ABGO 
is taken from the whole solid AR, the remainder is the pmnii 
AGRD ; and the same whole AR lessened by the solid DCRP 
leaves the prism ABCP : therefore the two reminders or 
prisms AC, AR are equal (33), 
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But the flame conclu* 
Bion is manifest from the 
Method of Indivisibles f 
which supposes that solids 
are cotnposed of an inde- 
finite number of indcfi* 

nitely thin elementary parallel planes or sections : Thus, let 
AC, AR be the prisms having like bases AP, AP, and equal 
altitudes DO, DO; and oouceiTe KH^ KH to be two of those 
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indefinitely ihin planes, parallel to the bases AP, AP: Then, as 
all the sections (KH» KH) are alike, and equal in both prisms, 
(129.) it is evident each prism is made up of exactly the same 
number of those equal elementary parts or sections lying oi.c 
upon the other, those in AC vertically, and the others in AR, 
obliquely : which positions give their wholes or the two equal 
solids a different appearance* 

The whole number of those indefinitely thin lamince in each 
prism, is denoted by the perpendicular height DO; for if DO 
be divided into an indefinite number of parts, those parts, or the 
number of sections taken together, must again make up the 
whde line ; hence it follows, that the base AP, or any section 
parallel to it, multiplied by the height DO, gives the sum of all 
the elements or the content of the prism. 

CoroL 1. Hence any solid AC having p y^] ^ ^0 

the base AP and height AO equal to j [ J. j ^ 

those of the prism, will have the*same j // 7 / 

magnitude as the prism, if all sections j/-- -^ ^^ 

(KH, &c.) parallel to the base, are. also -* 
equal to the base. 

CoroL 2. And therefore it follows that prisms and cylinders 
of equal bases, and altitudes are also equaL 

CoroL 3. Also because the base of a prism drawn into its 
height is the measure of its magnitude, therefore prisms are in 
the same proportion as their bases multiplied by the heights. 
Consequently if the bases are equal, the prisms will be as 
their heights ; but in the ratio of their bases when the heights 
are equaL 

132. Pyramids DVB, RVH, standijig upon the same, or 
upon equal bases DAB, RGH^ and having equal altitudes 
NV, RV, are equal to each other. 
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Let dab be a sec- 
tion parallel to the 
baseDAB;andV7iN 
the perpendicular 
from the vertex V 
upon the base DAB; 
and draw BN, bn : 
(the point n being in the plane dab). 

Then the triangles DVB, dVb are similar; and because Vnb, 
VNB, are right angles (126), the triangles VwB, VNB, will 
also be similar* 

And since the triangles DAB, dab^ are similar (130), their 
surfaces are a? the squares of their homologous sides f lOl). 

Hence, triang. DAB : triang. dab :: DB^ : db^ :: BV* : bV^ 
:: NV" : wV* : Therefore the sections DAB, dab, are as the 
squares of their distances from the vertex V. And in the same 
manner it is proved that the sections RGH, rgh are asRV* to 
rV*. Now the "bases DAB, RGH, and also the altitudes, 
being equal, the sections dab, rgh^ at equal distances «V, rV, 
from the vertex, will also be equal. Therefore each pyramid \$ 
composed of a like series of indefinitely thin triangular sections 
(or lamlncej 3 the greatest term of the series being the base DAB, 
or RGH, and the least at the vertex V; consequently the two 
pyramids are equal. And when the bases are polygons of any 
kind whatever, the demonstration will evideatly be similar to 
the foregoing. 

Corol. Hence, if we suppose a circle to be a regular polygon 
of an indefinite number of indefinitely short sides (106, corolA^ 
it follows that cones having equal bases and altitudes, are also 
equal. And that cones and pyramids of equal bases and heights 
are likewise equal to each other. 

133. A triangular pyramid is one^hird of a prum having 
the same base and allilude. 
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Lei ABCDGR be a prism upon the triangu- 
lar base ABC. Then if it be cut through the 
diagonal RC by the plane RBC; and through 
the two diagonals BR, BD, by the plane KBD, 
it will be divided into three equal pyramids 
ABCR, RGDB, and RDCB. 
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For if ABC is the base of the pyramid whose vertex is R, 
and RGD the base of the pyramid whose vertex is B, those 
pyramids and the prism will have tqual bases and altitudes ; 
therefore the two pyramids will be equal .132). 

But the pyramids RDCB, ABCR, having the equal bases 
RAC, RDC, and the common vertex B, must also be equal, 
• because in that case, their altitudes wi I be the same; therefore 
the three pyramids are equal to each other. And since the 
prism and (ABCR) one of the pyramids have the same base 
and altitude, the truth of the theorem is manifest*. 

CoroL I. Therefore prisms on polygonal bases are triple the 
pyramids on the same or equal bases, btcau e li c prisms may be 
divided into other prisms having triangular bases. 

CoroL 2. And because prisms and cylinder?, and pyramids 
and cones, having equal bases and altitudes, aie respectively 
equal ; therefore a cone is the third part of a cylinder of tlic 
tame base and altitude. 

1 34. A sphere is two-thirds of its circum$cribi?ig cylinder. 

Let C be the centre of the circle v v ^^ ^ _ V » 
circumscribed by the square WBSE : 
and draw CB. 

Then if the rectangle QABS re- 
volve about AQ as a fixed axis, the 
•quare CABP will describe the cylin- 
der PHWB ; the quadrant APC will 

* A Learner will not readily coinprebead this TheorerowithouTmodcfe 
•I the tiireepyiaimus. 
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describe the hemisphere CPAH ; and the triangle CBA will 
describe the cone CBW, 

Let Dd be parallel to PH, and join CO. Then the radius 
CO = CP = RD: and because AB zz AC, RN will be = 
RC: but RO« (RN*) + RO* =z CO» 83) = RD«; or RN» 
-f RO» = RD*. But semicircles described on R( , RN>, and 
RO, are together equal to a semicircle described on CO ^107.) 
or RD; therefore circles described on their doubles will also be 
equal^ or the circle on Dei equal to both the circles on Nt?, and 
OT: consequently Nn the section of the cone, and OT the 
section of the sphere will tog^-ther (in every section parallel to 
PH) be equal to Dd the corresponding section of the cylinder. 
Now supposing the cylinder to be composed of indefinitely thin 
parallel sections (Dd» &c.) thrn the cone on the same base 
(WB) being equal to one third of those sections, or ^ of the 
cylinder HB (\3S, corol.^ , therefore the hemisphere must be 
equal to the remaining 7 of that cylinder, or the whole sphere 
— I of the whole cylinder EB. 

Corol. 1 . A cone, hemisphere, and cylinder, of the skme 
base and altitude^ are in the proportion of j*, f , and 1 j or 1^ 2^ 
and 3. 

CoroL 2. It also appears, that he spherical frustum HTOP, 
is equal to the diflTerence between the cylinder HdDP and the 
cone CtzN. And that the spherical st gment TAO, is equal to 
the difference between the cylinder ri WBD and the conic frus* 
turn »WBN. 

135, Similar upright prisms BD^ bd, are in the same pro* 
portion as the cubes of their altitudes. 
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Suppose G and g are cubes having heights respectively equal 
to AB and ab the heights of the prisms. Then piisms of equal 
Altitudes being as their bases (131, coroL 3) we have 

prism G : prism BD :: base MN : base AD, 
or AB' : prism BD :: AB* : base AD, because the 
prism G is the cube of AB, and the base MN its square. 

And in like manner, ab^ (or prism ^) : prism fid :: ab* : 
base ad. 

But the parallelograms ABHP, abhp are similar; and the 
bases AD, ad^ are also similar ; therefore (102), 
AB« : ab^ :: ABHP : abhp :: AP* : ap^ :: base AD : base ad; 
or AB* : ab* :: base AD : base arf, 
or AB* : base AD :: a6* : base ad; 

Whence by equality, AB' : prism BD :: a6' : prism bd, 
because the ratio AB' : prism BD, is equal to the ratio AB* : 
base AD, by the second of the above proportions, and the ratio 
ab^ : prism bd equal to the ratio ab* : base ad, by the third. 

If AK, ak, are made the bases, and AP, ap the perpendicu- 
lar height! ; then the prisms will be as the cubes of AP and ap : 
Hence, 

CoroL i. When four right lines AB, AP, ab, ap, are 
proportional, their squares, and also their cubes, will be pro- 
portional. 

Carol, s. And because similar plane figures are as the 
squares of their heights, or breadths, or other homologous lines 
in those figures, therefore similar prisms of any kind, 
^nd also cylinders, will be as the cubes of their like Uneoi 
dimensions; 
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CoroL 3. Hence also, similar pyramids and cones, which 
are like pans of similar prisms and cylinders, will be in the same 
proportion as the cubes of their heights, or the duuietei =i of their 
bases. And the like is to be understood of spheres, these being 
7 of similar cylinders. 

Scholium. This relation of similar solids is callrd Triplicrtc Ratio ; and 
is sometimes dei.'onstralt (1 in parallelopipfcls, l)y considtring ihe ratio of 
the solids to be 0'-)»|)(ninded of the r.si.os ot the homologous linear dimen- 
sions. To give an e\empliricatii)n in numbers : Suppose the Iwses AD, 
ad, are rectangular; and AB, aP, PD, are in tsie same proportion as 12, 
15, 6 ; and ab, op, pd, as 8, 10, 4 ; then the solid bd, will be to the solid 

BD as 8 X 10 X 4 to 12 X 15 X 6; therefore ;. x !♦> X 6 ^*" ^^^^^^ 
the ratio of those products (92, Arilh.) : but this ratio is compounded of the 
ratios of the homologous ^idc•s, namely, of 8 to V2 or ^\, 10 to 15 or 4-5, 
and 4 to 6 or f, and the con. pounded ratio is ^^ X -}-? X 4 (i41,^n7A.) 
iwhich, in its lowest terms is .^j, the ratio of the solids ; but JV « *hc culw 
of *, the ratio of either two homologous sides* 
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PROBLEMS, 

WITH THE 

Method of Tracing the Figures on thx Grouni>* 

136. To make a iriavgle with three given right lines AB. 
AC, BC. 

With the distances AC, BC as radii, 
about the centres A, and B, the extremi- 
ties of the longest line, describe two arcs 

of circles intersecting each other in C ; A; ^ 

draw CA, CB. Then ABC is the trian- B C 

gle. 

For the radii or two shortest sides of the triangle are, by 
construction, equal to the given lines AC, BC. 

If both the shortest of the given lines together arc less than 
the longest line, it is evident the arcs will not intersect each 
other, in which case the problem becomes impossible. 

By means of this Problem, any right-lined figure maybe 
copied : or a right-lined figure Aiade exactly like another right- 
lined figure, first dividing the given figure into triangles. 

A triangle may be marked on thp ground by means of cords, or rather 
measuring tapes or lines: thns, suppose it is reijuircd to lay dowu the 
triangle ABC, whose sides shall be 60, 50, and 40/ee/, 

Havin.c measured out AB = 60 feet, fasten the ^nds of Cm, 

two measuring linrs at A and B; then draw them straight /' *•. „ 

on the ground, and bring HO/eet on one line to 40 on the / />. 

other, and where they intersect will give the point C« A ^ B 
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When the sides of the triangle are too long for the common measuring 
tapes or lines, lay down a triangle similar to that proposed, and then pro- 
long the sides to the length required. 

Thus suppose AB = 450, BC = 400, and AC = 300 /«?/. Take the 
same aliquot part of each side, ^ for example (in the present case), or 
45, 40, and 30 feet^ and with those distances make the triangle Bmn ; then 
measure out BA := 450, and BC =400 ; and if the triangle Bmn is cor- 
rectly laid down, AC will measure 300 /set. For, by similar triangles, 45 
(Bifi) ; 30 {mn) :: 450 (BA) : 300 (AC). 

It is evident that any error in the length of fnn will produce 10 times that 
error in AC ; and therefore It may sometimes be necessary to repeat the 
operation more carefully. 

]37« ^i a given point P in a right line AB,/q raife a 
perpendicular PD^ to that line. 

On each side of P take equal distances 
PS, PS, and about S, S, as centres, with 
same radius, describe arcs intersecting each 
other in D ; then draw PD for the perpendi- X~§" 
cular required. 
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For if DS, DS, are joined, the triangle SDS will be isosceles; 
therefore (46, corol. 1 ), PD is perpendicular to SS or AB. 

When the given point P is near the end of 
the live. About any convenient point C as 
a centre, describe a circle through P, cutting 
the given line in D, draw DCB, then join 
BP, which will be the perpendicular required* 

For DPB being a semicircle, the angle at P is a right one 
(78) ; therefore BP is perpendicular to DPt 




This is readily performed on the ground by means of three rods or lineSf 
whose lengths are in the proportion of 3, 4, and 5. 
Thus if the triangle SPD is laid down (by the preced- 
ing Problem) with SP == 16, PD = 12, and SD = 20 

feet\ then PD will be perpendicular to Sf or ^^ i*"l& 

A» (83) 
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Otherwise thus : 

Measure equal distance? FS, VS on each side of P; then two rods or 
lines SD, SD, of an rcj'i.il 1< iiMtli, will make the 
triangle ^DS isosc(»lcb; and con<o(ui nti\ the di- 
rection of the pcrpeiidiruhr Irom P, is marked by 
the ends which meet at D. 
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Or thus : 



When the point P is ne?r the end of (ho line. From 
any r«^nvei irnt poi'.t C ni.ike CS == CP, and CD ^ 
CS; hJ, C, ar-d D h.-Iiij,- ".n a ri^^ht line; thon PD 'v'!l 
be perpendicular to PA, For tiie angle D'i'^ is a right j^' 
one {12). 

138. To bisect or divide into two equal parts^ a given 
right line AB. 




With any radius greater than half the given 
line, about the extremities A and B as centres, 
describe arcs intersecting each other in C and 
D : then draw CD, and it wilj bisect AB in the 
point P, 
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Draw the radii AC, AD, BD, BC: then those radii being 
equal, and the side CD common to both the triangles CAD, 
CBD, those triangles are therefore identical; and consequently 
the angle ACD is equal to the angle BCD. And since the tri- 
angle ACB is isosceles, AB is bisected by CP (46, coroL \), 

In this manner a line may be divided into 4, 8, 16, &c« equal 
parts. Thus AP, BP bisected give 4 equal parts \ and those 
again bisected would make 8; and so on. 

The most expeditious method of finding the middle of a line on the 
ground, Is to measure equal distances from its extremities. Thus, suppose 
A and B are the ends of (he line, and that AD, 
BC (found by measuring from A and B) are eacif 
157 feet\ and the remaining part DC is 19 fietx 
then O the middle of the Hue will evidently be 9| 
/w^fromDorC' 
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In measuring lines or distances on the ground, it sometimes may be ne- 
cessary to take off-sets wiicn obstacles fall in the way. 

SHjjpose A an J B are the extremities of a line to be measured : and that 
K and S are pools of water or swamps. 






B 



K 




B 



IT 



Having set up marks at R, G, 
D, C, in the line AB, measure ►—■ 
equal off-sots CN, DO ; and GW, 
5^Q» at right angles to AB : then 
tJie quadrilaterals 11 W, DN being rectangular, QW will be equal to RG, 
and ON to DC ; and the whole line AB equal to AR + QW + GD + 
ON + CB. 

139. Tq lisect a given right lined angle ABC. 

With any convenient radius BS, about 
the angular point B as a centre, describe an 
arc SR, and from the centres S, R, with any 
tadius longer than half the distance between 
those points, describe two other arcs inter- 
secting one another in D; then the line joining B and D will 
bisect the angle ABC, and the arc SR. 

For if the radii SD, RD, are drawn, the sidesof the trianglei 
BRD, BSD will be respectively equal, each to each, therefore 
they are also equi-angufar (46a), and consequently the angles 
RBD, SBD are equal. 

By such bisections, an angle or its corresponding arc may be 
divided into 2, 4, 8, &c. equal parts. Thus if ACB be a qua- 
drant, or an angle of 90 degrees (64.); the first bisectioa di» 
vides it into two equal angles, or the arc AB 
into two parts (DA, DB) of 45 degrees 
each : another bisection divides the arc AD 
into two equal parts of 92 y degrees : the 
next gives an arc AO of Hi degrees : and if 
the bisf ction be coiuinueJ 7 times, we get an 
^rc of 42iV minutes. Such a division is rea» 
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dily performed if the radius (CB) is 5 or fi inches: tod will 
be found convenient for measuring the degrees of an angle, 
when the usual instruments for that purpose are not at band. 



To bisect an angle ACB on the ground. Measure 
equal distances CR, CR, from the angular point C ; 
then D, the middle of the cross distance RR, gives 
the direction of the line CD which bisects the angle. 
For the triangle RCR being isosceles, the line CD 
which bisects RR will also bisect the opposite angle 
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140. jit a given point 'P in a right line PG to make an 
angle nPG e^ual to a given right-lined angle BAG. 

About A and P with the same radius, de- 
scribe arcs DN, dn ; take dn equal to DN, 
and draw Pn; then the angle wPd is equal to 
the angle NAD or BAG. 




Draw the chords DN^ dn. Then the 
' correspoilding sides of the triangles dPn, 
DAN being equal, the angles at P and A 
must therefore be equal (46«).* 

141 • When it is proposed to make an angle which shall contain a 
given number of degrees, &c (64) ; Kproiraclor, line oj chords, or a jedor, 
will be necessary. 

The common protractor is a semi-circular instrument for measuring and 
laying down angles. The arc or limb is divided into 1 80 equal parts or 
de|;rees; and when its centre is placed over the intersection of two lines, 
the number of degrees in the angle is shewn by the intercepted arc on the 
divided edge of the instrument. A protractor for the same purpose is fre- 
quently cut on the common plane scales, the centre being on one edge, and 
the graduations on the other. 
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142. A line of chords is made by trans- 
ferring the divisiohs on the arc c* a quadrant 
to its chord. Thus, suppose AC6 is a quad- 
rant, and the right line BA the chord of its 
arc BDA. Let this arc be divided into 90 
equal parts' or degrees : then if one foot of a 
pair of compasses be kept on tiie point B, 
and arcs successively descrilx?d vith the 
other, from e?ch of the 90 divisions iu BDA 
to meet BA, those arcs will divide it into a 
line of chords* 

143. To measure an angle with the line of cAorrf*.— Suppose the angle 
ACB. With the radius CD ecjual 
to the extent of 60 degrees on the 
line^ about the angular piont C as a cen- 
tre, describe the arc DG; then the ex- 
tent from D to 6 measured on the 
chords, gives the number of degrees, 
Sec. contained in the angle : which, in 
this example, is about 40. 

144. Hence the method o( laying down an angle which shall contain 
a proposed number of degrees is obvious. Suppose for example, it is re- 
quired to make the angle ACB of 40 degrees, CB being a given line, V\ ith 
CD the chord of 60 degrees, describe an arc DO as before ; then 40 de- 
grees taken on the line of chords, will exiend from D to the point G in 
the arc through which the line CA musl be drawn to form the required 
angle. 

When the angles are greater than 90 degrees, measnre^ or lay them off 
at twice. Or produce one side so as to form two angles at the angular 
point, and then measure the supplement to ISO degrees. 

The chord of 60 degrees is taken for the radius, because the sum of the 
angles of a triangle being 180 degrees (41 J, each angle of 
an equilateral triangle must therefore contain 60 degrees. 
Thus, if BCD is a quadrant, and the triangle BCD equi- 
lateral, BD (= the radius CD) is the chord ot the arc DB, 
or of 60 degrees. 
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145. To measure the angle ACB with the sector. See the Fig. i9 
Art. 143. About C with an) radius CD, describe an intercepted arc DG- 
Open the sector till the distance between the brass points marked C, C, 
(the extremities ol the chord-lines) is ec^ual to the radius CD. Then if the 
distance DG belaid cross-wajs on those chords, so that its extremities are 
equally distant Irom C, C, or from the centre of tlie instrument, the point* 
of the compass will lall on the number of degrees 
in the anule. Thus it CO, CO, l^e the chord-lines 
of 6u degrees « ach on the sec! or, (moveable al out 
the centre O; ..ncl DO the chord of any other arc, 
40 degrees tor example : then by similar triangles q 

CO (the radiu:) : DO (the chord of 40 degrees) ;: <^ ^ j* 

CC : DD; therefore ii CC be made the radius of 

any arc, or circle, DD will be the chord of 40 degrees in tiiat arc, or circle. 

Hence it is, that tlie sector has frequently the advantage of the protrac- 
tor, or common line of chords, because it may be set to dilferent radii ; 
the limits bemg the tlistance between the brass points C, C, when the in- 
fitrumrnt is shut, and their diblancc when it is quite opL*n. 

146. When it is proposed to trace an angle on A^ 
the ground equal to another angle, the operation is G.-'* 
simil.ir to tiiat \x\ Art- 136. Ihus, to lay do^n the 
an^le flA// equal to the angle A liN, the direction of 
i// being given. Measure equal distances HJ), IKi, 
and also the cross distance GD ; then with those 
three distances l:iy down the triangle bdg (136), and 
the point g gives the direction of bu, y^ \ 

d 

147. If the angle abn (when laid down) is to con- 
tain a given number of degrees; first, make an angle 
DSR on paper equal to those degrees; then having 
measured the equal sides SD, SR, and the opposite 
side RD on some convenient scale of equal partf^, let the 
triangle ^M be traced on the ground with three corres- 
ponding distances \vi feet ot yards, &c. (136). Thus, 

suppose the angle RSD is 41 degrees, then if SR, SD are each 40 on a 
scale of equal partF, RD will be 23 on the same scale, nearly: consequently 
if the triangle gbd is traced on the ground, with 40, 40, and 28 /ect, the 
angle abn will be 4 1 degrees. 
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148. And therefore to determine nearly, the 
angie P subtended by two distant objects A and B, 
measure equai distances PD, PG, and the cross- 
ditJtanie DG; tlien construct a triaiig^e dpg on 
paper, similar to DPG, and meusure the anglf p 
with a protractor, or the chords. Thus it PD, 
PG, are each 30 fsety and DG = 2^{Jeel, the 
triangle ttpg constructed with 30,30, and 28 1 ei^ual 
parts from any scale, will give the angle p (or P) = 
bCyi degrees, nearly. 



149. Through a given point P to draw a line CD parallel 
k) a given line AB» 



From P draw PG in any direction to meet 
the given line AB; then make the angle 
GPD equal to the angle AGP (140j ; and 
PD will be parallel to AB; because the alter- 
Date angles AGP, GPD are equal (40). 

To Jrace the parallel C D o?t the ground; Fix on any 
convenient point G in AB, and measure an isosceles -^* 
Viangle RGK; then at the p«int P lay down the 
triangle OPQ equal to RGK ; and PQ will be pa- ^• 
rallel to GFL 



1 30. Ry means of this last problem we can 
bisect an inarcesxible angle. Let it be required 
to detcrijune the diredion of the capital OP of a 
bastion. At any points B, S, in the directi(«ns of 
the faces DP. AP, set up two marks; and from B 
trace BR parallel to PS ; measure ecjual distances 
BC, BR, and mark the point K in the direclion 
CR; then find G the middle of CK: and the 
prolongation of GP will bisect the angle APD. 
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For the triangle CPK being similar to tbe isosceles triangle CBR, the 
line GP from the middle of tlie base CK bisects theopjwsite angle (46, 
€oroL I). 

e^rol. Hence if we measure CB, CR. CK, tlie distances CP, KP, apt 
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found bj similar triangles. ForCR : CB :: CR : C?.. And a perpeiH 
^icular-from B on CR will g;ive the distance GP at another proportion. 

1 5 1 • When it is proposed to trace 

a line through a given point P parallel •.*•.. 

to an inaccessible line AB, set up marks • *'•»., 

at any convenient points C, R, in the \ '•••g.-'' 

directions AP, BP ; next, by means of I>V *•.., -''Jr^^-' 

three equal isosceles triangles Caa, Paa, \ *''' .^* i^^" 

Oaa, trace PO parallel to CB, and OD L:!^^^-— ^ — ' 

parallel to PC ; then the direction DP |L 
ii paralJei to AB. 

For by construction OD is parallel to C A, and OP to CB -^ therefoic the 
triangles ORD, CRA; and OPR, CBR, are respectively similar ; 
Hence RO : RC :: OD : CA, 

And RO : RC :: OP : CB; therefore by equality of 
laUos, OD : OP :: CA : Ca 

Kpw the sides about the equal angles DOP, ACB of the triangles DOP, 
ACB being proportional, those triangles aie therefore similar (94, carol, I) ; 
and since the homologous sides are respectively parallel and like situated, 
tike third sides DP, AB must also be parallel. 

Coroi. Because the quadrilaterals RDPO, R ABC are similar, if we mea- 
sure the sides RO, DP, RC» the inaccessible distance AB may be found at 
one proportion ; for RO : DP :: RC : AB. 

131'« In casiramen/itiion it Is sometimes necessary to change the di- 
icction instead of continuing the fronts of all the battalions or divisions in 
the same line. Let QU be two divisions of the encampment, the fronts 
being in the same line OT, and IL the distance between them ; and let it 
be required io place the other di- 
visions GC, &c. that the fronts ^f p q 

SG, &c. may be in a given direc* // 7 E3 ^^^ 

tionor parallel to a given line BA, ^ ^h^k'^ I i- X 
the distance between the divisions / Mf 

remaining as before or BS =: IL, tSL 

and (as is usual) the two pro- 
longations RO, SO of the fronts equal to each other: 

In BQ and BA take two equal distances BP, BD» and measure the sid^ 
of the isosceles triangle DBF; then the point is found thus, DP : PB .: 
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RS (or IL) ! HO. Suppose BPss BD= 30, DP = 50, and RS £= IL=s 
HO/eei ; then 50 ; 30 :: 20 : \^ feet = RO. Therefore if RO be made =s 
\2/cct, a string or tape OS = \2feet, and another RS = 20, when stretched 
from O and R will give the point S, and the new direction OSG. For the 
triangles DBF, SOR being similar (94), and RO parallel to PB, the angles 
SOR, DBF ar^ equal, and consequently OS is parallel to BD. 

152. Prom a given point P to let fall a perpendicular 
PG upon a given line AB. 

About P as a centre with any radius PD 
greater then the distance of P from AB, de- 
Kribe an arc DC ; and from D and C with 
a radius greater than half DC, describe arcs 
intersecting each other in R; join PR : then 
PG is the perpendicular required. 

Draw the radii RC , RD. Then RC, CP being equal to RD, 
DP, respectiyely, and the side RP common to both the triangles 
RCP, RDP, those triangles are therefore identical, consequently 
the angles C PG, DPG are equal, and the triangle CPD isosceles ; 
therefore PG is perpendicular to CD (46, coroL I). 

When the point is nearly opposite the 
end of the line. From any point C in 
AB, describe an arc PDR; take DR equal 
to DP; then join RP: and PG will be 
perpendicular to AB. 

For by construction CD bisects the arc PDR in D ; therefore 
PG is perpendicular to CD (65 )• 

When a perpendicnlar is to be traced on the |rTound: n P -n 

First trace the line CPD parallel to AB ("by 149); then T *" 

a perpenditglar to CD at the point F (137) will alio j 

be perp^icular to AD. J^ — **Ti 
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153. If the oiject P is inaccessible: Set up J^ 

marks at any two convenient points R, Q, in y\ 

AB;then on RP, QP, trace the perpendiculars ]?<!. i\ 

QD, RN; and the point of intersection Ogives ,-'' 'V;:'^!^ 

the direction of thr perpendicular POG. r- '^\\ 

A 7\_ c C\ V 

We have to prove that POG is perpendicular to AB. 

Conceive DN to be joined: Then because the opposite angles GDP, 
ONP, of tlie quadrilateral ODPN are right angles, a circle will pas* 
through the points O, D, P, N, (72), therefore the angles ODN, OPN, 
standing on the same chord ON (of the circle) will be equal to each 
other (70). 

And since RDO, QNO are right angles, and the angle ROD equal to 
the angle QON, therefore the triangles RDO, QNO are equi-angular ; 
hence DO : ON :: RO : OQ ; therefore the triangles ODN, ORQ, are 
also equi-angular (94, corol. I), consequently the argle OliQ = ODN = 
OPN. But the angles ORQ, GQN, together are equal to a right angle 
(41, cord. 2); therefore OPN and GQN make a right angle, and con- 
sequently PGQ is a right angle. 

€oroL Hence the three perpendiculars let fall fro - the angles oi 
a triangle upon the opposite sides, wili intersect one another in tJie same 
point. 

Or thus: 
LefABbe the line, and P the inaccessible 
object as before. At any convenient point R 
in AB, trace a perpendicular RO to AB, which 
continue till 01 = RO. Make PIA a right line, 
then mark the point S where the lines AOS, and 
RP meet, also the point B or concourse of the 
lines AB and ISB. And PB will be perpendicular 
to AB. 

For let IC parallel to AB meet AOC in C ; then AR : RB :: CD : DT (95), 
and by .composition (i)4, sckoL) AB : RB :: CI : m. But becau^( the tri' 
anises OIC, ORG are similar, andOI =0R, tiierefore CI = AR, hence 
the last proportion becomes 

AB:RB::AR :Dr. 
And AP : IP :: AR : DI, by thesim. triang. ARP,IDP; 
Therefore AB ;RB :: AP : IP (by equality) ; therefore RI, BP 
are parallel (91). 
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CoroL By this problem we may find the distance of an inaccessible 
object P from an accessible line AB. For if we measure AR and RB, it 
wiJlbeAR:RI;:AB:BP. 

154. On a given base AB to make a Rectangle whose 
height shall be equal to a given line BC, 

At the extremities of the base AB erect the d C 

perpendiculars AD, BC, each equal to BC ; 
then join DC; and ADCB is the rectangle 
required. ^ 



For AB and DC being at the same perpendicular distance^ 
ihcy must therefore be parallel ; and since the angles at A and 
B are right angles, the parallels AC, BC, will meet DC in 
right angles (40, corol. 2); therefore DB is a rectangle (22), 

CoroL 1. In like manner a square is constructed 
on a given line AB by making the perpendiculars 



AD, BC, each equal to AB. j^ ^^ 

Corol. 2. Hence also, a line :DC : is drawn parallel to a given 
line i,AB ; at a given distance (BCj. 

155. The following is also a practical method "H^ C 

of drawing a line DC parallel to another line AB, 



at a given distance PD. . ^ y j^ — g 

With the iriven distance PD in the compasses, about any two points 
P, O, in AB, as centres, describe arcs D and C; then lay the edge of a 
ruler to touch those arcs, and draw the line required. Forif PD, OCare 
drawn to the points of contact, PDCO will be a recUngle (67). 

To trace a Rectangle on the Ground, Having measured out one side 
(the direttion being given) to the re'quired length, erect perpendicylars 
at it3 ends; tlien ii ihose perpendiculars are p'-olonged to the distance 
proposed, their extremities will evidently mark the angular points of the 
]lectau|(le« 
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In like manner a line is traced parallel to anolber line inaccessible 
at one end, at a proposed distance from that 
other line. Let it be required to trace the line 
AB, parallel to the face of tlie bastion CD, at the ^EZzamP.....^^ 

distance of 300 yards. 



Having taken the point G in the direction CD, A B 

make GB perpendicular to DG, and equal to 300 
yards; then if BA is traced perpendicular to GB, it will be paraM 
to CD. 

If a battery is constructed at A against Uie bastion, the shot (at 
right angles to AB) will strike its face CD in a perpendicular direction* 
or with the greatest force possible. 

156. On a given base AB to make a parallelogram DB 
of a given height GP, so tliat the sides AD, AB shall form 
a given angle. 

From any point G in AB erect the perpen- pP 



dicular GP equal to the given height (137>; / j / 
through P draw DC parallel to AB (149); \ I ;/ 
and make the angle DAB equal to that pro. 
posed (140);- then draw BC parallel to AD: and ADCB if 
the parallelogram. For the opposite angles being equal, the 
•ides opposite those angles will also be respectively equal (80). 

CoroL Hence from a given point (A> to draw a line (AD) to 
meet a given line (DC) in a given angle ( BCP • At any point 
C in the given line^ make an angle DCB equal to the angle 
proposed; then from the given point A draw AD parallel to CB ; 
and the thing is done* 

157* To divide a given line AC according to mean and 
extreme proportion; or so, that the rectangle under the whole 
line and one part^ shall be equal to the s^fuate on the other 
part: or CA : CG :: CO : GA. 

Make CO perpendicular to, and =r -J-AC 2 
about O as acentre with OC describe a circle; 
draw ADD, and join DC, and parallel to it 
draw BG, Tbw CA : CG ;: CG : GA. 
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Join Cd. Then the triangles ABC, ACD b^ing similar 
(99) we have, AD : AC :; AC : AB, or AD : BD :: BD 
: AB (because BD = AC); therefore AD is diyuled in B arcor- 
tling to mean and exlreme proportion: And because B(t is pa- 
rallel to DC, it divides CA in the same proportion in G, as DA 
is divided in B (94, corol. 2). 

Corol. Hence AB zi GC. For becauseof the parallels BG^ DC, 
we have AD : BD :: AC : GC f94). 
And AD:BD :: BD : AB ; 
whence (by equality) AC : GC :: BD : AB ; now the antece* 
dents being equal, the consequents GC, AB, are necessarily so. 

158. In a given circle to inscribe a regular Pentagons 

Having divided the radius CA (by the 
foregoing Problem) according to mean and 
extreme proportion in G, make GB r= 
GC ; take AD = AB ; then draw BD, 
which will be the side of the pentagon, or 
the chord of ^ of the circumference of the 
circle. 

Draw GR parallel to AB: then CR = CG, and RB = 
GA (94j. 

By construction, CA : CG:: CG : GA, or because GBnGC, 
CB I GB :: GB i RB* 

But the angle GBR is = the angle GCB, therefore the sideg 
CB, GB ; GB, RB about those equal angles, are proportional, 
hence the triangles BGC, BRG are equi-angular v94, corol. l); 
therefore the former being isosceles, the latter BRG will also 
be isosceles, consequently RG = RB. But the outward angle 
GRC of the triangle GRB is equal to both the inward opposite 
angles, and therefore equal to twice the angle GBR: conse- 
quently the angle ABC, which is equal to GRC. is twice the 
angle GBR; therefore BG bisects the angle ABC. Hence in 
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the isosceles triangle ACB, each of the angles at A and B i§ 
double the other angle ACB. 

Now all the angles of the triangle ACB being i of two 
right angles^ the angle ACB is f of two right angles, and its 
double, or the angle DCB z= 4^ of 4 right angles: therefore DB 
is the chord of y of the circumference : and 5 of those chordit 
form the pentagon. 

Carol. 1. Because the angles ABG, ACB are equal, and 
the angle CAB common to the triangles CAB, GAB, and the 
former isosceles, the latter GAB is also isosceles, and conse« 
quently AB =: BG (= GC) ; therefore if the radius of a circle 
is divided according to mean and extreme proportion, the greater 
segment (GC = GB = AB) will be the side (AB) of a regular 
decagon in that circle. 

Corol. 2. Hence also, BD bisects GA, and the angle GBA. 

159* Theorem. The square on the side DB of a regular 
pentagon inscribed in a circle, is equal to the square on the 
radius CB, and the square on DA the side of the decagon 
taken together (Euclid, B. 13. Pr. 10.): 



Let CO bisect the angle DC A; and 
join OA. 

The angle DCB is equal to/^ > of 2 right 






and DCO tOi-V ^ angles ; 

Therefore OCB is equal to ^ of 2 right 
angles. 




And each of the angles CDB, CBD is also equal to ^ of f 
right angles : 

Therefore the triangle COB is isosceles, and OC = OB J 
Consequently the triangles COB, DCB arc cqui-angular > 
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Hence, OB : BC : : BC : DB, therefore the square ou 
Be is equal to the rectangle under OB and DB ^89, corol. l). 

And because the triangles DOA, DAB are isosceles, and the 
angle ODA common, those triangles are similar: 

Therefore AD : DO :: DB : AD; hence the square on 
AD is equal to the rectangle under DO and DB : 

And therefore the - m of the squares on BC and AD 
is equal to the sum of the rectangles OB x DB, and DO 
X DB. But OB X DB + DO X DB IT DB" (84), that is, 
the square on BC + the square on AD = the square on DB. 

160, On a given line AC (o construct a regular Pen* 
tagon. 

Make CO perpendicular to and =: 
•jACj through O draw AD to make 
CD = OC : join CD, and that will 
be the radius of the circle in which 
AC is the side of the Pentagon. 

Take OB z: OC, Then as the construction is analogous to 
that in Art. 157; AD will therefore be dividi-d according to 
mean and extreme proportion in B; and consec^uently if \D is 
made the radius of a circle, BD will be the side of a Decagon in 
the same circle (158, corol.). 

But the triangles ADC, ACB are similar (157) : 
Hence AD : DC :: AC (DB) : BC; 

or AD : DB :: DC ! BC ; therefore DC and BC 
are in the ratio of the radius of a circle to the side of the in- 
scribed decagon. Hence, because BCD is a right angle, CD* 
+ CB» „ BD» (83 ; therefo if BD (AC) is the side of a 
pentagon, CB will be that of the decagon, and CD the radiut 
of the circumscribing- circle (159) : 

Therefore make AG, CO, each equal to CD; and G will be 
Uie centre of the circumscribing circfe. 
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161. On a given line AC to construct a regular Hex^ 
agon* ' 

Make AO, CO each equal to AC (136); 
and the triangle AOC will be equilateral and 
cqui-angular ; then 6 of those triangles, 
having each an angular point at O, will evi- 
dently form the required hexagon, 

A Pentagon, or Hexagon, when the extent of the sides are too great 
for the common measuring tapes or lines, may be traced on the ground 
by means of proportional distances (136). Thus^ suppose it is required 
to lay down a Pentagon whose side AC shall be lOO yardi^^ 

Having made the angle dOd =iT2 degrees on paper 
(144), measure equal distances Od, Od on a scale of 
equal parts, suppose 80 each, then the distance dd will 
be 94 nearly on the same scale. 

Lay down 5 trianglps DOD, fcc. with the equal 
sides OD, OD, &c. each equal 80, and T>iy, &c. 
equal to 94/ce/ (136). 

Then by similar triangles, 94 (DD) : 80 (OD) 
:: 300 (AC) : Q5b Jed nearly = OCs therefore 
if OA, OC, &c. are measured out to 235 feet A C 

each, their extremities will mark the angular points of the pentagon. 

And the Hexagon may be traced on the ground in the same manner bj 
means of 6 equilateral triangles. 

But in tracing large and regular Works where exartnes is required,, the 
angles at the centres should be laid down with a TJieodoIite, and the 
distances to the angular points of the Polygons computed tngon€>- 
metrically. 

N. B. Of the common Geometrical Problems, the ibregoing are 
among the most simple and necessary in F'ieJd-practicf?! It is easy to 
perceive however, that gre'at accuracy cannot be expected, particular! j 
V'lien the Ground is not level. 

169. To divide a given line A? fw^o a proposed numkfT 
0f equal parts : suppose 5, 
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From the extremities draw AC, BD 
parallel to each other ; in those lines 
take 5 equal parts of any convenient 
length (BO - OG &c. z: AS =: SN, 
&c,j join the opposite points of divi- 
sion ; and AB will be divided into 5 
equal parts* 

For BQ being parallel and equal to AR, AQ and BR will 
also be parallel and equal (80) ; therefore the lines joining the 
opposite points divide AB in the same proportion as the linet 
AR, BQ are divided 194), 

Or thus ; — Having drawn AC in any convenient direction, 
take the proposed number of equal parts AS, SN, &c, as be* 
fore; then join RB, and parallel to it draw lines from the 
points of division in AR, and they will divide AB into the re-r 
quired number of equal parts (93). 

When the given line is too short to admit of distinct divi« 
8ions» the following method is sometimes adopted to answer the 
game purpose* 

Suppose AB is a given line to be divided into 7 equal parts. 
In a line CQ of any convenient 
length, take 7 equal parts, suppose 
from C to A; with CB = CA 
and AB zi the given line AB, 
inake the isosceles triangle CBA 
(136); take GG z= DC, GR = CO, &c. and join the opposite 
points of division. 
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Then by similar triangles, C A : CD :: AB : DG ; and be- 
cause CD is ^ of CA, DQ will be ^ of AB ; and therefore 
OR :r -f , &c. and the shortest line PP = -f. . 



163. Hence is derived the method of mdking Diagonal Scales* Let 
a Scale be constructed to I2(hs. of the line AB. 



c 
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Having divided AB into 3 equal parts^ 
draw two parallel lines A H, 6K making any 
convenient ang es with AB : in those lines 
take 4 equal distances, :ruppose from A to 
D, and from B to R ; and through the 
points of division draw 4 lines parallel to 
AB ; next, divide DR into 3 equal parts : 
then if the points of division in A B and DR 
are joined diagonally*, the scale is constructed* 

For by similar triangles, RB : BS :: RO ? OP; therefore EO beinji 
} of RB ; OP Will be ^ of BS, or J of J (or ^.y of BA ; and the next divi- 
«ion nn is ^, &c. 

If QR = CB = BA is the scale for a foot, OP is an inch, fm=i9 
inches, IP =z 13 inches, &c. 

But if we divide AB into 4 equal parts, only 3 must be taken in AH and 
BK to make i2ths, of AB (because 4X3= 12), 

Generally: — Resolve the number to which the divisions are to be ex* 
tended, into two factors, then divide the given line (AI») mto as many equal 
parts as there are units in one factor, and take as many equal parts in 
the other lines (AH, BK) as there are units in the other. Thus if AB it 
divided into 3 equal parts, and 5 are taken in AH, BK; or if AB is di- 
vided into 5, and 3 are taken in All, BK, in eitlier c ase the scale gives 
l^fhs. of AB. Oq the common Tiaiii Scales, the equal parts m each )int 
are 10, which give the divisions in 100//ij. 

A line divided into equal parts, and one of the parts subdivided, as in 
Jirt. 162, or eke diagonally, is called a Line or Scale o/ Equal Paris, A 
variety are to be found on the common Plain Scale btlojiging \o a Case 
•f Instruments, 

164. To find a mean Proportional between two given 
tines AB and BD; 

Take AB and BD in one line AD^ which 
bisect in C ; and about C as a centre^ with 
CA or CD describe a semicircle ; then if 
BR be drawn perpendicular to AD, it will 
be the mean proportipnal recjuired (97, 
coroh !)• 
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165. To Jind a third Proportional to two giiJen line$ 
AB, CD. 




Draw two lines AG, AR making any 
convenient angle at A ; take AB = AB^ 
AD and AO each = CD; join BD, pa- 
rallel to which draw OP : then AP is the 
third proportional required. 



For OP being parallel to BD, the triangles ABD, AOP are 
fimilar; therefore AB : AD (AO or CD) :: AO : AP (94). 

166. To find a 4th Proportional to three given line9 
AB, BC, CD. 



Having taken two lines AG, AR, as 
in the foregoing Problem, make AB = 
AB, AC = BC, and join BC ; then take 
AD = CD, and draw DP parallel to BC : 
By similar triangles AB : AC : ; AD 
: APthfe4/A. proportional required (94). 







167. This Problem is of very extensive use in the reduction 
•f Scales^ Plansy and Maps. We shall subjoin Examples. 

1. If ABCDbethePlan 
of a coiintry» and suppose 
the distance between the ob- 
jects O, P, is 1700 paces of 
a horse at Q^feet each; it is 
required to make a Scale of 
yards to the Plan* 



" ^ 3 ■ - ?s 1558 yards. 
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Having drawn two indefinite 
lines OK,^ OG, forming any an- 
gle at O, make OS equal to the 
distance OP; and from any Scale 
of equal parts, set off OD r= 
1558, and OR == 1000 ; join 
DS, and parallel to it draw RQ, 

then OQ is a scale of 1000 yards. This divided, and subdivided is the 
Scale fw/, in which each of the least divisions is iO>d yards. 




Or without the construction thus: 
vcale is 1*53 indies^ 



The distance OP measured on a 



Then* as 1558 : 153 
Scale of ioao yards. 



1000 : 0'D8 of a7i inch, the length of nn the 



2. Let the Plan in the last Example be reduced to a Scale of 1 iwh to 
a mile ? 



On two indefinite lines 
OK, OG (as in the last 
example), set off 0E= 1000, 
and OH = 1760 (the yards 
in a mile) from any conve- 
nient scale of equal parts ; 
and make ON = the scale 
fin ; join EN, and parallel to 
it draw HW; then OW it 
the scale of a mile to the 
Plan ABCD» 




Now with AC = OW, and CC = I 
inch (the two Scales) make the isosceles tri- 
angle ACC: then because any two corre- 
sponding distances on the Plans must be in 
the same proportion as the two scales, if AR 
be made ^ual to the length of the Plan 
ABCD, and AS = AB its breadth, RN and " '^ 

SP (which are parallel to CCJ will be the length and breadth of the 
reduced Plan abcd^ 
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Ot, without the construction : 

As 1558 : 1-53 inch. (OP) :: 1760 : 1'73 inch, length of a scale of I 
wiie to the Plan ABCD. 

The length and breadth of the Plan ATCD are P89, and ITS inch€$ 
respectively; 

Hence, 1-73 : 1 :: 1-89 : 1^09 inches, the reduced length aA 
1-73 : 1 :: 1*15 : 0G7 breadth a*. 

By means of the triangle ACC we may transfer any points or lines from 
one Plan to- the other exactly in the same manner as the length and 
breadth ad, ab, were Ibiind. For any distances on ABCD being laid on 
AC, the proportional distances on the rr»duced Plan will he the correspond- 
ing parallels to CC. But the Proporiionaf Compasses are peculiarly 
adapted for expedition in operations of this kind: TIjus, shift the centre 
of the Instrument till, at the same opening, the extent of the points at one 
end is equal to one of the Scales (AC) and the extent of the points at the 
other end equal to the other Scale (CC). Then i-.ny opening or distance 
of the points at one end, will give the p.-oporuonal or corresponding 
distance at the other. Or any two lines in the same proportion as the Scales 
may be used instead of the Scales themselves. 

And vice vcrsd, any two corresponding distances on two similar Plans oc 
Maps, and the length of one 5icale, will give the length ot the other, 

3. Suppose a Map is laid down lo the scale AB of 4000 Toises; and 
let it be required to adapt a Scale (PQ) of English niiics (4 for example) 
to the same Map. 

TlieToiseis = 2*1315 yards 
<73, Ari/h.). A^ M t f 1 J (g 

Therefore ^^^ Tl— 1— t i { f^ 

= 4*84 miles nearly tlie Scale AB. 

On two indefinite 
lines OS, OG, making 
any angle at O, set 
off OS = 4-84, and 
OR = 4 fiom any 
convenient scale of 
equal parts, make 

OG = the scale AB; join SG and draw RQ parallel thereto; then QO 
(PQ) is a scale of 4 miles. 

VOL. I* LL 




as 6£OM£TilY. 

Orthus:^Tht length of the scale AB is 1'73 inches : 

Therefore. as4-84m- : l-73«>i. :; 4m. : l-432«. tlie length of the4 mflc 
flcale PQ. 

And the Map, or any part of it, may be enlarged, or diminished to a 
piopoeed Scale after the manner of Examp. 2, For we can suppose ABCD 
to be a given part<if a large Plan. 

4. On a given line AB to make a figure NB similar to a right lined 
figure PD. 

With'GD and AB make the isosceles triangle 
GDD; and draw the diagonals GS, GC: 
Then, as in the foregoing Examp. any lines of 
the figure PD being laid on GD. the corre- 
sponding lines of the required figure will be 
the parallels to DD. Thus if GW a the di- 
agonal GS, and GO = DS; WW, and 00 
will be the diagonal AQ, and side BQ. 

Or the figure may be constructed on the 
given one thus : 

Make Gn ss AB, then draw ua, aa, and (A 
paraUel to DS, SG, and CP. 

An isosceles triangle is preferable to any other 
forthese reductions, because the parallels (WW, 
OO) or 4/A. proportionals arc found with greater 
facility. 

iNT. B. The foregoing constructions wliich respect the reduction of figures^ 
are necessarily confined to a small scale ; but the method may be extended 
to Flans, or Maps of any size whatever. 

168. To find the centre of a given Circle. 

Let any chord AB be bisected at right angles 
by GD, which therefore, will be a diameter to 
the circle : then C the centre of GD, will also 
be the centre of the circle (45^ coroL). 

169. Through three given points, not lying in a right line^ 
to describe a circle. 
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Let A, B, D, be the three points. Draw 
BA^ BD^ and bisect those lines with the 
perpendiculars RC, PC : then the inter- 
section C is the centre of the circle {65, 
corol.), which described with the radius CA, 
CB^ or CD, and the thing is done. 

And in the same manner a circle is described about a triangle* 




170, 

tircle^ 



Th 



rough a given point P to draw a Tangent to a 





If P ia in the circumference of the circle, 
draw the radius CP, then a line through P at 
jright angles to PC is the tangent required (67, 
coroL 1). 



When the given point P is without the circle : Draw PC 
to the centre C ; and on PC describe a semi- 
circle; then PA drawn to the intersection 
of the circles will be at right angles to the 
radius CA (72), and therefore a tangent to 
the circle. 

171* To draw a Tangent to a circle parallel to a given 
line AB. 

Draw the radius CR parallel to AB» and 
make the radius CP perpendicular to CR • 
then a line through P, parallel to CR (and AB) 
will touch the circle in that point because it 
forms a right angle with the radius PC. 

172. On a given line AB to describe a Segment of a cir^ 
cle that shall contain a given angle. 
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At the extremities A, B, of the given 
linc,» make each of the angles CAB, CBA 
equal to the diiTerence of the proposed angle 
and a right one; and vvith CA or CB de- 
scribe a circle: Then the segment APB on 
the same side of AB as the centre C, will 
contain the given angle when it is less than a right one ; 
and the opposite segment AOB will contain it when it is 
greater. 

For if RQ be a tangent at the point A, it will be perpendi- 
cular to the radius AC (67, coroL 1); then the angle CAB 
is the difference of the right angle CAQ and the angle 
BAQ ; but BAQ is equal to the angle (APB^ in the segment 
APB (73). 

And the angle CAB is equal to the difference of the right 
angle RAC and the angle RAB, but this latter angle is equal to 
the angle (AOB) contained in the segment AOB (73). 

173. To cut off a segment from a given circle that shall 
contain an angle equal to a given angle ABC. Or to draw 
a chord in a given circle that shall subtend a given angle at 
the circumference. 

About B with the radius of the circle, describe 
the arc AC ; make the arc DRG - double the 
arc AC, and draw the chord DG: Then the an. 
gle (DPG in the segment DPG iu equal to the 
angle ABC (69J. 



Or thus ;— At any point fP; in the circumference, make an 
angle (DPG) equal to the given angle; then the line (DG) 
joinng the extieuiities of the sides including the angle, is the 
cboid required. 

174. To inscrile an equilateral triangle in a given 
circle. 
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Bisect the radius CD at right angles with p 

the chord AB ; join BP, AP; and APB is the /V^\\ 
triangle. ( / jpA) 

Draw AD, BD, AC, BC. Then because ^^^Zfe^J^ 
OC = OD, and the side AO common, the tri- 
angles ACO, ADO will be identical (38); therefore AD is 
equal to the radius AC or CD ; consequently both the triangles 
ACD, BCD, are equilateral ; but the angle PAB = PDB, and 
PBA = PDA (70); and the remaining angle APB is = 
ACD or DCB (71) ; therefore the triangle APB is equi-angular 
and equilateral, 

A Square is inscribed in a circle by joining the extremiUes 
of two diameters which intersect each other at right angles, 

173, To inscribe a circle in a given triangle ABD« 

Bisect two of the angles, ABD, DAB, and 
from the intersection "C of the bisecting lines, 
let fall perpendiculars CS, CG, CR on the 
sides ; then if a circle be described about C 
with either of those perpendiculars, it will touch 
the sides of the triangle in S, G, and R. 

For the two angles at A being equal, and the angles at G, 
S right ones, and the side AC common to both triangles AGC^ 
ASC, those triangles are therefore identical (38); consequently 
the sides CG, CS are equal. And exactly in the same 
manner it is proved that CR and CG are also equal. Thcre^ 
fore the sides of the triangle will be tangents to the circle at G, 
R, and S v67). 

CoroL Hence three lines bisecting the angles of a triangle^ 
will intersect one another in the same point. 

J76* To inscribe a circle in a regular Polygon ADt 
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Bisect any two adjacent sides (BA, BD) 

with perpendiculars CO, CR; tlicn their A c 

intersection C is the centre of the inscribed A\/i\P^ 

circle. ^j^^ 

' Draw BC. Then the hypotenuse BC being common to both 
the right angled triangles BOC, BRC, and BO = BR, the 
squares on OC, RC, will therefore be equal to each other {S3, 
coroL)j and consequently OC — RC. In like manner it is' 
proved that the perpendiculars bisecting the other sides are all 
equal and meet in the same point C. Therefore a circle de- 
scribed with CO or CR will touch all the sides of the po- 
lygon (67J. 

And it is also evident that CB is the radius of the ctratwr- 
scribing circle; but this Jine bisects the angle ABD : There- 
fore to circumscribe a regular Polygon with a circle; bisect an 
two of its angles (except opposite ones) and the intersection of 
the bisecting lines is the centre of the circle, 

177. To make a square equal to two given squares* 

Let BA, BC, the sides of the given squares 
be drawn to form a right angle ABC; join 
AC, which will be the tide of the square re- 
quired (83). 

And in the same manner a square may be made equal to 
three, or more squares* For exaniple,. suppose the sides of 
three given squares are AB> BC, and BG; then because the 
square on AC is equal to the squares on AB, BC, if BR be 
made equal to AC, it follows that a square on GR will be 
equal to the three proposed squares. 

178. To make a square equal to the difference of two 
given squares* 
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With twf) indefinite right lines BG, BR, J^ 

make a right angle B; ts^e BA equal to the 
side of the less square ; and about A as a centre 
with AC the side of the greater, describe an » — ^ 
arc to intersect BR in C; then BC is the side 
of the required square (83, coroL). 

179. On a given line AB to make a rectangle equal to 
a given rectangle AGCD. 

On AD (produced if necessary) take AB = 
the line AB : draw BR parallel to DC ; and 
through O let AQ be drawn to meet DC pro- 
duced; then if QS is made parallel to DA« 
BRSA will be the rectangle required. 

For the triangles ASQ, ADQ; and ORQ, OCQ being 
respectively equal (80)^ the quadrilaterals ASRO, AOCD must 
therefore be equal (33); but the former^ together with the 
triangle AOB, and the latter with the triangle AOG, make 
the two rectangles BRSA, AGCD, those rectangles must 
therefore be equal to each other, because the triangles- AOB^ 
AOG are equal* 

180. On a given line AB to make a triangle ASB equal 
to a given triangle ADC* 

Draw AG and CG paralltl to DC, and .. t 

DA, respectively; then the parallelogram TV " . ]!^' / ^ 

CD will be double the given triangle ADC w-\—yp^^j^c 

f82«, corol. l): take AB equal to the Zifii_C— -/ 

^ B O * 

given line AB ; and by the construction _ 

in the preceding Problem, make the ** 

parallelogram AR equal to the parallelogram GD; draw the 

diagonal SB ; and the triangle ASB will be equal to the given 

triangle ADO. 

For the parallelograms ACCDi QRSA being equal, their 
halves must also be equal* 

18K To make a Triangle equal to a given Quadrilateral 
ABCD. 
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Parallel to the diagonal BD draw CG to' 
meet AD produced ; join BG: then the tri- 
angle ABG is equal to the given quadri- 
lateral. 

For the triangles BCD, BGD on the 
same base BD, and between the same parallels 
BD, CG, are equal (82^^, therefore the triangle ABD, together 
with the triangle DBG is equal to the same triangle ABD 
together with the triangle BCD (,33), or the triangle ABG 
equal to the quadrilateral ABCD. 

182. To make a Triangle equal to the irregular pentan- 
gular Jigure ABCDG 071 the side AB. 

Let CR be drawn parallel to BD, 
and join BR. Then the triangles 
CBR, CDR, on the side CR and be- 
tween the parallels CR, BD are equal 
(82«); therefore the figure ABC RG 
with the triangle CBR, is equal to the 
same figure together with the triangle 
CDR, and consequently the given figure ABCDG is reduced 
to the quadrilateral ABRG. 

Now the quadrilateral ABRG is reduced to a triangle by the 
preceding Problem, thus :— Parallel to the diagonal AR draw 
GS to meet BR produced; then join AS; and the triangle ASB 
will be equal to the quadrilateral ABRG, and therefore equal 
to the given figure ABCDG. 

And in like manner any multi-lateral right lined figure may 
be reduced to a triangle. 

183. To make a rectangle equal to a given triangle ABC. 

Let the base AB be bisected in D; and 
draw CR parallel to AB ; then if AR, DG 
are made perpendicular to AB, the rect- 
angle RD will be equal to the triangle 
ABC« 
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Draw BO parallel- to DG. Then the triangle ABC is equal 
to half the rectangle RB (82 S coroL l) : but RD is half the 
rectangle, therefore it is equal to the triangle ABC. 

And therefore a rectangle whose height is half A^^ and base 
AB will also be equal to the triangle. 

184. To make a square equal to a given rectangle ABCD. 

Extend AB till BR=:BC, and on AR de- J) _C 



VR de. D 
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scribe a semicircle ; then produce CB *^ ^ , , 
and the square on BG will be equal to the rect- 
angle under AB, BR or BC (164). 
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Schol, Hence by this, and the preceding Problem, a square 
may be made equal to a given triangle : and consequently equal 
to any given right-lined figure (182). 

185. To make a rectangle of a given magnitude having 
its sides in the ratio of two. given right lines. 

Let AB and BC be the given lines. 
Upon their sum AC describe a semicircle, 
and make BD perpendicular to AC ; pro- 
duce DB (if necessary) till DG is the side 
of a square equal to the given magnitude ; 
join DA, DC, and through G draw RS parallel to AC meeting 
DA, DC produced (wlien necessary): Then RG, GS are the 
sides of the required rectangle. 

For the angle RDS being a right one (72'>, and DG 
perpendicular to RS, therefore the rectangle RS x GS is 
equal to the square on DG (97, coroL 2), or equal to the given 
inagnitude (by the construction^ ; and because RS is parijlel 
to AC, the sides RG, GS, are in the given ratio of AB 
toBC(95). 

186. If AC 15 a square on the line AO, and AQ, 
QP two given right lines; to find another square that 

VOU I* MM. 
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shall be to the square AC, as AQ is to QP. Or, tojtni 
two squares hav'uig the ratio of two given right lines. 

In any convenient direction from A, take 
the given lines AQ, QP ; join QO, and pa- 
rallel iherc o draw PR to meet AO produced 
(if necessary): then if a semicircle be described 
on AR, OS will be the side of the required 
square. 

Complete the rectangle RC. Then because QO, PR are 
parallel, the triangles AQO, APR will be similar, 

Hence, AQ : QP : : AO : OR (94, coroL 2). But the 
parallelograms or rectangles AC, OD having the same height 
(AB or RD) will be in the ratio of their bases AO, OR (97) : 

Therefore AQ : PQ : : A0» [rectang. AC) : rectang. OD 
(= OR xOCorOA): 

But the rectangle OR x OA is equal to OS" (97, carol. 2) : 
and consequently AQ : QP :: AO* : 0S% the required 
square. 

187. Tb describe a figure (CRNO) similar to a given 
right'lined figure BWAO, so that the latter may be to the 
former^ as the line AQ is to the line QP. 

Find, by the last Problem, 4 square (OS*) ^ ^ 

80 that AQ : QP :: OA" : OS^ and ^ ^ 
make ON = OS; draw NR, RC parallel to ^ A7r-->V^ 
AW, WB, respectively; and CN is the figure 
required. 



For the figures CRfJO, BWAO being similar (l65, Ex. 4); 
and because similar plane figures are as the squares of their 
homologous sides (102), we have BA : CN ::'A0' : ON* 
(OS*J :: AQ : QP (by the construction.) 

^ By this Problem^ plane figures are augmented, or reduced in 
Area according to any given proportion. 
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188. To make a triangle (ACS) of a given magniit^de, 
which shall also be similar to a given triangle ADB« 

On AB make the rectangle AR = to the 
given triangle ADB (183); then on AB 
(produced if necessary) let the rectangle AN 
be constructed equal to the magnitude of the 
required triangle^ having its sides AS, SN 
in the ratio of AB to BR (185), draw CS 
parallel to BD, meeting AD produced : and ACS is the 
triangle. 

For the triangles ADB, ACS being similar, and also the 
rectangles AR, AN, we have (102), 




rectang. AR 
triang. ACS 



rectang. AN :; AB' : AS* :: triang. ADB 



Or, rectang. AR : rectang. AN : : ADB : ACS ; and th^ 
antecedents being equal (by the construction) the consequents 
AN, ACS must also be equal, or the triangle ACS = the given 
magnitude (by construction.) 

SchoL Therefore a triangle may be made similar to one tri- 
angle and equal to another* 

189, To describe ajigure (ASOWP) similar to a given 
Jigure ABCDE, an^ equal to a given rigbtMned Jigiire G, 

Let the two figures EB, and G be reduced 
to squares (181, 184.). Then the construc- 
tion will evidently be exactly the same as that 
of the preceding problem. For if the rect- 
angle AR be made equal to the figure £B, 
and a similar rectangle AN equal to G (185 J, 
the side AS of that rectangle will be the base 
of the required figure: then the sides SO, 
O W> WP being drawn parallel to the corres« 
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ponding sides of EB, the figure PS will be similar to EB, and 
equal to AN or G. 

Methods of determining distances ly means oj similar 
Triangles traced on the Ground. 

190. To find the length of the line AB accessible only at 
loth ends. 

Having fixed on some convenient point ^ 
P, measure BP and AP; and prolong those 
lines till PG = PB. and PD r: PA ; then 
the distance between the points D and G 
will be equal to AB. 

For the sides of the triangles GPD, BPA about the equal 
angles at P are respectively equal, therefore the third sides GD, 
BA will also be equal (3S). 

Or thus, 

Having measured PB, PA (as before), take PC some conve- 
nient aliquot pait oi PB, and PO the same aliquot part of PA ; 
then measure the cross distance OC, which will be the like ali- 
quot part of the required distance AB. 

For the sides PO, PA; PC, PB being proportional, the Iri- 
angles OPC, APB will be similar ; 

Hence PO : PA :: OC : AB ; therefore whatever part PO is 
orPA, the like OC will be of AB (91). 

Suppose PA = n9?, and PB=4U/cr/; and lit PO, PC be | of PA 
PB, or equal to 78/. bin, and 82/. d\in. Aud suppose OC measures J'3» 
f^'ct\ tluni ALi=yJi X 5 = -i6Ti. /ee/. 

191. When the line (AB) is accessible at one e?id (B) 
only. 
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We suppose some ol:ject at the in- 
accessible end A : and let a mark be 
set up at B : then in the direction AB 
take BG (the longer the better}^ and 
through a convenient point P, as in the 
preceding problem « let the distances 
BD^ GR be measured, so that PD = 
PB, and PR ^ PG ; then if a mark 
be set up at K the intersection of AP and RD when produced, 
DK will be equal to AB. 

For the triangles PBG, PDR being similar and equal in 
all respects, the triangles PBA, PDK will also be similar and 
equal (gsj. 

Or BA may be found without the disUnces PD, PR, 
thus; take PC. PO, like aliquot parts of PG, PBj then SO 
will be the same aliquot part of BA (95). 

For PO : PB : : OS : BA. 

Suppose PB = 442, PG =464/^:/; and that PO = llOi, PC = 116 

fiet CJ of PB and PG) ; also, suppose OS measures 113^; then BA = 
45'J /eei : for ilOJ : 442 :: 1 13 : 452. 

192. LiCt O be an object on the opposite side of a river ; 
to find the distance DO. 

i 

Lay down an isosceles triangle DBA, 
the side DB being in any convenient 
direction; then having measured a 
base T>Ry set up a mark at R; and in 
the same direction take another base 
Kd, and make the triangle dba similar 
and equal to DBA {da being parallel 
and equal to DA) : then find the con- 
course (C j of the lines ORC^ daCy and measure dC ; 
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By similar triangles^ Kd : dC :: RD : I^, 
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Suppose DR s 300, H<f = SO, and «fC = 270|/ea^ 
Then 80 : STOJ- :: 300 : 1014 feet nearly = DO. 

193. But the most expeditious method of finding the dis* 
tance to an inaccessible obyect, is by means of a Rhombus^ as 
follows : 



i:r 



Af 



EL, 



D 



Suppose O the oljeci, and OB the required 
distance. -^VJith a line or measuring tape whose 
length Is equal to the side of the intended rhom- 
bus, lay down one^ side BA in the direction BO, 
and let BC another side be in any convenient di- 
. rection : fasten two ends of two of those lines at 
C and A, then the other ends (at D) being kept 
together, and the lines stretched on the ground, those lines AD, 
CD will form the other two sides of the rhombus. Set up a 
mark at R where CO, AD, intersect ; and measure RD : 

Then the sides of the triangles RDC, CBO being respectively 
parallel, the triangles will be similar; hence, RD : DC :: CB 
: BO. 

Suppose the side of the rhombus is 1 00 feci, and RD = 1 1/. Ttn. then 
Jl/j : 100 : : 100 ; 863 feci tteariy = BO. 

Or Mz«;— Having laid down the rhombus, s?^;^^;^.:,^ 
mark the concourse of the lines ODS, BCS, and :" \7" 

measure CS : Then CS : CD : : AD : AO. 



A 



1 



B C S 

If the ground is nearly level, a rhombus whose side it 100^^/ will deter- 
mine distances to the extent of 300 yards within a very few feet of the 
truth. 

194. To Jind the lengtli of an inaccessille line (QR) ly 
means of a rhombus. 
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At some convenient point B, 
lay down the rhombus (B ADC), 
so that two of its sides BA, BC 
are directed to the extremities 
of the line, Mark the inter- 
sections O and P (as in the first 
case of the preceding problem) : 
then the triangle ODP will be similar to the triangle RBQ ; 
and OP parallel to QR. 

For each of the rectangles DO x BQ, DP X BR being equal 
to the square on the side of the rhombus (as in the preceding 
prob.) they must therefore be equal to each other, or DOx BQ 
= DP X BR ; therefore DO : DP :: BR : BQ ; and since 
the angles at D and B are equal, the triangles ODP, RBQ will 
be similar (94, coroL l). Therefore OD : OP : : RB : RQ. 

Suppose OD = 9/ bin. ?D = 1 1/. lOin, OP = 13/. 7i«. and the side 
of the rhombus s: iOO/eetm 



Then 1!^? : 100 :: 100, 



Therefore 9-,J^ (OD): 13 ^^ (OP) 
12l9/«?/ = RQ. 



10000 p^ 
1 0000 
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(RB) 



10000 X 13^ , 



Therjefore the inaccessible distance RQ is found by multiply- 
ing the squarie of the side of the rhombus by OP, and dividing 
that product by the product of OD and PD. . . 

The length of an inaccessible line may also be found by 
tracing a quadrilateral, as in jiri. 151. Both methwls how- 
ever, are necessarily confined to moderate distances, and re. 
quire much care in tbo execution in ordisr to bring out satis* 
factory results. 
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Definitions, 



195. A Taianglb has three sides and three angles; And 
any three of those being given (the three angles excepted) the 
others are found by means of similar triangles : This is the 
business of Trigonometry. 

196. Hence it follows that Plane Trigonometry will admit 
of ibur different Cases : For the daia may be 

1. One side and two angles* 

(Therefore the 3d. angle is also given, j4rt. 41). 

^. Two aides and an angle opposite to one of them. 

3, Two sides and their included angle* 

4. The three sides. 

197. The sides of the similar triangles (or lines proportional 
to those sides) which enter into the computations, are called 
sineSf tangentSy secants^ &c. 



- 196* Let C be the centre of a circle, 
CR a radius perpendicular to the diameter 
WB3 and PCB an angle, its measure be- ^1 
ingthearcOB (64, 144). 



Draw the chord OS and BG perpendicular to the radius CB; 
and OD, RP perpendicular to the radius CR. 




Then, 
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AO is the Sine 

AC or OD the Cosine 

BG the Tangent Lf the arc OB, 

RP the Cotangent ' 

CG the Secant 

CP the Cosecant 



or angle PCB- 



199» The Cosine, Cotangent , &c arc the •Sine, Tangent, 
&c. of the complement of the angle PCB to 90 degrees, or ft 
right angle {co being a contraction of complement). 

Thu8,0D or AC is the Sine, 
RP the Tangent, 

CP the Secant of the angle PCR which is the com- 
plement of the angle PCB to a right angle; for the anglea PCB, 
PCR together make the righ^^ angle BCR. 

SOD. The Sine, Tangent, and Secant of an angle PCB are 
also the Sine, Tangent, and Secant of its supplement PC W, or 
the difference of PCB and 180 degrees, 

SOI. AB is the versed sine of the arc OB or angle PCB : 
and AW the versed sine of the angle PC W. 

203. When the arc is a quadrant or go degrees, its sine is 
the radius, and cosine : But the tat/gent and secant are in* 
finite, because they become parallel and therefore do not meet. 

Thus, CR is the sine of 90 degrees or the right angle RCB. 

£03. The degrees, minutes, &c. contained in an arc or angle 
are usually marked thus, % ', ", &c. So S9°, 57\ 4«" denote 
S9 degrees, 57 minutes, 4S seconds. 



204. Corollaries. 

1* Hence it appears that (AO) the sine of an ftrc (OB) is 
half the chord (OSJ of twice that arc {65)* 
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9. Because the lines in and about the quadrant RGB form 
equiangular triangles, we have, 

CA : AO :: CB : BG, 

0T, cosine : sine :: radius : tangent. 

And, CA : CO :: CB : CG. Therefore the radius is a 
mean proportional between the cosine and secant olan angle. 

And BG : fiC :: CR : RP. Hence the radius is also a 
mean proportional between the tangent and cotangent. 

3. When the angle is 45'' or half a right angle, the sine and 
cosine are equal; and the tangent and cota/ngent each equal to 
the radius. 

And otker properties are easily derived from the same figure. 

Of 'Computing the Sines, Cosines, &c. 

S05. Since 4 right angles contain 360"* x 60 or 21600 
fninuies, it follows that i the side of a regular polygon of 
10800 sides inscribed in a cifcle^ is the sine of an arc or angle 
of 1'. Half the side of a polygon of 5400 sides, is the sine 
of s'. And half the side of a .polygon of S700 sides, the.sine 
of 4'^ &Q* > But these figures cannot be inscribed geometrically; 
for which reason the formation of the Trigonometrical Canon^ 
or Tables of Sines, Tangents, &c, has been attended with much 
labour. Before fluxions were invented, the method of approxi- 
mation was by continual bisections, which brought out chords 
corresponding to arcs in a descending geometrical progression ; 
in this manner, the chord of a small arc being obtained, the 
chords of other small arcs were inferred from analogy on a sup* 
position that the chords and arcs are nearly proportional when 
the angles are small : To explain this, 
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S08. Let CRB be a quadrant. 
Make the chord BG equal to the radius 
CB ; then the triangle CGB b< ingequiH 
lateral, the angle GCB or arc GPB will 
.contain 60°. Draw CP to bisect the 
chord BG; ttien GD or BD is the sine 
of 30^ or the angle GCP or BCP. And 
if CO be drawn to bisect the chord BP, < 
OP will be the sine of 15° the angle PCO, &c. 

If the radius CB or CG is 1, then GD is =:0'5 the si?ie of 
30'' : and the cosine CD is equal to the square root of the dif- 
ference between the squares of CG and GD (83, coroL). 

The square of 1 is ]^ and the square of 0-3 is 0-^5, their difl 
ference is 0*73, whose square n>ot is 0*66602540378 8fc. -^ 
CD the cosine oi 30^ or sine of 60"^ i which taVcn from the 
radius CP (1) and the remainder is 0-13397459621 &c..the 
versed sine DP. 

Now the chord PB is equal to the square root of the sum of 
the squares of DP and DB (83), and is found to be 0-51763809 
&c. its half is 0-258819045 &c. = PO the sine of 15°. 

And the cosine CO is = 0-9659«5826 &c. the square root 
of the difference of the squares of CP and PO. 

And the next bisection would give the sine of 7t degrees* But 
this method, though perhaps the most obvious, must evidently 
be extremely tedious. The like bisections, however, may be 
obtained with much greater facility by means of the following 

207. Theorem. IJ any arc BPG of a semi-circle he 
bisected in P ; then the chord S? is a mean proportional ia- 
tween the radius CP, and the chord SG and diameter SB 
taien together* 
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Produce SG till GR is equal 
to the diameter SB, and join 
PR ; then SR is equal to SG 
and SB. 



Now the quadrilateral SGPB bc'mg in a circle, the external 
angle PGR is equal to the angle PBS (75). And because 
BS=:GR, and PBi=PG, therefore in the triangles PGR, 
PBS, the sides about the equal angles PGR, PBS are equal, 
therefore ihe triangles are identical, and consequently the third 
sides PR, PS are also equal. And because the angles PSC, 
PSG are equal (70, coroL)^ the isosceles triangles SPR, SCP 
witl therefore be equiangular. 

Hence CP : SP :: SP : SR, or SP« = CP X SR. 

Now if the radius CP be 1 , SP* will be equal to SR, and SP 
equal to the square root of SR, or equal to the square root of the 
fum 2 + SG, (because GR = SB r: 2). 

Hence, if the supplemental chord (SG) of any arc (BG) be 
increased by the diameter («}, the square root of the sum will be 
the supplemental chord (SP) of halt the arc (BG).. 

208. Let the chord BG be equal to the radius, then BPG is 
an arc of 60° . And because the angle SGB is a right one (72), 
SG is equal to the square root of the difference of the squares of 
SB and BG (83, cor^L). 

The square of SB is 4, and the square of BG is 1, therefore 
SG the supplemental chord of the arc BG or | of the circum- 
ference is I -73205080756887 &c. the square root of 3. 

Consequently SR is n 2 + 1-73205080756887 &c. and its 
square root is 1*93185165257813 &c. =: SP the supplemental 
chord of the arc BP or ^ of the circumference. 
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And the square root of 2 -h 1-93185165257813 &c. is =: 
l'952Sbi^72274762 &c. the supplemental chord of ^ the arc 
BP, or yV of the circumference. 

In this manner, after eleven bisectionSy we get S + 
l*999--99r3854478 the square of the supplemental chord of 
TTTTT <>f the circumference or l'45''44: Which taken from49 
the square of the diameter, leaves 0*00000026145522 the square^ 
ofthechordof l'45"-ff : And the square root is 0*00051132692 
the chord of l' 45"^^, or the side of the inscribed polygon of 
J 2288 sides*. 

Now the chords of sm all arcs being nearly in the same pro- 
portion as the arcs themselves, we have, 1' 45''f4 : 0*0005 1 13S698 
: : S' : 0000581 7764 the chord of the arc of 2'; and its half or 
0*0002908882 is the sine oF l\ 

And the c^5i7ic is =: 0-99999(>9577 the square root of the dif- 
ference of the squares of the radius 1, and tht sine. 

209. The sine and cosine of 1' being given, the sine of 2' 
tvill be equal to twice the product of that sine and cosine. 

For let B be the centre of a circle, 
and OD, DC the sine and cosine of the 
arc OB or angle OCB, and GP the sine 

of GB or twice the arc BO Then if CR g, C P D B 

be perpendicular to SG it will also bisect 
it (65). And because the angles OCB, GSPare equal (71), 
and CO equal to SC, the triangles SRC, CDO will be equal, 
therefore SG is equal to twice the cosine CD, and the triangles 
SPG, CDO are similar : 

Whence, CO : OD :: SG r2CD) : GP; 

Therefore when the radius CO is = l, GP is zr 2CD X OD (89). 

Again CO : CD :: SG (fCD) : SP: 

♦ See Ludolph Van Ceulen de Circulo et AdscripUs, where the bisections 
are continued 30 times, and the supplemental chords broajht out to 40 
places of figures. 
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And if CO is 1, SP Is - 2CD x CD, orfiCD"; and the 
losine CP equal to the difference of SP and SC> or the difference 
of 9CD*and 1. 

Therefore if the angle OCB is l', GP the sine of S' will be 
n S X 09999999577 X 00002906882 = 00005817764. 

And the difference of twice the square of 0*9999999377 and 
1, is 0-9l)99998v'^08» the cosine of 2. 

210. But to find the sine of 85 or the sine of triple an arc 
when its sine and cosine are given^ 

Let SH be the sine of the 
arc BS ; OS or OG the sine 
of half the arc SDG; and GP 
the sine of the. sum of both 
arcs BS and SG Then DS 
is the common difference of 
the arcs BS and fiD, and BD 

and BG; and therefore the arc BD is an arithmetical mean b^ 
tween the arcs BS^ BQ. 

On CB let fall the perpendiculars DK, TI, and draw SR, 
OQ parallel to BC : Then because OS, CG are equal; QG 
and QR will also be equal 9a : and RG being the difference of 
the sines HS, PG, therefore QG or QR is half their difference, 
and 01 half their sum. 

Now the triangles COI, CDK being similar, we have 
CD : DK :: CO : OI; therefore when the radius CD is 1, 
OIwillbe=:COx DK: 

But DK is the sine of the mean arc BD : therefore the pro- 
duct of DK the sine of the mean arc, and CO the cosine of the 
common difference DS^ is equal to OI : consequently 2CO X 
DK is equal to twice OI or the sum of HS and PG : and there- 
fore PG is equal to the differencie of 2CO ;< DK and HS. 
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Now if the ares BS, SD, DGare each 1'. then HS is the 
««eof 1' J CO is the come of I'j and DK.is the sine of the 
■arcBDof s': 

Therefore to find PG the sine of 3', multiply twice the cosine 
t>f 1' by the jiaeof r, and subtract the sine of 1' fiom the 
product. 

A»d if the arc BS is «', and SD, DG each 1'; then DK is 
the sine of 3', and PG that of 4': 

And PG is equal to twice tht wine of 1' x sine of 3* minus 
the sine of a'. - • 

In like manner, if BS = 3' i SD and DG each = l' ; PG the 
sine of y will be = twice the cosine of 1' x sine of 4' minus 
the sine of 3' : and so on for the sine of any muItiiJe of the 
•re 1'. 

Carol. If the mean arc BD is 6o% then CIC the sine of 3o» 
win be equal to | CD (205); and because the angle lOS is 
the complement of IOC to a right angle, the triangle RGS is 
similar to the triangle OCI orDCK, therefore RG will be =• 
4 GS (the arc BD being BO-) or the sine of the arc DG or DS • 
consequently PG (or PR -f RG) will be equal to SH + OG :' 

Therefore if two arcs be taken, one greater than 60°, and the 
other as much less, the sine of the greater arc wll be equal to 
the sine of the less arc, together with the sine of the arc which 
is the common difference from 60°. 

Thus if the two arcs are 15» and 4S«; then 0-2588 »ic. the 
sine tof 15» added to 0-7071 &c. the sine of 45% gives 0-9659 
&c. the sine of 75°. 

211. The sines and losines being found, the tangents, eo. 
tangents, &c are obtained from similar triangles (see the fig. 
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Thus, 



AC : AO : : CB : BG, 

or cosine : sine : : radius : tangent. (SMj^ 

And, AO : AC :; CR : RP, 

sine : cosine : : radius : cotangent* 

Also, AO : CO :: BC : CG, 

cosine : radius : : radius : secant. 

And, AO ; CO :: CR : CP, 

or sine : radius : : radius : cosecant. 

919. When the 5t92e^, co5i72e5, &c. are computed Co erery 
minute up to ^SP, and arranged in columns, they rorm a Table 
of the natural sineij cosines, &c. to every minute of the 
Quadrant : these are called natural sines, &c. becauM they 
exhibit the lengths in parts of the radius : Mtui the Logarithms 
of those numbers or natural sines, &c. compose the artificial 
or Logarithmic Canon. 



Of the Table of Sines and Tangents. 

915. The Table contains the Logarithms of the Sines and 
Tangents to every minute of the quadrant. Two degrees are in 
each page; and the minutes in the left, and right hand columns, 
ansN'ver equally for both. 

Th«e degrees up to 45 are at top, the minutes being in the 
left haLxd column ; but the degrees firom 43 to 90 necessarily 
Ikll in a contrary order at bottom^ and the minutes are num- 
bered up« vards on the right. 

Thus, if thi ^ arc or angle be 15^ 17' (page 32) : 

150 l\^ tina 9-420933 ..., the cosine 

cosine 9-984363 sine , ^^ ^^^ ^^, 

.tang. 9*436570 coiang. 

%'otimg. 10-563430 ,.. tang. 
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tl4. But if the radius or sine of 90^ be \, its logarilhin is 0*000000 ; 
and therefore as the sine of any other arc must, in that case, be Jess than 
I , the index of its logaritiim will be negative ( 1 SS^ Arith.). For example, 
when the radius is 1, the sine of 50^ is = \, and the cosine or sine of 60^ 
is =s 0'86«02540378 &c. (906). Now the logarithm of 4 or 0'5 is 
— l'«98970; and the logarithm of Q-866025 &c is— 1-937531 ; these 
are the log. sine, and cosine of 30^ in the Table^ excepting the indices, 
which, instead of-— i and — 1, are 9 and 9.^ 

If therefore, to afnid the use of negative indices in the logarithms 
(182, Arith.) we multiply, or suppose 2M\hR sines, &c. to be multiplied 
by 10000000000, 

we shall get 0*5 X 10000000000 = 5000000000 ; 

And the log. of 5000000000 is 9*698970, as in the Uble. 

Also, 0*8660254038 x 10000000000 = 8660254038; 
And the log. of 8660254038 is 9937531, the tabular cosine. 

The lo^. of the radius or sine of 90^ will be 10*000«00, which is the log. 
of 1 X 10000000000, 

In like manner 0*0002908882 the sine of I' multiplied by lOOOOOOOOOO 
gives 2908882, whose logarithm is 6'463726, the kig^ sine of T. 

But the same indices will evidently result by considering the sines. Zee, 
as computed to a radius of lOOOOOOOOOO equal parts : Ihus in the early 
printed tables of natural sines, tangents, &c. we find 127997801 the iatt- 
gent of 44', the radius being lOOOOOOOOOO: consequently 8*107203 the 
logurilhrn of 12791)7801, is the log. tangent of 44'. 

315* The log. secant of an arc or angle is found by adding 
10 to the index of the arithmetical complement of the log. 
cosine. 

Thus, if the proposed angle be 30^) : 

Then (211), 

As cosine o( 30^ log. 9937531 . . 

0062469 arith' comp. (185, arith.) 
to the radius log. lOOOOOOt 

so is the radi^is \o^. 10*000000 
to the secafU log. 10*062469 

VOL. I. 00 
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And the iudcxof the arithm<^tical complement of the log. sine increased 
by 10 gives the hg. cosecant, 

gltf. To find the log. versed sine of an arc, add the log. 
of the number 2 to twice the log, sine of \ the arc, and the 
sum, rejecting 10 in the index, is the log, required. 

For let ADB be a semi -circle, DR and 
JIB the sine and versed sine of the arc 

DB: Then ADB, DRB being right 

angles, the triangles ADB, DRB will be A R R 

similar, and we have 

AB : DB :: DB : RB, 

consequently DB is a mean proportional between AB and RB : 
and when the radius is 1, the diameter AB will be 2, therefore, 

DB* 

if for AB and DB we substitute their measures, is the va- 

2 

lueofRB. 

Bisect DB In O; then DO or BO is ih^ sine of i the arc 
DB : and because the square on any line is equal to 4 times 
the square on y that line, 4B0* will be equal to DB' ] therefore 

or SBO* is the versed sine RB, 

Suppose the arc DB = :S0^, then BO is the sifie of 1 5° : 

1 5 ® log, sine 9*4 1 299G 

2 

18-823992 log. BO « 
2 log. 030 ] 030 
FersedsiMoiZO<*\og, 9ie70^^2 

Sine RB : RD : : RD : RA ; therefore RA, the versed 
sine of the supplement, is a third proportional to the veised 
sine and sine of an arc* 
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Let the arc DB = SO®. Then 30® hg. sine (RD) 9-698970 

2^ 

ly -397940 

log. versed sine 9'\21022 

Suppi. versed sine log. 10-270918 

217. If at any time it should be thought necessary to make 
use of a log. sine or tangent to parts of ]a minute^ it may be 
found tolerably near by taking the proportional part of the 
diflFerence of the log. sines or tangents next greater and next 
less {\7^,j4rUh.). 

Tlius, suppose the log, tatigent of 17' 20^ is required : 

IV log. tang. 7-694179 
18' log. tang. 7*719003 

1?4821» difTerence. 

Then, as 60" : 24824 :: 20": 8275 which added to ihe^log.tang.oi 
W gives 7-702454 the log. tang, of 17' 20" nearly, the error being in defect 
because in this part of the Quadrant, the diiferences of the log. tangents 
in succession, decrease ; for example, the difference of the log- tangefits 
of 18 and 19' is less than that between \helog. tangents of 17' and 18', &c. 

And the foregoing operation reversed brings out the arc cor- 
responding to a given log. sine or tangent: 

Thus, to iind the arc or angle answering to the lag» sine 8*6437 14 : 

given log. 8-643714 
next less 8-642563 log, sine 2^ 31* 
diir. lijt 

And the difierencc of the log. sines of 2° 3 1' and 2® 32' is 2865 : 
Then, as 2865 : 60" :: 1151 : 24"; therefore the angle is 2® 31' 24*. 

218. To find the natural sine^ &c. corresponding to a 
given logarithmic sine, &c. when the radius is 1 ; take the 
number answering to the given logarithm from the table of the 
logarithms of the natural numbers] then the first figure on the 
left will be as many places to the right of units as the index is 
below 10; or as far to the left of units as the index is abo\'e 
10(214}, 

O O 8 
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Thus, 7-241877 is the iog\ sine of 6*; and the number answering to the 
logarithm -241877 is 17453, therefore 0*0017453 is the fuOuralsine of 6' to 
the radius U 

Again, suppose we would find the natural tangent of 59o 24'. 

The log. tang, is 10«228120, and the number to the log. -228120 i» 
109091 ; now the index being 10,' the first figure on the left will be an in- 
teger; therefore 1-69091 is the natural tangent of 59® 24'. In like manner, 
the natural tangent corresponding to the log. tang, 12*104901 is 
127-321 &c. 

219. The use of the sines in the resolution of Plane Tri- 
angled will appear from the following 

Theorem. The sides of every plane Triangle are in the 
'ante proportion as the sines of their opposite angles. 

Let AB D be a triangle ; C yf^^ 

the centre of its circum- 
scribing circle : then the ra- 
dii CA, CB, CD being 
equal, the triangles ACB, 
ACDy BCD^ are isosceles. 

About C with any radius 
CN, describe a circle, and 
draw the chords NS, NQ, QS, which bisect with the perpendi- 
culars CO, CR, CPj and the angles NCS, NCQ, QCS, will 
. also be bisected (46, coroL 1). 

And since (he sides or radii CN, CQ, CS, are equal, the 
triangles NCS, NCQ, QCS will be isosceles and similar to 
ACD, ACB, BCD, respectively; 

\\hi.nce NS : AD : : NQ : AB :: QS : BD; 

and NO : AD : : NR : AB : : QP : BD, because 
the halves of any lines must have rtie same proportion as the 
wholes. 

But NO is the sine of the angle NCO; NR the sine 
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of NCR; and QP the sine of QCP to the same radius (204^ 
carol. 1) : And (71) the angle NCO is equal to NQS (or 
ABD); NCR equal to NSQ (or ADB); and QCP equal to 
QNS (or BAD). Therefore the sides AD» AB, BD, have the 
same proportion as NO, NR, QP, the sines of their opposite 
angles. 

Thus if the angle A = 42o, B = 64o, D = 74°. Then the radius CQ, 
CS or CN being = 1, 

NO = -8988 &c. sine of 64® the angle B, 

NR = -9613 &c. sine of 74o angle D, 

QP 3= '6691 &c. sine af 42° angle A; and their doubles, 
or NSss 1-7976, NQ = 1-9226, QS = 1*3382 are the sides of the 
triangle NQS which is similar to the triangle ABD. Hence if one side of 
the triangle ABD be given, the other sides are found by proportion. Let 
DB (for exitiuple) = 100 yards: 

Then QS : NS : : BD 2 AD, 
vix. 1-3382 : 1*7976 :: 100 : 

or -6691 I -8988 : : 100 : 134 3 yards nearly, by using the sines 
or halves of QS and NS, which have the same ratio as the wholes. 

And QS : QN :: BD : BA, 

or -6691 : -9613 :: 100 : 1437 yards nearly, by taking the halves 
of QS and QN. But it is much more expeditious to work with the 
logarithms of the sines. 

220. But independent of computation by the table of Sines, 
Tangents, &c. the several cases of Trigonometry are also re- 
solved geometrically; and insirumentally. A scale of equal 
parts, with a Line of Chords or a Protractor for laying down 
or measuring angles, are sufficient for the geometrical comtmC" 
tioti, which is the most simple but least accurate method of 
solution. 

The Sector is an instrument particularly adapted for trigono- 
metrical operations. On each of its legs are laid down the 
natural sines, tangents, &c. together with the corresponding 
radius divide (on the 6-inch Sectors) into 100 equal parts : by 
those lines, the common proportions in trigonometry may be 
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wrought tolerably correct; Bnt the Logarithmic or Gimtcr's 
Scale is the most commodious for thal)purpose. This Scale 
on the sector usually consists of three contiguous lines, 
namely^ the line of numbers, that .of sines, and the other 
of tangents, marked N, S, T; part lies on one leg, and part 
on the other, and therefore the sector must be quite open when 
it is used. 

The Line of numbers is nothing more than the logarithms 
of the natural numbers from 1 to 10 taken from a scale of equal 
parts, and each extended from the beginning of the line on the 
left hand, towards the right : Thus, 

From a scale of equal parts take •301 the 1<^. of 2, which 
set from 1 to S. 

And from the same scale set off *477 the log. of 3, from I 
to 3 : 

And '60d the log. of 4, from 1 to 4 : and so on to 10. 

Then the line AB will be the log. scale of numbers from 1 to 
10, or from 10 tQ 100, or from 100 to 1000, &c. 



i i J 1 UU 1 



2 



And because the logarithms of 10 and 8 added together make 
the log. of 20, if the distance between 1 and 2 be set from B to 
C, then AC is the log. scale of 20 when AB is that of 10, or 
of 200 when AB is 100, &c. 

But in taking the logarithms from a scale of equal parts, it is 
not necessary to consider them as decimals; for instead of '301, 
•477^*602, &c. we may use any convenient numbers in the 
same proportion, as 3'0I, 4-77, 602, &c. or, 30-1, 47;7, 
€0-2, &c. And when the scale is of sufficient length, these 
primary divisions may be divided and subdivided by laying 
off the logarithms of ri, 1-2, 1-3, &c. &c. as we find them on 
the 2 feet ruler called the Gunter*s Scale. 
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In adapting the Sines and Tangents to the Scale of Numbers, 
the line AB is considered as the logarithm of the radius ; for which 
reason the sine of 90"^ and the tangent of 45^ are coincident with 
10 (or B) on the scale. And when the sines and tangents cor- 
respond to a radius of lOt their logarithms are laid down from 
the left towards the right by means of the same scale of equal 
parts used for the logarithms of the natural numbers : Thus/ the 
radius being 10» the sine of 30"" is 5 (206)^ and therefore 30* 
on the line of sines answers to 5 on the line of numbers. 

But because the radius is a mean proportional between the 
tangent and cotangent of an arc (S04]^ it follows that the log. 
tang, and cotang. together always make double tht log. of the 
radius or tang, of 45^^ whence it is that the degrees above 45 
on the line of tangents are numbered in a contrary order : thus 
SO"* is also marked 70° ; for the 1<^. tang, of 70° is equal to the 
log. tang, of 45° together with the difference of the log. tangents 
of 20° and 45°. This inverted order of the tangents above 45* 
may be said to reduce the scale to half its length with the same 
extent of divisions. 

Having premised what may be thought necessary respecting 
the Trigonometrical Canon, and the Logarithmic Scale ; wa 
shall now proceed to resolve the several Cases pf Plane 
Triangles. 

CASE I. 

f 2U When one side and the angles are given. 

Examp. I. Given AD = 360. 

C A =: 43° 15' 

Angles ^ D = 72 51 

^ « = 63 54 

Required the sides AB and DB ? 
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Geometricallif* 

From any convenient scale of equal partu^ 
make AD =360 ; then at the extremities A 
and D lay down the angle A = 43** 15'^ and 
the angle D = ZS"" 3l' (144); produce AB 
and DB till they meet^ and ABD is the tri- 
angle. 

AB^ and DB measured on the scale upon which AD was 
taken^ will be found 38a, and 975 nearly. 

Ariihmclicaliy, or hy computation. 

By the Theorem Art. 219, As the sine of any angle. 
Is to Its opposite side. 
So is the sine of any other angle. 
To its opposite side. 



The natural sines 
to the radius 



^. i 43* 15' ) C 0-6852 > 

, ' ^72 5i J» are ^0-D555C nearly, (218). 

* C 63 54 5 1 0-8980 i 



Therefore -8980 (sin. anj. B) : 360 (AD) : : -9555 (sin. ang. D) : 3831 
■early, =AB. 

And -8980 : 360 : : 6852 : (sin. ang. A) : 274-7 nearly, = BD. 

But the usual method by the logarithmic sines is much 
shorter: thus^ 

As the sine of the angle B, 63® 54' log. 9-953290 

0*0467 i arith. C(mip.{\%S,ATiih.) 
To the opposite side AD = 360 log. 2*556303 
So is theJiw of the ang. D, 72^51' log. 9-980247 
To its opposite side AB, 383' 1 log. 2-583260 

And 

As«w 63^54' log. 9-953290 

0046710 

To AD log.* 2-556303 

So is the sijie of the angle A, 43« 15' log. 9 835807 
To the opposite side BD, 274-7 log. 2-438820 
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f 22; When the two first terms of the proportion are re- 
peated, as in the present example, the operation may be some- 
what abridged by taking the sum of the arithmetical comple- 
ment and the log. of the 2(2. term, instead of setting them 
down separately a second time j 1 



Thus, 2'6030J3 is the sum of ( ^j! 



046710 
'556303 



9 *835807 log. sine 43° 15' 

2 4388'J() log. of274«7 as before. 

Instrumcnttdly, by the Logarithmic or Gtmier's Stale. 

Set one foot of a pair of Compasses at 63^ 54' on the line of Sines and 
extend the other to 72^ 5 1', then that extent mil reach the same way from 
■360 to 383 on the line of Numbers. 

And theextent'from 63° 54' to 43® J 5' will reach firom 360 to 275 » 

The Veason of this operation Is evident firom the nature of 
logarithms : for when 4 numbers are directly proportional, the 
second divided by the first, is equal to the fourth divided by 
the third, and vice versfi (22, Arith.) ; therefore the difference 
of the logarithms of the first and second terms is equal to the 
difiercnce between ihe logarithms of the third and fourth 
(183, Arith,) : Thus the difierence of the log. sines of 63'' 54' 
and 43° 15' is equal to the difference of the logarithms of 360 
and 274-7. 

Examp. 2. Given AD = 33' 15: 



(An sg"" 0* 
Angles -< D = 56 11 
I B =^4 49 

Required the sides AB and DB ? 




Here the first term of the proportions is the sine of 94® 49' or 85° 1 T (200) ; 
and the sides wiU be, AB = 27'64, and BD= 16-13. 
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Examp. 3. Given AD = 1863. 

Andes < _ "* 

^ ^ D = 90 



Required the other two sides ? ^ 



Construction. Take the base AD =r 1863 from a scale of 
equal pans; and make the angle A=:49° 17' ; then if DB be 
erected perpendicular to AD, the triangle is constructed. 

Computation. Since the triangle is right-angled at D, the angle B Is 
the complement of the angle A : 

Therefore, 

As cosine of angle A log. 9'8144 60 

0- 1 85540 arilh» comp. 

To AD, 1863 log. 3-270213 

• So 4i«6' of angle A, 49° 17' log. 0*^19i^?n 
ToDB 216'4'7 log. 333 j3i^0 

And, 

Ascowweoftheangle A 0*185540 miVA. com^ 

To AD log. 3^.^70213 

So is sine of angle D, 90o log. H>'00(h-()0 

To AB ii836 log. 3-45J753 



By the Logarithmic Scale. 

The extent from 40** 43' (o 49^ 17' on tlie line of sines, will reach on the • 
line of numbers from 1863 to 2165 nearly, for DB. 

And from 40^43' ta 90° will reach from 1863 to 2855, the hvpothcnuse 
AB. 

223. But the angle at D being a right one, the operation for 
finding the perpendicular DB is rather more simple by means 
of the tangent of its opposite angle A; 

Thus, 

Astherj^ittj log. 10000000 

'i o the latig. ot the angle A, 49« 17' log. 10065 17g 

So is AD, 18:.) log. n-o-o>i.3 

ToDB, 21U-7 log. :5-'^..;iM 



TRIGONOMETRY. ^91 

And the secftnt of 49"^ 17' taken for the second term of the proportion, in- 
stead of Xh^toTtgenl, will bring out the side AJ?. 

By the Lag, Scafe, 

The extent from 45^ to 49- 17' (^0° 43') on the line of tangents (220) 
will reach (the contrary wa}) from 18C>3 to 2\6^ nearly, on the line 
pf numbers. 



CASE II. 

224. When two sides and an angle opposite to one of them 
.are given. 

r AB z= 246-5 
Examp. 1. Given < BD zr 370-5 

(Ang.Ar: 101** 2l' 

Required AD, and the other two angles? 

Construction. At A the extremity of an in- 
definite right line AC, make the angle CAB 
= 101° 21', and set off AB n 246*5 from any 
convenient scale of equal parts ; about B with .- 

BD =• 370*5 taken' from the same scale, de- 
scribe an arc intersecting AC in D; draw BD; and ABD is 
the triangle. 

The measure of the angle AD B is 41% and that of B, 38*, 
nearly : apdAD is 230 on the scale of equal parts. 

CompiUation. The proportion in this case for finding an angle will be 

As the side opposite the given angle. 
Is to the sine o' thit angle. 
So is the other given side. 

To the sifte of its opposite angle : Being the reverse of that in the 
/ermer Case for finding a side. 
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AsBD,370»5 log. 2 5687S8 

l'43iSi\2 arith.comp. 

To «>icj of angle A, 1010 21' log. 9-991422 

So is AB, 246-5 log. 2- 391817 

To the sine of the angle D, 40° 43' .... log. 9*814431 

Now the two angles A and D together make 142° 4', therefore the third 
angle B is 370 5«' (4 J). 

Then by Case I : 

. As the sine of tlie angle ADB, 40* 43' log. 9-8 144 '» I 

To the opposite side AB log. 2'39i817 

SdwwofangleB, 37»56' log. 9'788C>H 

To AD, 232-3 ;. log. "2^366060 

By the Log. Scale. The extent from 370* to 245 i on the line of num- 
bers, will reach from 78° 39' (the supplement of 101°2r) to 4i«> on the line 
of sines, for the angle ADB. 

f AB zr 49-6 

Examp. 2. Given -< BD =81 
I Ang. A = 90' 

Required AD, and the other two angles ? 

This is constructed in the same manner as the 
preceding example. 

Computation. 

AsBD, 81 log. 1 -908485 

rr . - , 8-09 1 J 15 

J osifie of the opposite angle A, 9o» loe 10-000000 

So IS AB, 49-6 log? i>oC)5t82 

'J o sine oi the angle ADB, 37° Ad log, 9-7S<.-^97 

And 520 ly the complement of 37^ 46' is the angle B. 

As tho 52*;^^ of the angle A, 90^^ log. 10-000000 

i^.^y '•: • „ log. 1V).'8485 

^5o IS the sine of B, 3'J» 14' Jo^r. <).s<.7.,oh 

ToAD, 64-03 log. i.,.H-]<>j 

225. But AD may be found independent, of the angles, thus 
(83, corol.) : ^ 
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Square of BD = 6561 

of AB = 2460.16 

diff. 4 1 00-84 , and its square root is 64'03 nearly, the side AD. 

CAB = 4516 
Examp.3. Given ^BD =272) 

(Ang. A= 29"^ 20' 



Required the other angles, and side 




Construction. Having made the angle A ^ 

= 2(>° 20', and AB = 4516, about B ^^^ 

with 2721 describe an arc Dd to intersect ^-lLj-^/^ 
AC; draw BD, Bi to the points of inter- '^ ^^^"'d C 
section; then either of the triangles ADB, AdB is thai re- 
quired. 

For it is manifest that when the arc cuts the base line AC in 
two points, either AD, or Ad will be the unknown side; and 
this ambiguity must always take place when the side (BD) 
opposite the given angle (A) is less than the other given side 
(AB], except the arc, instead of intersecting AC, should 
touch it; in which case the angle opposite AB becomes a 
right one (67, corol. l). The single answers are therefore 
limited to examples where an angle opposite a given side is a 
right one, and such as have the side opposite the given angle 
greater than the other given side. 

CompiUatiotu 

As BD or Brf, 2721 log. .3'434729 

. Is to the sine of the opposite angle A, 29^20' log. 9*690098 

SoisA3,4jl6 log. 3-654754 

To the Jiweof 54°24'or its supplement 125°36' log. S*9iQ\23 

Therefore the angle ADB = 1 25° 36* And AdB {BD£0= 54» 2V 

ABD= 25 4 ABrf =96 \q 

Consequently, 

As the jxwe of the angle A log. 9-690098 

03('9:h)2 

Is to BD log. 3-43472;? 

So is the Sim of the angle ABD, 25® 4' log. 9'(]':7('3Q 
To AD, 2353-2 log. 3-371661 
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And, 

As the sine of the angle A 0-309.002 arith. €on^. 

Is to Brf log. 3-43i7?9 

So U the sine of the angle ABrf, 96© 16' loi(. 9 9^^397 
ToAf/, 5321M Jog. 3'74.^t)'JS 

This is called the amliguous Case in Trigonometry. 



CASE III. 

326. When two sides and their included angle are given. 

The two remaining angles will be found from the following 
Theorem : 

As the sum of the given sides, 

Is to their difference, 

So is the tungentoi ha'f the sum of the two unknown anglea* 

To the tangent of half their difference. 

Demonstration. Let DCB be the G .- 

proposed triangle ; CD, CB the given •••*'* \ 

gides including the given angle DCB. ^^ / I 

Produce DC; and about C with the \yf^,.,..(\ / / 

radius CB describe a senii- circle : join ^^ • ^,^' -^-Ai ^ 

EG, BR, and draw RO parallel to ^ ^ ^ 
BD. 

Now the sum of the angles CRB + CBR is equal to the 
j^um of the unknown angles CDB + CBD, each sum being 
the supplement of the angle DCB to two right angles; There- 
fore as the triangle RCB is isosceles, each of the equal angles 
CRB, CBR, is equal to half the sum of the unknown angles 
CDB, CBD. 

And because RO, BD are parallel, the angles RBD, BRO, 
will be equal, and the angle CRO equal to the angle CDB : 
But the angle RBD added to CBR (half the sum of the 
unknown angles) is the greater angle CBD ; and the angle BRO 
taken from CRB (the like half sum) is the less angle CRO 
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(CDBl; therefore BRO or RBD is half the difference of the 
unknown angles CBD, CDB *. 

Let RA be parallel to BG. Then the angle RBG being a 
right one (72), BG and RA will be perpendicular to BR. 
Now if an arc was described about R with the radius RB, and 
another arc about B with the same radius^ BG would be 
the tangent of the angle GRB or half the sum of the un- 
known angles; and RA the tangent of the angle AfiR or half 
their difference. 

But CG, CB, CR are equal, therefore DG is the sum, and 
DR the difference of the given sides CD and CB. 

And because GB and RA are parallel, the triangles DRA^ 
DGB will be similar; whence we have, 

DG : DR :: GB : RA; 

That is, as the sum of the sides, is to their difference, so is the 
tangent of half the sum of the unknown or opposite angles, to 
the tangent of half the difference of those angles. 

Examp. 1. Let CD = 4100 
CB = 2265 
Angle DCB = 87** 52'. 

Required the oilier two angles, and the side DB ? 

Construction. Make the angle DCB zz 87° 52'; and from 
a scale of equal parts set off CD = 4100, and CB =: 2265; 
join DB ; and the triangle is constructed. 



* Half the difference of any two numbers or lines added to, and sub^ 
traded from half their sum, give the greater, and less, 
respectively. Let BD, BR, be each equal to half S P I? R - M 
the difference of two lines, and BS, BM, each equal I •» i ' i 
to half their sum: then RS is the greater, and R\( 
the less. For SM is the sum, and RD the differcAco of tl^ose Imei* 
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DB measured on the same scale of equal parts is 46l0 nearly* 

And the measures of the angles D and B are 29^ and 63^ 
nearly. 

Calculation* 

CD = 4100 ISO* ' 

CB=:'£^ Included angle DC B = S7 52 

sum o>'i'> Sum of the unknown angles = bJ 8 

difl'. £N33 Angle CBR or CRB = 46 4 half. 

As 6365 log. 3-803798 

6M96-02 

To 1835 log- 3-263636 

So is the /flw^ew/ of 46« 4' (BRG) log. ^^±6VI\ 

To the tangent o( 16-40 the angle RBA .... log. 9M76012 
Greater ang.CBD=6£44 sum 
Less CDB =?9'24 diff. 

The side DB is found by Case I. thus. 
As the iin. of CBD, 62*^ 44', 
Is to CD, 4100, 

So is the jiwof the angle DCB, 87® 52', 
To the opposite side DB, 4609-3. 

By the Logarithmic Scale. 

Having taken the extent from 636j, the sum of the sides, to 1835 the 
difference, on the line of numbers, set one foot of the compasses at 45® on 
the line of tangents, and let the other rest on that line while the foot 
which was on 45° is moved back to 43® 56' (or 46® 4') ; take off the com- 
passes and set one foot on 45^ again; then the other will extend to 
16^ 30' nearly, the 4th. term of the proportion. 

To explain this operation, it may be necessary to observe, that if the 
tangents above 4 5® were laid down on the scale in their natural order 
to the right of 45®, the extent from 6365 to 1835 would reach 
from 46® 4' to ICP 30' on the left; therefore the distance of 16^ 30' 
from 45® must be less than that extent by the distance from 45® to 43® 56' 
(220) ; now the difference was found by moving one foot of the compasses 
from 45° while the other rested, and consequently that dilTerenceor extent 
when laid from 45® \*ill give the 4/A. term of the proportion, as in the last 
step of the process. 



\ 
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CCD = 94 
Examp.^. Given ^CB - 2(J 

^ included angle 22" 20' 



Required the other angles, and the third side ? 

jinswer. Angle D 

B 

DB 




8*«^ 

149 38 
707. 



CD = 
CB = 

Supi 

diif ' 



9+ 

68 



By the Logarithmie Scale. 

180° ' 
Included angle 2220 



2 )157 40 

78 50 halfsum of unknown ang. 



The extent from 120 to 68 on the line of numbers will reach from 
780 50' (or 1 P loO to 70o 30' (or !9o 30) nearly, oh the line of tangents. 
Here the extent from the first term of the proportion to the second is from 
right to left on the line of numbers, but the contrary way from the third 
to the fourth on the line of tangents, because (as it has been observed) the 
tangents above 45** are courted to the left. 

Half sum of the unknown angles 78* 50' 
Half difference 70 30 

Angle B 149 go sum 

Angle D 8 20 diff. 

Now the extent from 149® 20' (the angle B) ta22<*20' (angle C) on 
the line of sines, will reach the same way on the line of numbers from 
1)4 (DC) to70, DB. 



Examp, 3, Given 



C BD = 22-64 
I BC = 36-4 
( Angle B = W 



Required the angles at D and C, and the side DC ? 

Construction. Erect BC perpendicular to BD; 
then' from a scale of equal parts (which should 
have a diagonal scale decimally divided) set off BD' 
= 22*64^ and BC =: 36*4; join DC j andDBC is 
the triangle. 

VOL. I. Q a ' 
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DC on the Mine scale measures 43. 

And the angles D and C with the chords^ will be founi 
58« and 32«». 

Computation. 

BC = 3G-4 

sum 59*04 
diff. ;3 76 

Asifl-Oi , ^. log. l771Mg 

8*228854 

Itto 13*76 log. I1386I8 

Soil the tang, of 45«, half the sum of angles D and C log, 10-000000 

To thc/ai^.ofJI3jr, half their difference log, 9'36747r 

90/n 58 7 angle D. 

dif . 31 53 angle C. 

And DC found bj Case I. is 42*86 &c. 



J9j/ the Logarithmic Scale* 

The extent from 59*04 to 13*76 on the line of numbers^ will reach 
from 45^ to 13^ 10' on the tangents* for half the difference of the angles 
D and C* 

Half sum 45«' 
Halfdiff 13 10 

Ang. D 58 10 

C 3' 50 

Then the extent from 3 1 » 50' to 90° on the line of sines, will reach from 
22*64 to 43 nearly, for DC on the line of numbers. 

S27. But when the included angle is a right one, as in the 
present example, if either of the given sides be made radius 
the other will be the tangent of its opposite angle ( 1 98}. There- 
fore to find an unknown angle^ suppose D^ 

As BD, 22*64 log. 1>354876 

$ '-^' ^5;* log. vlt'wi ' 

So IS the rorfiw log. lO-OOOOOO 

To the tang, of 58<» 7', the angle D, as before ; log. 10206225 
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By the Logarithmic Scale. 

The extent from 22-64 to 36«4 on the line of numbers, will reach, on the 
line of tangents, from 45o to 58<> 10' (31^ 5(/) the angle D. For the Sd. 
lerm being greater than the first, the 4/A. must be greater than 45**. 

But the unknown side DC may be found without the angles, 
thus (83, corol.) : 

Square of BD = 5 12*5696 
of BC = 1324-96 

Sum 1 837-5296 ; and the square root pf thi? sum is 
42' S6 &c. the hypotenuse DC, as before. 
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528. When the three sides are given. 

We shall lay down two methods of finding the Angles. 

1. Suppose ACD the proposed 
triangle ; and let the perpendicular 
CP divide it into two right-angled 
triangles APC, DPC : 

Then, 

As the side AD, 

Is to the sum of the other two sides AC, DC, 
So is the difference of those sides AC, DC, 
To the difference of PA and PD, the segments ofthe base AD. 

Demonstration. Produce AC ; and about C with the side 
CD describe a semi-circle, and draw CO. Thea the radii CR, 
CD, CB being equal, AB is the sum of the sides CA and CD^ 
and ARris their difference. 

And because PO and PD are equal (65), AO will be the dif- 
ference of the segments PA and PD ; therefore (98j, 
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AD : AB :: AR : AO which being taken from AD, and 
the remainder OD divided by 2, gives PD (or PO) one of the 
segments ; and the sum of PO and AO is the other. Then 
the angles of the triangles APC, DPC are found by Case II. 

Examp. 1. Let AD = 462 ) 

CA = 384 >• required the angles ? 
CD = 169 3 

The Construction from a Scale of equal parts is according to 
Art. 130. 

Caieuiaiion. 

CA = 384 
CD= 169 

Sum 5)3 = AM. 

Diff. 216 = AR. 

As 462 : 553 :: 215 : 257-35 = AO, nearly. 
" 462 = AD. 

Diff. got -65 = OD. 

Half 102 33=;PDorPO. 

257-35 = AO. 
35''-ns = AP. 

Now in the triangles APC, DPC, 

are given AC = 334 and DC =: 169 

AP = 359-68 DP = 102«33. 

And the angles found by Caye II. will 

be PC A = 69<> 30' and PCD = 37* IfT 

PAC = 20 30 PDC = 52 44 

Therefore the angles are, C = 106046" 
D = 52 44 
A = 20 30 



By iho Logarithmic Scai€, 

The extent from 462 to 553 on the line of numbers, will reach, the same 
way, from 215 to 257 nearly, on the same line. 

The perpendicular howcrer, mny be drawn from cither an- 
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glc ; l)ut when it falls without the triangle, it must meet the 
oppositf side produced ; in which case the calculation is no 
ways different frotn the preceding: Thus, suppose ACO to 
be the triangle; and let the perpendicular CP meet AO pro- 
duced ; 

Then AO : AB fCA + CO) :: AR : AD; and half the 
difference of AD and AO is the segment PO as before: now 
the angles PCO, PCA being found (by Case IL), their rff/- 
Jcrence, instead of the stim^ will be the angle (ACO) opposite 
the base, 

229- Method 2. This is principally derived from the pre- 
ceding Demonstration. Thus, suppose CGA is the proposed 
triangle ; and let it be required to 
find the* angle CGA opposite the 
base CA* 

Make GO =r GA ; and OC ^rill 
be the difference of the sides GC and 
GA: then 

As the rectangle of the sides GC and GA, 

Is to the rectangle of half the sum and half the difference 

of CA and CO, 
So is the square of the radius ^ 
To the square of the sine of half the angle CGA. 

Demonstration. Let AO produced meet CD drawn parallel 
to GA, and make GS and CP perpendicular to AD : 

Then the triangles OCD, OGA will be isosceles and similar; 
and the angles OCD, OGA, and also the opposite sides arc 
bisected by the perpendiculars CP, GS. 

Now if AD is the base of the triangle ACD, and AC, DC, 
the other two sides. AO will be the difference of the segments. 
PA^ PD, exactly as in the preceding demonstration: 
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Therefore, 

As the side AD, 

Is to CA + CD, the sum of the other two sidec^ 
So is CA — CD, the difference of those sides. 
To OA.— Or because CO = CD, it wUI be 
As AD : CA + CO :: CA — CO : OA; 

And their halves will also be proportional, 
or. As 4- AD, 

To half the sum of CA-+-CO, 

So is 4 the diff. of CA— CO, 

To 4 OA. 

Therefore the rectangle ^AD x -tAO is equal to the rect- 
angle under the | sum and i diff. of CA and CO (89)* 

• 

ButOP = f OD, and 0Sz=4 0A. therefore OP + OS dr 
PS z= -y AD ; and consequently the rectangle PS X OS 
(rz 4^ AD X 4^ AO) is equal to the rectangle of the aforesaid -J- 
sum and | difference. 

Now the triangles OPC, OGS being similar, we have 
OC : OG :: OP : OS; and by composition (94, 5cAo/.) 
OC + OG (GC) : OG :: OP+OS (PS) : OS, 

•irGC : OG :: PS : OS: 

And GC X OG : OG X OG :: PS X OS : OS X OS, by 
taking equimultiples of the two first terms of the proportion, 
and also of the two last (Arlth. 95} : 

or GC xOG : OG« :: PS x OS : OS*: 

whence GC x OG : PS x OS :: OG' : 0S\ 

But PS X OS is = the rectangle under the i sum and 4 
difference of CA and CO, hence the last proportion becomes 
As GC X OG, or GC x GA, 
Is to the rectangle of i the sum and •§- the diff. of 

CA and CO, 
So is OG% to OS* : 
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Therefore, if OG or GA be made the radius, OS will b« 
the sine of the angie OGS, or of half the angle CGA. 

Example 2 Let the sides of the Triangle CGA be as in 
the preceding example^ namely^ C A r=: 46S, GC = 384> 
GA =: 169. 

Then, 

<5C = 384 
GA = 169 

215 diff. 7-415669 anih, amp. log. 384 = GC. 

CA = 462^ 7-7721 13 arith. comp, log. 169 = GA, 

sum 677^ half =s 338*5 log. 2*529559 (186, Ariik.) 

diS. 247^ half = 123:5 log. 2*091667 

radius square, log. 20*000000 

2)19^80^008 

Angle OGS 530 23' log. rfw 9*904504 

Angle CGA =s me 46 as before. 

The other two angles are found by Case IL 

The meihod of working the last proportion by the Logarith. 
mic Scale is omitted^ it being rather complex^ and therefbm 
may produce considerable uncertainty in the results^ particu- 
larly on the fcix-inch Sectors. We may also remark in general 
respecting these operations, that when the sides of the triangles 
exceed 1000, the calculations should be made with the pen, 
because there is too much gtiofs-work on the Scales when th9 
integers are more than three. 

Application of Trigommetry to measuring Heights and 
Distances. 

t30. Tk£ Instrument proper for measuring horizontal and 
vertical angles in common Trigonometrical operations is a The« 
odolite furnished with one or two Telescopes, and a Vertical 
arc : And if the horizontal circle is not less than about 6J> 
inches in diametar^ the observed angles may be read off to half a 
minute. The student^ however* would benefit little from a 
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description of the Instrument, because the method of ex- 
amining and correcting the Spirit-levels, &c. and adjusting 
the whole for observation, must be acquired under the eye of a 
Master. 

But after all the care that may have been bestowed in cor- 
recting the line of collimation, telescope-level, &c. it seldom 
happens that the elevations or depressions shown by the Instru- 
ment are correct. It is therefore always adviseabic to deter- 
mine the error, or how much the elevations or depressions are 
too greatj or too little. This may be done in the foUowiog 
manner : 

Let C be the ceutre of the earth, SR an / 

arc on its surface, A the place of the tele- ^.^^^^ i 

scope when the Theodolite stands in the ver- Xr 7p 

tical line CA, B the place of the telescope ^^^^^^^^^^^^ 

when it stands in the vertical CB, AG (per- sNpSi^ 

pendicular to AC) the horizontal line at A \J 

drawn to meet CG, and BO (at right angles ^ 
to BC) the horizontal line at B. 

Then, if the telescope at B be directed to a mark or object at 
A, the elevation of that object above the horiaontal line BO is 
the angle OB A ; and when tl^e telescope is at A, and direcud 
to an object at B^ its depression below the horizon AG will be 
I lie angle GAB. 

Let SDnRB, and RP-SA. Then because the triangles 
APC, DBC are isosceles, and the angles CAG, CBO right 
ones, the angle CAP -f- angle PAG = a right angle ; but 
the angle CAP -f- half the angle ACP also make a right 
angle, therefore the angle PAG or its equal DBO, is equal to 
half the angle C. 

Now the depression or angle GAB =:GAP+PAB (or ABD); 
orGAB:=PAG+DBO+OBA; but PAG + DBG =r angle C: 
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Therefore the depression GAB - ang. C + elev. OB A; 
or depr. GAB -h elev. OB A - ang. C -+- twice the elev. OB A; 
Therefore the elevation and depression togetRer, lessened by 
the angle C, is equal to twice the elevation : consequeniiy half 
the difference between the sum of (he elevation and depression, 
and the angle C, is the elevation. 

Now, whatever be the error in elevation or depression, their 
sum will be constant; for one is always diminished by the same 
quantity that the other is augmented ; hence the preceding rule 
gives the true elevation, except the angle C be greater than the 
elevation and depression together, in which case, the said half 
difference is the true depression of the highest of the two points 
or objects A, B. 

And when the observations are both elevations, or both 
depressions, their difference is constant, and half the difference 
letiveen the angle C and that constant difference will be the 
true elevation of the highest of the two points A, B, if the 
angle C be the les9^ but equal to the true depression of that 
highest point or object, when it is the greater. 

Should both the reciprocal observations be depressions (or 
both elevations), and equal to each other, the vertical heights 
SA, and RB are equal ; and the true depressions will be half 
the angle C. 

Exam p. The following observations were made with a Theodolite fo^ 
4l<*terniinii)g the error in tlie vertical angles taken wiili that instrument. 

Two marks, A and B, were set up exactly at the same height above tht 
grouml as iht' height ol the telescope ; and at A, the depression of B, or 
the angle GAB was 24' ; and at B, the elevation of A, or the angle OBA 
= i '/ The distance of the stations or arc r)R was 2G00 yards, which, allow- 
ing G91 miles 10 a degree, gives l'-23 cf a degree near!; , the angle C. 

Then, ?£ii^^^:=li^ = \^''^0 or about H'i the true elevation or 

angle OBA; consequently I7'J — r,'= /J is the e^ror, or what the alti- 
tudes shown hy tb« instrument were too I tie, or the depressions too great. 
VOL. I. X a 
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A distance of 600 or 700 yards however, is sufficient for 
trying a common Theodolite. In which case the angle C may 
be neglected, and the verticals S A and RB considered as paral- 
lels : the expressions then become more simple. Thus if one 
observation be an elevation = 17'> und the other a depression 
=: \3\ then half their sum =: 15' is the true elevation or 
depression; and 17'— 15' z: 2' is what the instrument gives 
elevations too great. — If both are elevations, or both depressions 
half the difference is the true elevation of one station, and the 
# true depression of the other. 

Here the observations themselves are supposed to be correctly 
made; for the result will evidently partake of any error that 
may arise in consequence of a mistake. 

231. Short Bases for temporary use only, are sometimes 
measured with Rods, or the Gunter's Chain of G^ feet. But 
the common 50j or 100 feet Tapes are much better adapted for 
expedition : with these lines, when the ground is tolerable 
level, and the direction or alignement of the base pretty cor* 
rect, the error in distance will probably be about 3 inches in 
50 feet, or f^z ^f the whole measurement as long as the 
Tapes are kept dry : afier frequent use however, they should 
be tried on a level pavement, or long floor, for which pur- 
pose a distance of 50 feet may be laid down by means of one or 
more Rods properly adjusted in respect of length. 

232. When a Base is measured on sloping grouitd, it must 
be reduced to the corresponding horizontal line, if horizontal 
angles at its extremities are taken with a Theodolite. Suppose} 

AB is a base of 300 yard^; OB aThco- H o 

dolite; and let the heicht of the staff AR R X — 

be equal to OB the height of the instru- -.-J^^^^^^^^^^.-....?™ 
ment; also suppose HOR, the angle ^ 

of depression of the top R below the horizontal line HO is 
5<»; then if OC is perpendicular to HO, the line AC, pa, 
rallcl to HO, will be the horizontal base qgrrgsponding to the 
measured b^e AB. 
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Now the angles HOR^ BAC being equals we have (by 
Case I.) 

As radius 1<^. 10*000000 

ToAB, 300 log. 2-477121 

So is cosine of 5^ (ihe angle BAC) log. 9*998344 

To AC, 298-9 log. g'475463 

ff 
• The difference of AB and AC is only i-l yds. Therefore a 
reduction of this kind seems unnecessary Mrhen the measured 
base is inclined to the horizon in a small angle, except theope-^ 
ration is intended to produce a very accurate result. 



S33* Examples. 

1 . To find the distances AO, BO from the stations A and B 
to the inaccessible object O, I measured AB which was 7 30 feet 
the ground being ne;irly level ; and having set up marks at A 
juid B, the angles at those stations^ uken with the Theodolite 

CA = 57° 12', 
were •< 

^B =: 24 45. Whence the distances AO, BO are 

required ? 

The angle at O, or supplement of the angles 
A and B U 98^3'. And Xht Comiruction and 
Calculation will be exactly the same as in the two 
£rst examples. Case I. (22\), 

k^A J AO willbefound = 30S'6/<rtf/, 
^^ bo ,=619-7 

S. Wanting to know the breadth (DO) of a riveri I mea* 
sured a base AB of 400 yards along the bank, and at the ex- 
tremities A and B took angles to an object O on the opposite 
^de, 

(angle OBA= 37° 40^, 
^^^^^^y Jangle OAB = 59 15. Hence the breadtb OD is 
rei^uired ? 




J 
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Construction. Make RA s= 400 from any ^Pq 

convenient scale oi eq\ial parts ; ami at the 
extremit'rs '^> aot A, lay down the respective 
angles 37* 40' and 59* 15 ; then the perpendicu- 
lar *Jl> upon t .e base 1 \ (ij2), will be the 
breadth required. And its measure is 212 nearly. 

Calculation. "By Case I. (.'?!). 

As the sine of the angle BOA, 83° 5' (the " 

supplemtnt ol the angU-s liand A) log. P'flPfiSgg 

00n3n^ 

Is to BA, 4^0 log. 2-oOJ(K)0 

ho is sineoi an^le B, 37°40' .og. ??'7R(>0?<9 

To AO log. '2.3^I3M 

Then, 

Asit>rffoftheang].»C>DA. 90*^ log. 10-000000 

Is to AO lo^. 'i-3913'21 

So is the.w//eof !heangle A, 59'' 15' l«^g !) 934199 

To OD, 21 1*6 yards log. 2 -325 VJ Q 

By the Logarithmic Scale. The extrnt from 83^ 5' to 37° 40' on the 
sines, will Feach from 400 to 245 (AO) on tlu- line of numbers. 

Then, the extent from 90° to 59° 15' on the sinca, ^viUreilch from 245 to 
210, for OD, on the line of numbers. 

3. To find the bright, and the distance of the object Oon 
the top of a hill from the station B, we measured a base BN of 
642 yards up the sloping gronnd BC, directly from the object 
O, the points O, B, N, being in the s^amc vci t r;i' plane, then 
having -ct np a stpff BS whost^ leng'h was equal to the height 
of the Theodolite, we found the angles of elevation and de- 
pression to be as follows : 

At the station N. \ «'^>^' ^ f"'^' '^' = ''"S- OAH» 

( top of staff b depr. Si' = :in«^ nAo. 

At the other station B, the e'ev, of O = 5*" 52' =: ang. PSO. 

V ♦ c th<* hnri ntal listanct BR, the height T O, and also 
6N the height of the station N above B^ are required ? 
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Method qfConstrucHon. Draw RG indefinitely to repn^sent an horiTOntal 
line, and from any point B draw the slope BC making the angle CBG 
=jy(the angle HAS); 
then from a scale of 
equal parts set off BN 
= 6i2» and makers 
perpendicular to BG 
andequaltothe height 
oftheTheodoliteNA; 
let SA be parallel to 

BC and equal to' BN, and AO parallel to SB; also draw the horizontal 
lines, AH, SP: then if the angles OSP, OAH are made equal to b? 52*, 
and 3° 59', the angles of elevation respectively, and OR is perpendicular 
to GR, the figure m\\ be constructed. 




Cakulatiot.'m 

Angle OAH =r 30 59' 

HASaa 39^ 

Angle OAS = 438 



its SMpplement 179^21' angle ASP 

subtract 5 52 angle OSP 

173 29 angle OSA 



Therefore the angles of the triangle OAS are OSA = 173«> 29' 

OAS= 4 38 
AOS= 1 53 

By Core I. (221), 

AssiV/eAOS, 1053' log- 8*^^^^^ 

1-483274 

To AS, 642 log. 2-807335 

Sois*iVitfofOAS,.4«>38' lo^-. 8-907297 

ToSO log. 3-l5>8l06 

Then,asrtwSPO, 90® log. lO'OOOOOO 

To <0 log. 3-198106 

So!^ w«eOSP50 52' log. 9-^^^P515 

To the height OP, 161-3 logt 2'Vu7G21 

• 

SO log. 3198106 (222) 

50 52'c(Wiw.... 9-997719 
DisUncc SP = BR = 15697 log. 3-193825 

Asjif/tf ang. NGB90O log. 10000000 

TciN GAl log. 2-807535 

So5i//eN''0 39' log. 8-054781 

To NG 7-3 5ear<ir, nearly •.. , log. 0-862316 
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And if SB (PR) the height of the Theodolite whea st&ndiog on the 
ground, be added to OP, we sh^ll have the height of O above the hori« 
zontal line GR* 

N, B. If a correet result is required from an operation of this 
kind, the error (if any) in angles of elevation should be deter- 
mined (230); and care must be taken to adjust the height 
of the instrument when at B, ao that the telescope may be 
exactly at the height BS from the ground. 

4* Wanting to know the distance (AC), of a hill from the 
station A, and also the height (OC); w6 measured a base AB 
of 2Q8 yards on ground nearly horizontal, and at the extremi- 
ties A and B observed the horizontal angles, BAO (or B AC) =: 
42* 17', ABO (or ABC) = 79^ 29' ; and at A the angle of 
elevation OAC was 4^ b\\ Required the distance AC, wd 
Ijeight CO } 

J^eikod of Construction* The three poinds 
A9 B, C bping supposed in a plane parallel to /^/ 

the horizon, and the plane of the instrument at 
A and B in that plane, the angles taken to the 
point O in the perpendicular CO will he the J^' ^ — ^ — ^ 

same as they would be if the telescope was di- 
rected to the point C, hecause the horizontal circle of th^ Theodolite is not 
moved hy elevating or depressing the telescope. Therefore, having made 
AB = 298, and the angle BAG = 42° 17', ABC = 790 29', and OAC = 
4^ 51', raise the perpendicular CO ; then AC is the distance, and CO the 
height sought* 

Caiculaiicn- The angle ACB is 58° 14' the supplement of the horizontal 
angles at A and B. 

As**titfof58o 14' log. 9*92932 ! 

0-070479 

ToAB,298 , log. 2-474216 

Sf) is «M of ABC, 79029' , log. 9-992643 

ToAC,344'6 log, 2-537338 

Ang. OAC = 40 Sr . . ^. iang. 8-9?8658 (223) 
Height CO = 29*2 log. I -463996 

And the height of the instrument heing added to S9*2 yarA will give the 
nrhole height of the top O. 
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9. To find the distance of the object O on the top of a hill 
from the station A^ and also its height, we measured a base AB 
of 210 yards up sloping groui'id, its inclination with the hori* 
2ontal line AC being g"" 30' the angle BAC ; and the horisontal 
angles at A and B (found by directing the telescope to O) were 
PC A = 64' lO't and PAC = 7ff* 17'; also the angle of elcva- 
tion OBH (HB being an horizonul line) was 5*" 34% Fram 
^ence the height^ and distance of the object O are required ? 

Method of Calculation, Let the horizontal ^ 

lines BU, AP meet OP the line from O perpen- 
dicular to the horizon ; and suppose AC is the r 
iioriaontal base (332)^ and BC perpendicular to 

AC. 

\ 

In the right angled triangle ACBi the hypote* 
ouse AB and all the angles are given, whence CB '^ ^ , 

She height of tlie station B above A will be found^ 34*7 jfordf : and AC 
Ibe reduced base as Wlyerds* 

Then AC, and the angles jEc^Te IT 
of the triangle ACP, ^j^^ = 39 33 vill give A? the hori- 
contal distance from A rs ^S*6 ^erds; and CP the horizontal distance 
ffom C s tilB^ards ^z BH. 

Now in the right angled triangle OHB the side BH and all the angles are 
given, whence HO = 308 yards the height of O above B, to tliis add BC 
and we have OP = 65-5 yards the height above A. To this also should 
Im added the height of the instrument fpr the whole height of Q above the 
ground at A. 

0. At B, the top of a castle which stood on a hill ne^r the 
sea shore, the depression oi a ship at anchor was 4° 59' (the 
angle HBS), and at R, the bottom of the castle, its depression 
was 4" s' (the angle NRS). Required the horizontal distance 
of the vessel, and also the height of the castle abpyc the level of 
the sea, supposing HB the csstle itself tp be 54 feet high i 



IK 
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Mdhoicf Construction, From any scale of equal parts make B& 
54| and draw the horizontal 
lines RN, BH at right angles 
to BR: let the angles HBS, 
NRS be made s 4« 52', and 
4*2', respectively ; tlien ifSA 
is drawn perpendicular to BR 

piodw-ed, it will be the horizontal distance^ and AR the height of the bot« 
torn of the castle* 

Method of Calculaiion. The angle BSR is equal to 50' the difference 
of the angles of depression, therefore by CaseL (221). 

As the ji»e of 50' 

Is to BR, 54, 

So is the sine of the angle SBR (the cosine of 4^ 52'), 

To SR. 

And as the sim of ag^. A, 9(P 
To SR, 

So hsine of ang. RSA (NRS) 4® 2', 
ToAR. 2€0Je<ft. 
And, so is cosine of 4® 2', to 3690 feet = AS the horizontaT dist. 

7. In surveying with the compass, an object C bore SE b S, 
and when we had gone 240 yards in a SW direction, the ob. 
}ect bore £ b S. Required its distance from the stations B 
andA? 



Construction, Let the circle whose centre is B 
reprtrsent the compass; E, W, S, the east, west, 
and south points; draw EbS one point or lij deg. 
irom E ; S E hS three points or 33 j deg. from S ; and 
SW four points or 45*^ from S ; and make BA = 240 
from a scale of equal parts; then il AC be drawn 
parallel to the £ b S direction, C will be the place of 
the object. 



Method q/ Calculation* 




Inthetriang.ABC 



i ang. ABC = 7 points or 78** 45' 

< ACB =: 4 points or 43 

(. BAC = 5 poirOs or 56 15. 
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And the side BA =: 240, whence, by Ctm L AC =: 533, and BC =: 282 
yards. 

8. If BG the height of the rampart ABRC be 16 feet, and 
the exterior talus BR of the parapet is inclined to the horizon 
in an angle of 4° ; what is the difference in the distance (BO) 
of a musket shot made directly in front, and another (BS) in- 
clined to that direction in ^ angle (OBSj of 40''^ both shots 
being made in the plane of the talus ? 

Calculatioru 
Asji/ieofang. GOB,4o log. 8-843585 

0-156415 3B S 

ToGBie log. l'204152O /fBi-... \ 

SojtwofaDg.GSO®.... log. lO'OOOOOO ^ I \ ...V.-.-.A 

To BO, 229-4 log. 2-3^0535 A G C" <> 

Now OS is the intersection of the plane of the hori2on and that of the 
talus, therefore the direct shot, or the line BO is at right angle* to OS, and 
consequently the angle BSO is the complement of OBS ; 

Whence, as cosine of 40<>..-. log. 9*884254 

0-116746 

To BO log. 2-360535 

So sine of BOS, SO' Ing. IP'OOOOOO 

To BS = 299-4 log. 2-476281 

BOrss 229'4 

diff. 70 feety Ans^ 

9. Wanting to know the horizontal distance between 
the inaccessible objects O, W, and also their heights^ we 
measured a base AB of 670 yards on ground nearly hori- 
zontal; and at the extremities A And B took the following 
angles: 

(BAW =: 40** 16'. Elevation of W := 3° 46\ 
At A, ang. J^^^ _ ^^ ^^ of O .:5: 3 33. 

^ __ CABO = 42^ 22' 

AtB, ang.^Qg^y^ yi ,. 

Hence the heights^ and distance OW are requjred ? 
VOL. I. jft s 
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Construction. From any convenient scale 
of equal parts, make AB = 670, and lay 
down the respective horizontal angles at A ^?^ 
and B; join O, W, the points ot concourse 
of the lines from A and B ; and O W mea* 
tured on the scale from which AB was taken, 
vill be 1 170 yds. nearly, the distance be* ^ - ^ji 

tween the objects. 

Caiculiuion. 

CABO = 420 22' 
The angles of the triangle AOB are < OAB = 97 56 

<AOB =s 39 42 

Whence, by'GzM I. (221), AO will be found = 706-8 yards. 

<BAW= 40° IS' 
And the angles of the triangle AWB 2 ABW = 113 29 

(aWB = 26 i5 
will give AW s= 13S9'4 yards* 

Now in the triangle OAW we have given | J^q = ^^f^.^ 

and the included angle QAW =: 57<' 40^. 

TofinaOW(byC««III.) 

AW = 1389-4 
AO = 706-8 

180^ 0- sum 2(>96-2 log. 3-321433 

57_40 6-678567' 

sum of unknown ang. 122 20 diff. 682-6 log. 2'834 166 

half 61 10 tang. 10^259233 

halfdiff. 30 36 ^ tang. 9-77 i966 

ang. OWA =s 30 34 

Then, 2ssine OWA, 30° 34' log. 9-7063 26 

« 0*2y3674^ 

. to AO log. 2-84y3l() 

so is sine ang. OAW as 57'^ 40' log. 9'926B3 1 

toOW, 1174^flrrfjr log. 3-069815 

The lines AW, AO In the preceding figure are O -^ 

represented as drawn to the objects W and O on vs^ 
the elevated situations, because the telescope of 
the Theododire rs pointed to them when the an- 
gles are observed; but the distances by con- . 
stntcHon and calcukUion are the horizontal lints 
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supposed to be drawn from the stations to meet the perpendicuUn OF^ 
WR, let fall from O and W upon the plane of the hodzon- (233» 
Examp.4.) 

Thei*eforc to find the heights of and W, yre have, in the triangles ARW, 
APO right angled at R and P, the distances AR, AP equal to. 13&9-4, and 
^06*8 y^ds, and the angles at A, 3*> 46*, and. 3° 33' the elevations, whence 
(223) WR will be found = 91-5, and OP = 43 ? yards. 

10. When a distant object near the horizontal plane sub- 
tends a small angle, the following method of determining its 
distance would be simple^ could we measure such angles wit|i 
accuracy and expedition. Let OB be a distant object^ and sup- 
pose the angles OAB, OCR, are 2' 
and sy, respectively, the base or dis- 
tance AC, which is in a direct line from 
A towards the object, being 400 yards. 
Let Cd be parallel to AO; then the 
triangles BCd, BAO will be similar, whence . 

BO : Brf :: AB : CB, and by division, (94, coro/,3.) 
BO — Bd : Bi : : AB — CB : CB. 

But the angle BCd is equal to the angle BAOj and because 
the sines or tangents of small arcs are nearly in the same pro- 
portion as the arcs or angles th^n^selves (SOS)* BO and Bd will' 
be as the opposite angles BCO, BCd, therefore the proportioa 
becomes Q^' — ^' ; 2' :: 4P0 ; 3200 yards, the distance CB: 
That is, as the difference of the angles, is to the less angle^ 
so is the difference of the distances or measured base, to the 
less distance. 

Corel. Hence the distances BC, BA> are reciprocally as the 
angles subtended at A and C* 

Itemark. Several attempts have been made to bring this 
method into general practice; and some ingenuity displayed ia 
cpntriving instruments for measuring the angles ; but it is known 
ffom experience that the extremities or bouadaries of objects 

sss 
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Standing on the ground at any considerable distaaee, seldont 
appear, even through good telescopes, sufficiently defined to 
permit the angles to be taken to that precision which is cvidenly 
necessary when a satisfactory result is required; for a small 
error in either angle will produce a very considerable one in 
the distance. Thus, in the foregoing example, suppose an 
error or variation of 3" in the angle OCB, or let it be 2* 12" in- 
stead of S' 16% 

Then, as 13" (the diflerencc of 2' 12" and 2'), is to 3*, so is 
460 to 4000 7/ards the distance CB, instead of 3200. 

Again, Let the base AC = 300 yards, and suppose the an- 
gles at A and C are 3' 20" and 4', respectively ; 

Then, as 40" (their diffeience), is to 3' 20", so is 300 yardj, to 
1500 yards zz CB. 

Now admit an uncertainty of 3" in each angle, and take that at 
A = 8' 23*, and the other at C =z 3' 57', and we have 

As 34" (the difference) : 3' 23" : : 300 yards : 1794 yards; the 
diflference is 294 yards in about a mile ; an uncertainty per- 
haps as great as that in an estimate by the eye at^ the same 
distance* 

IK If CSbe a line of cavalry; to determine the wheeling 
iptervals between half squadrons marching en echellon from the 
right, when halted and formed on the line AB which fc in- 
clined to CS in a given angle. 

Consirnciion, Let CS consist B 

of two squadrons CH and ES; ..-< 

the cjitrnt of each s= 48 i/ards, , ^ 

depth G E = 7i v<ir(if, the jntf-r- f \ ' i 



val HE = 16, yonif, and suppose -■•. ; 
the angle BAS = 33 <>. 9^^ j g'R 



Drawn N« perpendicular to CS 
the half squadron NS being siip- 
osed to march froin N to O in a 
direction perpendicular to CSj, 



.-•••t 



(the half squadron NS being Slip- / ^__^__^ G 

posed to march froin N to O in a j|^""-**""^ H ""i ' ^ ' S 
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and make ne s= NE, eh ss EH; kQ, QT each s NE; and ftomn, 0, 
Q» T, draw lines paraUel to CS, and on those lines make para)le]pg;rains 
each equal to GN for the half squadrons: then if the half squadrons wheel 
on the pivots n, e, Q, T^ till their ftt>nts are in the line AB, the extent TB 
will be eqaal to CS, With the proper interval between the squadrons^ or 
he = HE. 

Calculatiotu We want the perpendicular distances 01, IP, and VR, DR. 

ert = EN = 24 yards = 72 feet. 
eQ=: NH = 40 yards = 120 feet. 

In the right angled triangles eln, QRe the angles at Q and e are 35*. 

As rod. : 72 (sBen) :: sin. 35 « : 41*3 >fetf :=: rJ, whence Olz=z\9/eei, nearlj, 
rod. : 72 :: conn. 35® : 59 feet = el, whence IP = l3/eet, nearlj. 
rod. : 120{=eQ)::s2«. 35°: 68-8/der/=cR, whence VR=46/fC/, nearly, 
rad. : 120 :: cosin, 35** : 5)8 /fee/, nearly, whence DR = S6/eet. 

But the measurement of those lines from construction, will be sufficiently 
correct for practical purposes. 

234. In the preceding examples, the angles subtended by 
distant objects are supposed to be in an horizontal, or in a vertical 
plane: We shall now give the method of computation when 
they are measured in planes oblique to the horizon. 

Angles oblique to'the horizon are usually taken with a sex- 
tant or Hadley's quadrant, which is held in a position so that 
its plane passes through both objects and the eye of the ob- 
server. And elevations are found by reflecting the object from 
an artificial horizon, ^ut whoever intends to observe with a 
sextant nmst acquire the method of using it from practice 
under the direction of a person who is master of the several ad-p 
justments, &c.; for which reason we shall not attempt 4 
description of the instrument. 



Examples. 

1. Suppose ON is an object standing on the horizontal plane 
UNP; HA and PC two staves or rods equal in height to that 
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of the eye ; and let the plane ABC be parallel to the horizontal 
plane HNP5 also suppose HP or AC is a base of 250 yards; 
and that the angles ukeii in the plane OCA, arc OAC zi 56* 
46', and OCA = 62° 54'; the angles pf elevation OAB, OCB 
being 6° 40', and f 6, respectively. Hence the height^ and 
horizontal distances AB, CB, are required ? 

When one of the sides (AC) in- 
cluding an angle (OAC) oblique to 
the plane of the horizon, is horizon- 
tal, the angle is reduced to the cor- 
responding horizontal angle by the 
following proportion. 

As the cosine of the angle of elevation f OAB), 
Is to the cosine of the given ang. (OAC), 
So is the radius or sine of 90^ 
To the cosi?ie of the reduced angle (BAG). 

For let DBO be a vertical plane and the angle ADO a right 

one; then the triangles ABO, DBO being also right angled at 
B, we shall have, {Case I. 221) 

Sine ABO, go^ : AO :: sine AQB : AB; 
Sine ADO, 90° ; AO :; sine AOX) ; AD; 
Therefore by equality, 

sine AQB : sine AOD :: AB : AD :: sine ADB, 90- : sine ABD j 

or, sine AOB ; sine AOD : : sirie 90^ : sine ABD i 

But AOB is the complement of the elevation ; AOD the com- 
plement of the observed angle OAC ; and ABD that of the 
reduced angle BAG ; therefore, &c. 

As cosine 60 4C ^^^ .0-997053 

To cosine 5e- 46' u aT^^'^ 

So sine ^.00 ^,«g- 9-73885?0 

Toa^ine 560 3i' ta;v;.-;c;d7n^^^^^ t',, ^^;^ 
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Ascosinel^e' log. 9996657 

0-003343 

To cosine 62^5^' * log. 9-658531 

So sine DO'' log. iO-QOOOOQ 

To cosine 62* 40' the reduced angle ACB 9-661874 

Therefore the angles of the triangle AOC S ?cB — IT 40 
reduced to the horizontal plane are 1 ^g^ ^ ^ *^ 

And the side AC being 250 yards, we shall have (by Case I. 221) AB = 
J54-4, andCB =: 238-8 yards; whence BO = 29*7 yards: to this add 
NB the height of the observer's eye 4bove the horizontal plane HNP, and 
the sum will be th« whole height NO. ^ 

But the distances AB, CB, and height BO may be calculated without any 
reduction of angles; for AC and all the angles of tlie triangle AOC being 
given, the sides AO, CO are found by Cas€ I. and then the right angled 
triangles ABO, CBO, wiU give AB, CB, and BO at three proportions. 

And should it be necessary, the reduced angles may b^ found from the 
sides of the triangle ABC, by Case IV. (228). 

9* If A and C are two stations on sloping ground ; O an ob* 
ject on the top of a hill : and the angles OCA, OAC (mesisured 
with a sextant) Miual to 79"" «9', and 63® 11', respectively; also 
suppose tbc angle of elevation at A is = 6° 36% at C = 5° 22': 
What are the borizonul distances apd height of the object ; 
AC being = 410 yard$ ? 

Let OG be perpendicular, and AG, CB, j/'-^ 

parallel to the horizon \ then AC CB are / \ 

the horizontal distances. / ]3;. 

a"*'" *^ r 

'"lilaide^are^^l^ 

the angles are IaOC = 37 20 

And AC = ^\0 yards. 

Whence (22 1) A0=: 664-7, CO = 603-4. these hypotenuses, with the 
angles of elevation OAG^GCB, in the right angled triangles AGO, CBO, gir^ 
AG =s 660O, OG » 76*4, CB a 60C»7, OB = 56-4 yards. 
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And the difference of OG and OB is 20 yards == BG r= CP the ditre> 
ence in t]{e heights of the stations, AP being supposed horizontal. 

The sides AC, CP, will give AP. And the angles of the triangle AOC 
when reduced to the horizon, may be found from the horizontal distances 
AP, AG, Cfi^ taken as the sides of a triangle (228). 

3. At a mile- stone N on the ascending road NS we obsenred 
the angle SNW between the next mile-stone S and the windmill 
W on the tap of a hill» and found it to be 46° 37'; the elevation 
of W, or angle WNP was S"" 49' ; next^ at the mile-stone S, tbe 
angle NSW measured 91^ 4'. Hence the horizontal distance 
NP^ and height P W are required ? 



The angles of the ) \^^ty _ « , - 
tri.ngleSWNarejNSW_9. 4^^^^ 

NS = 1760 yards X 
these give NW = 2614 ; 

Then in the triangle WPN, right angled at 
P, the hypotenuse NSV and all the angles are 
given, whence NP =: 2608 ; and PW s: 174 
Ifords. 



In this example, no reduction is necessaxy on account of tf)e incIInatioB 
of the base NS to the horizon. 

4. Le4rBC be a measured base of 370 yards on the plane 
ABC ; and suppose marks are set up at the stations A^ B^ C, 
and the following angles taken with a sextant to the elevated 
object O : 




At A 



COACzz 20«50' 
tOABiz 80 18 



., « C0BA= 73 44 

^* ^ (OBC= 16 4 

4. ^ COCB = 149 10 

^^^ 10CA= 140 6 
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Required the disUnce of the object O from the station C, and 
its height above the plane of the base BC. 

The angles of the triangles OAC, OAB, OBC, are 

OAC = 20050' OAB = 8O0 IS' ORG == I6® 4' 

OCA = 140 6 OBA =3: 73 44 OCB s= 149 10 

AOC = J9 4. AOB = 23 58. BOC = 14 46, 

These three triangles form tlie sides of the pyramid whose vertex is O, 
and base ACB : we have therefore to find its height OD, and the point D 
Vherethe perpendicular OD meets the jilanc of the base. 

Calculation, 

140 46' A4«. 9-406341 



BC = 370lo,J'5l8202{«""^3-*«^»«l 

OiiC = 16O4'«V9-442096 9*709730 sin. 149® 10' = OCB 

CO log. 2-603957 2-87 l5iU log. OB 

O^C=zQ0'^50*ar,co.s^n, 0.44S976 0-0U6ij4 ar.co.sin. 80© 1 8' =OAB 

AOC = i9° 4' sin, 95 14 1 07 9*64 1324 sin. 25° 58' = AOB 

AC == 3G9 log. 2'567mo 2*5 1^169 log. AB =r 330*5 

0-358676 or, co, sin, 25° 58', AOB 
9-982257 sin. 73^ 44', OBA 
2-860 i 02 log. AO. 

The sides of the S^9^ =3^9 



(BC = 
^AC = 
t AB = 



triangle ABC ^ ^B = 330-5 give the angle ACB = 53° 8' (228). 

Let OP, OR, meet AC, BC produced, at right angles in P and R ; and 
suppose OD is the perpendicular on the pline of the base, and join PD, 
CD, RD. ThenOCP = 39© 54' (the supplement of OCA) ; and OCR 
= 30O 50' (the supplement of OCB) ; 

ITien, 39« 54' cosine 9'884889 30^ 50' cosine 9933822 

CO log. 2-603957 CO log. 2603957 

CP= 308-2 log. 2-488846 CR = 345 log. 2-537779 

Now in the quadrilateral CROP (in the plane of the base ABC) we hare 
the sides CP, CR, and their included angle = 53° 8', whence (226) vre 
get the angle CRP = 57^ =CDP (because the angles CPD, CRD being 
right ones, a circle will circumscribe the quadrilateral), therefore CP and 
all the angles of the right angled triangle CPD are given ; whence the 
disUnce CD = 367*5 yards ; from this side and the hypotenuse CO, the 
perpendicular OD will be found = 162-3^ar^« 
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If the triangle ABC is on level ground, CD is the horizontal diftanceof 
the object O from the station C, and OD its height. 



OF TERRESTRIAL REFRACTION. 

535. As the apparent or observed elevations of objects are 
always greater than the true, it may not be improper to give a 
short explanation of Refraction. 

Let E be the place of an observer's eye, EH the horizontal 
line, and O an object, suppose on the summit of a distant hill. 

Then if the ravs of light proceeded ,.T 

from the object O to the eye at E 
in a straighr line, the object would 
appear in its true place at O, .and 
OEH would be the elevation (consi- 
dering EG as a right line) ; but the rays in passing through the 
atmosphere are continually attracted or bent downwards from 
a rectilineal direction, by which means the object is seen in the 
direction ET, which is supposed to be a tangent to the curve at 
E, and therefore the apparent or observed elevation is the angle 
TEH; and the angle TEO, or rather the angle comprehended 
by TE and a right line from O to E, will be the refraction. 

This Refraction which is called the terrestrial, to distinguish 
.it from that which affects the altitudes of the heavenly bodies, 
is not constant at the same elevation and distance, but is found 
to vary with the changes in the atmosphere, as heat, a different 
density, moist vapours, &c. &c. At the distance of 8 or 10 
sniles it is domeiimes no more ihan about 30 seconds, but in 
particular states of tl^e air we find it amount to upwards of 8 
minutes. 

536. It is a difficult operation to determine the exact 
quantity of refraction at apy particular time. The following 
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tnethod however^ has been successfully practised in the TrigO'^ 
nometrical Survey carried on by order of ihe Board of Ord- 
nance. 

Let A and B be two sta- 
tions, SS the intercepted or 
corresponding arc of the 
earth's circumference, C ihc 
centre of the earth; AG, 
BH, the horizontal lines at 
A and B drawn to ineet 
CG. CH. 

An instrument being at 
each* of the stations A and 

B, the reciprocal observations 
are made at ihe same instant 
of time, which is determined by means of signals or watches 
previously regulated for that purpose ; that is, the observer at A 
takes the depression (for example) of B while the other person 
at B observes the depression of A. 

If a and I represent the apparent places of the objects A 
and B, the angle bAE is the refraction at A, and aBA that at 
B ; therefore, half the sum of those angles will be the refraction, 
if wo suppose ii equal at each station. 

In the quadrilateral AOBC the angles at A and B are right 
ones, therefore the sum of the other two angles at O and 
are equal to two right angles, and consequently the angles 
OAB» OBAare together equal to the angle C or arc SS» therefore 
if the sum of the two depressions or angles HBa + GA^ is 
taken from the sum of the angles HBA 4- GAB or the angle 

C, the remainder is the sum of both refractions or angles 
aBA + *AB; therefore Aa// the dijference between ihe sum 
of the two depressions and ihe contained arc SS (or angle C) 
fs the refraction* 

T T 2 
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If one of the objects (B) instead of being depressed, is ele- 
vatcd, suppose to the point R; then the sum of the anglef 
dAB •+- dBfii will be greater than the sum OAB + OBA (or 
angle C) by the angle of elevation RAG; but if from the sum 
dAB + dBA we take the depression HBA, there will remain 
JAB 4- flB A the sum of the two refractions ; therefore, if 
the depression be subtracted Jrom the sum of the ctnitainei 
arc and elevation^ half the remainder is the refraction in 
this fase. 

It is almost unnecessary to remark that the distance between 
the places of observation A and B should be known sufficiently 
near to give the contained arc SS true to a very few seconds of 
a degree. The refraction however, is generally too minute to be 
of consequence in the operations with a common Theodolite, 
which are usually confined to mod'erate distances* 



Of SURVEVING, 

237. Surveying is the Art of laying down the true po. 
sitions of the principle features, and exhibiting an exact repre- 
sentation of the boundary of a country, or any part thereof, 
on a plane or paper, so that the dimensions, &c. may be 
readily measured by means of a scale of miles, yards, chains^ 
&c. &c. When fields or other inclosures, and Gentlemen'* 
estates are surveyed, not only a correct delineation of the boun^ 
daries is required, but the superficial content in acres^ &c. 
must be computed. This is called Land Surveying, or Land 
Measuring. 

S38. To lay down or make a Map or Plan of any consider- 
able extent of Country, a series of connected triangles should 
be carried in all directions to it^ boundaries from a long and 
well measured base as the foundation : For that purpose the 
most conspicuous points, as the aummits of billsi roofs of 
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church-towers, &c. &c. must be chosen for stations ; and all 
remarkable objects in view should be intersected at every place 
where the instrument for taking the angles is set up. When a 
high pointed spire, or the like, upon which the instrument 
cannot be conveniently placed, presents itself as a proper 
situation for carrying on the triangles^ it should always be in- 
tersected from several stations in order to compare, or correct 
the connecting distances by a computation from independent 
triangles. 

539. It will be adviseable to observe every angle of the prin* 
cipal triangles if the situations permit; then, as the sum of the 
three angles of each triangle ought to be very nearly equal to two 
right ones, the deviations will in some measure, enable us to judge 
of the accuracy of the work. 

540. The sides of the principal triangles should be calcu* 
lated. But objects situated within those triangles may be laid 
down by means of a protractor : these objects however, should 
if possible, be intersected from three stations. 

241. The principal triangles and interior objects laid down 
on a large scale, suppose 5 or 6 inches to the n^ile, will be^a 
sufScient ground work for Military sketches which are osuaHy 
drawn by eye without any actual measurement. The methckl 
of adapting a scale to the Plan ; and enlarging or diminishing it 
to any particular size is given in Art • 167. 

242. But the most difficult and tedious operation connected 
with a Survey, is that of measuring a base-line accurdtely. We 
•hall therefore recommend a perusal of the Account of the Tri- 
gonometrical Survey (236) to those 'who may engage in an un« 
dertaking of this kind when great exactness is required. A base 
for common surveys may be measured with a QOfeet deal-rod : for 
this purpose a r6pe not less than 100 yards should be stretched 
very tight along the ground ; the rod must then be applied -to 
the rope, and its extremity may be marked with a smair pin 
stuck in the rope to preserve the dis^nce while the rod'is Ttmoted« 
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When the measurement is carried on to the extent of the rope, 
a peg should be driven in the ground and a notch cut on its top 
exactly under the end of the last rod. The rope must then be 
taken up and stretched again in the direction of the base^ and 
the measurement continued as before. 

When the measurement is carried over hollows or ditches^ it 
may be necessary to support the rod in the middle : it should 
not however, be made very slender. 

If rising grounds intervene^ the slant distances must be 
measured separately as hypothenuses, and afterwards reduced to 
the corresponding horizontal lines (S32) : the elevations or 
depressions niay be taken with a Theodolite which has a verti- 
cal arc. 

It may be necessary to observe^ that QOjeet should be trans* 
ferred to the rod from a standard measure. And with re- 
spect to expansion and contraction, it is pretty well known that 
well seasoned deal is subject to very little alteration while it is 
kept dry. 

243. If a measurement of this kind be perfonned with 
tolerable care, we may safely conclude there will not exist 
an error of more than ^V of an inch in each rod of QOfeet, or 
S6t inches in a mile. Supposing however, the accumulated 
errors amount to 5 feet in a base of Q miles, and that a series 
of triangles whose sides are about 3 miles to be determined 
from such a base, then combining the probable errors from ob- 
servations made with a Theodolite, the uncertainty in a direct 
distance of 90 miles from the base cannot amount to 30 yards* 
Erroneous as this may be considered, we believe most of the 
County Maps have been laid down from operations less ac- 
curate. 

224. If the variation of the Magnctical needle is known^ 
the direction of the meridian m^y be drawn sufficiently near 
for a Map or Plan by means of the compass belonging to the 
Theodolite. 
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We shall now proceed to such trigonometrical problems as 
usually occur in the practice of Surveying. 

245. Let AB be a base of S miles or 3520 yards ; and sup- 
pose poles or flag-staffs are set up at the stations A, B, C, D, Gj 
and that the angles at those stations taken with a Theodolite are 
the following ; 

namely, CAB = 64029' DCG = 73*^ 58' 

CBA = 75 15 CDG = 41 27 

ACB = 40 18 CGD = 54 33 

sum 180 g sum 179 ^8 

BCD = 53 41 DGP = 71 7 

CBD = 64 8 GDP = 46 51 

BDC = 62 14 
su m 180 3 

It is required to find the distance of the spire P from the 
station A ? 

The error Id the sum of the three observed 
angles of the first triangle is 2' ; in the second 3' ; 
and in the third 2'. The angle at P in the fourth 
triangle is supplemental* 

But no certain rule can be given for correcting 
the observed angles : this must be left to the 

judgment of the observer, who, from circum- ^ 

stances, will seldom be at a loss to point out A B 

where the greatest uncertainty lies. To make the calculation however, 

we will suppose the corrected angles 

are CAB = 64° 28' DCG = 73« 58' 

CBA= 75 U CDG= 41 28 

ACB = 40 18 CGD = 54 34 

ISO 180 




BCD= 53 


40 


CBD = e4 


7 


BDCss 62 


13 


180 






DGP = 71 7 
GDP = 46 51 
GPD = 62 2 



Then (221). 

ACB = 40* 18' sin. 9-810763 

>l^9237- 

AB = 3520 log. 3-546643 

GAB ». W*^ ^ S^ 9-955368 

- 3-69! i.4a log. C9f 
6DC = 62® 13' or. CO. sin. 0-053196 
BCD S3 53 40 siH. 9-9C»6m 

3 •6504.) 5 log. BD = 447 1.A 

3-744344 (222.) 
CBD.^ C^lfn sin. 9-954090 

3-69S434 log. CD. 
CGD = 54^ 34' ^r. co. sin, (yo.1S954 
DCG=73 S«.... sin. 9'982769 

"3 770157 log* GD. 
GPD = 62^ 2' rtr. CO. sin, 0*053931 
PGP = 71 7 sin. 9-975974 

-5^800062 log. DP = 63I05. 

Now from the sides 3A, BD, and the included angle 139° 21' we get 
the angle BDA = 17° 48', and AD =; 7501-1 yards, {226). 

And if BDA be taken from 150® 32' the angle BDP, there remains I3tJ* 
44' the angle ADP, which, with the including sides AD =75011, and 
DP = 6310*5 will give the distance ftom P to A = 12659 yards. 

When triangles ace earmd on from the original base in all 
directions, the distances towards the extremities may, in some 
respect, be verified by independent calculations. 

N. B. Ail the principal distances should be laid down from 
a scale of equal parts, because a triangle can be protracted 
more accurately with its sid/es tha;i with the angles. 

' 246. Suppose in making a Survey, the distance between 
^e spires A and B has been determined equal to 6394 yards ; 
l^nd that G and D are. two eminences conveniently silpated for 
extending the triangles. 

Now if we observe the angles -fir 

A/-:--., lit 
CAGE = 85^46' 5ADG = 31«48' \^ v^^^^^^^^ 
** ^ ^BGD = 23 56. **^ MDB ::,68 2. ^ ' 
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It is required to determine the distance GD ? 

Construction^ At the extremitks of any 

Tight line^rf make the angles bgd sz 23* 

56', Ag6 = 83«> 46'; Adg = 3 1°48', Aift 

= 6S<> 2* ; join the points A, b ; and make 

AB (r,n AA produced if necessan ) = 6594 

from a scale of equal parts ; then if BD, „ 

DG arc drawn parallel to bd, dg, respec- ^ 

tively, GO will be the distance required. For the quadrilaterals Agdb, 

AGDB are similar by construction, and AB in the second figure being ae 

6591 the distance of the spires, GD must be that of the stations on the 

same scale. 

Cakulation. 

Angles of the ( Agd = 109O42* ^^ ^^ \gdb = 99° 50' 

' ■ 23 56 




Angles of the C Agd =: 109042* . _^ {gdb = 

triangle Agd { Adg = 31 48 ^l^Rn^** = 

or A&D. I gM^ 38 30 ""'^^^l/bd = 



56 14 



Now to obtain the angles gbA, dAb^ assume gd of any length, suppose 
1000 : then the computation is made exactly as in examp. 9, art 233, 

38^ 3(/ar.comp. sin* 0*205850 

gd = 1000 log. 3-000000 

31° 48'. sin. 9-721774 

g-927624 log. 846-5, Ag. 

56° 14' or, eomp. sin, 0'080238 

gd log. 3-000000 

i»i;« 50^ Sin. P-9^1")72 

3-U73810 log. 11 85-2, gb. 

The sides gb, Ag, with the included angle A^5 = 85® 46* give the 

A«-w SgAb = 57° 18'. Whence dAb s=z 18* 48', 
^ U^A = 36 56. 

Now all the angles in the quadrilateral GABD are given, and the side 
AB being s 6594 yards, we get AD at one proportion by means of tlie 
triangle ADB; then the triangle GAD gives GD =z 4694 ymb, the dis* 
tance required. Which may serve as a base for determining other dis* 
tances, or continuing the triangles. 

And the method of solution is the same when the stations lit 
on contrary sides of the given distance AB. 

vol. !• vv 



«3e 
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247. When the top of a Church steeple becomes a station 
in consequence of the wind-v^ne or a pinnacle having been inter- 
sected, the instrument is placed in the most convenient situ-. 
atfon» and a reduction of the observed angles will in that case be 
necessary* 

Let A «nd B represent the wind-vanes on two steeples^ their 
distance having been determined equal to 2587 yards -zz AB 5 
and suppoije N is the place of the Theodolite when it is on the 
steeple A, and S Its situation on the steeple B 5 also, suppose the 
observed angles at those stations are the following ; 



at N 



5ONB = 45^42' 
JoNA = 96 o 



^OSB - 147 0. 



And let the distance from N to the wind-vane A be ll|. 
feety and that from S to B z: lOlJcei. Hence it is required to 
find the angles OAB, OBA, or what the observed angles to 
the distant object O would be if the instrument was at the points 
A and B ? 



The angles 45° 42', 70^ 39 , and (ij^ 3D* 
their supplement, with the distance AB:= 
25S7, will give 2066 and 2724 yards, the 
distances BO, AO, nearly. 



Then (224) as AO : ««. 96=" (ONA) : : 
NA, 383 yards : sin, bf nearly, the angle 
AOK. 



N'c^. 




And 96^ — 450 42' = 50« 1 8', the angle BMA ; ' 

Hence, AB : sin. 50» J8' :: NA : sin. A! nearly the angle ABN. 

Therefore the sum of the two angles NOB, \B0 is greater than the 
sum of the two angles AOB, ABO by the difterence of AON, ABN ; con-? 
sequently ONB is less than OAB by 1'; therefore AOB isss 4j0 4:;'. 

Again, asBO : jf/i. 147*^ (OSB) :: Z^ yards (SB) : sine 3' taearly, the 
anirleSOB. ' And, AB : «>i. 142^ 21' (ASB) : : 34 (SB j sin. 2< nearly^ 
i\iQ angle SAB# 
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Now the angles SAO, SOA togetlier are less than both the angles BAO, 
BOA bv Ihe sum of the angles SAB. SOB; therefore ASO \% greater than 
ABO by that sum ; hence the angle ABO = 70« 39' - 6' = 70« 33'. ^ And 
BO, AO calculated with the corrected angles 45" 43' and T0° 33', are 
2065*3 and 2720-2 yards. 

It 19 not necessary that the angles ONA, OSB should be 
very accurately taken ; but the distances NA, SB must be care- 
fully measured. 

248. If A, B, C, be three objects whose distances from 
each other are AB = 4516, AC = 4809, BC = 301 8 yard^; 
and suppose at the station S we observe the angles CSB :z 117"* 
56', BSA :r 110* 12' ; it is required to find the disunces from 
the station to the three objects. 

Ctmstruction, If the triangle ABC be laid 
down with the three given distances, and seg- 
ments of circles described upon any two sides 
ta contain the angles they subtend (172), the 
intersection of the arcs will evidently be the sta- 
tion, whether it falls within, or without the tri. 
angle. But the following metho<l is rather more 
simple. — ^About AB describe a circle so that the 
segment ABS shall contain the angle 110* 12': . 
make the angle BAR = 6'J^ 4' the supplement 

of 117° 5f»' (CSB), join CR ; and S, where it intersects the circle, is the 
station. For if AS, SB, BR are drawn, the angle ASB is = 110» 
\2' by construction ; and USB being equal to RAB (70) or 62° 4', the 
angle CSB which is its supplement, will be 1 IT 36' the other observed angle. 

Calculation, The three sides 4516, 4809, 3018 give the angle ABC = 

Angle ABR (= ASR the supplement of ASC) = 48«» 8' 

BAR = 62 4 

ARB = 69 48, these vith the 

sideABgive BR =^4251-3. 

The angle RBC = 48o 8' + 76° 28'= 124° 36' which, with the two 
including side ?, give RCB = 32° 47', and CRB = 22° 37'. 

U 172 
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Now SAB = SRBss 22* 37'; therefore all the angles of the truafim 
ASB, BSC aregtven; 

namely, SAB = 22037' SCB = 32047' 

ASB= IK) 12 CSB = 117 56 

SBA = 47 11 SBC = 29 17 

Whence (221), the distances SA, SB, SC, are found to be 3530, 1851^ 
1672j^flnfc, respectively. 

When the station is without the triangle (suppose at H) it is evident the 
circle must be described so that the outward segment ARB shall conUfa 
the whole observed angle ARB; then if the angles ABS, BAb be made 
respectively equal to the observed angles ARC, BRC, and CR drawa 
tlirough S, R will be the station. 

If the whole observed angle ARB should be equal to the supplement 
of the angle ACB, the circle will pass through the point C ; in whit h 
case the problem is indeterminate: for the angles standing on the 
chords BC, AC would be the same in all points of the arc ARB, (70.) 

S49. The last problem will be found useful in reconnoitring 
a country with a map or plan; for the angles taken to any 
three objects which are hid down, will determine the situation 
of the observer. A small pocket sextant is the most convenient 
instrument for measuring the angles. And it appears from the 
preceding construction that it is not necesBary to describe a 
circle. For example, if the station be 
within the triangle, then the angles 
BAR, ABR being made equal to the 
atippKments of the observed angles BSC, 
ASC, the intersection of AR and BR 
gives the point R • then if the angle 
ABS be made equal to the angle ARC 
BS will meet RC in S the station. On 
the contrary, when the place of observa- 
tion is without the triangle, the angles 
ABS, BAS, are made equal to the observed angles ARC. 
BRC, respectively, then CR being drawn through S, and the 
angles ABR. BAR made equal to ASR, BSR, BR and AR 
will meet CR in R the station. 
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In this latter case however, when the point S falls near the 
object C, the construction may give the point R considerably 
wide of the truth. 

250. In making a Survey we found two spots N and S 
conveniently situated for stations; and at S took the angles 
NSA = 52° 58', NSB = 55° 4', to the spires A and B : But 
at N an intervening height hid the spire B ; we therefore ob- 
served the angle between the wind-mill W and station S, and 
found it = 38° 4*, and then took the angle SNA which was 
41* 46'. Novv AW, AB, BW, being respectively equal to 
5232, 4490, ' 267s yards, it is required to find the dis- 
tance SN ? 



Cottstruclion. With (he three given sides 
lay down the triangle AWB. Then about 
AB and AW describe circles so that the 
segitient ASB shall contain an angle of 
108° 2* (52<>58' H- SS*^ 4') ; and the seg- 
ment ANW an angle of 79° 50' (38° 4' 
+ 41° 46*). Draw the chord AD to sub- 
tend an angle (AND) =4I°46', and the 
chord AG to subtend an angle (AS6) = 
52° 58' ; jcin DG ; and the intersections S, 
N, will be the stations. For if SB, SA; 
NA, N\V are drawn, the angles at S and N 

to the three objects will be equal to the observed angles, by the con» 
structton, and Art. 70. 

Caladaiiwi. Draw DW, GB. Then all the angles of the triangle* 
ADW, AGB ax^ given ; 




viz. DNW = DAVV = 38° 4' 

DNA = DWA = 41 46 

ADW = 100 10 



GSB = GAB = 55° 4' 

GSA = GBA = 52 58 

AGB =: 71 58 



As«n. ADW : 5232 (AW) :: sin. DWA : 3540*6 =s AD. 
And jm. AGB : 4490 (AB) :: sin. GBA .: 3769*5 == AG, 

The sides of the triangle AWB give the angle WAB = 30« 47' 



DAW = DNW = 3S<^ V 
WAB = 30 47 

Bag = BSG = r>D \ 

DAG = K\3 o with this angle and the in- 
eluding sides we get ADG = 29° = AWN; therefore in the triangle 
AWN all the angles and the side AW are given, whence AN =z 2577 ; 
then, as the angles of the triangle ASN are also given, we get SN = 3217 
gards^ 

And the method of construction and calculation will vary 
little from the preceding, howsoever posited the stations may be 
in respect of the three given objects. 



Of Surveying with the Compass. 

251. In this operation we do not measure the angles 8ub» 
tended by distant objects in the same manner as with a The- 
odolite, but take their angular distances or bearings from the 
magneticat meridian. Thus if NS 
represents the magnetic needle or >k[ 
meridian, W the west, and E the -^.^ 'tcr'^!^< JL 
east ; and suppose the sights on the ' /^^ >^ ill 

Compass are directed to the wind- -Jv^^ \ / ^ 

mill A: then if the angle ACN is ^^-^-^ 

40°, for example, the wind-mill is 

said to bear N W 40*, or 40' westward from N the magnelical 
north. Or if the sights are directed to the spire B, and the an* 
gle SCB is 64° then the spire bears SE 64^. 

If CH represents the direction of the true meridian^ the 
angle NCH is called the variation of the magnetical needle; 
which, at this time, is about 23° or 24° westward at London. 

252. Let A and B be two stations bearing SW 6l • and NE 
61° from each other ; 



and suDDOse at ^ ^ '^^^^ ^W 29* 
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^ „ i G bears NE Sd 
and at B ^ p gg 93 ^ 

From A draw the NW 29' and SW 
18° lines; and from B the NE 22° and 
SE 83° lines; then their intersections 
will give the plaSfts of the objects G 
and P. 

Suppose C to be a third station^ 

f GbearsNE51* 
where the objects < ? SE 70 

^ R SE 31 

Then from G and P draw two lines parallel to NE 6l», 
and SE 70°, and their intersection will determine the sta* 
tion C* 

And the intersection of the SW 54° line from A, wltfj 
that of the SE 31° line from C gives the position of the 
object R. 

253. Since the magnetical meridians are considered as pa- 
rallels, it is evident that the bearings of any two objects alreadjr 
laid down will give the plaoe of the observer; but every inter- 
seciion should be as near a right angle as circumstances will 
admit. The bearings of all conspicuous objects however, 
ought to be t;Uicn at every station, by which means a great nuvns 
ber may be fixed from several intersections* 

This is a very expeditious method of laying down the relative 
situations of the prominent points of a small tract of country'.. 
The compasses most convenient are about 3| inches in dia- 
meter; and may be carried in the pocket. They are easily 
fitted to the top of a stick or staff which must be stuck upright 
in the ground that the needle may play freely. These com- 
passes are divided into degrees only, and consequently much 
accuracy cannot be expected in Surveys of this kifid: ^hey 
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may serve however, as the ground woA of, or for correcting 
Military sketches.* 

For temporary use, it will sotne\ime8 be necessary to mea- 
sure a distance by pacing, in order to adapt a scale to the plan 
or sketch {l6J). 

S54. The Compass will also be found useful in reconnoit* 
ring a countr)' with a map or plan when the direction of the 
meridian is laid down, and we know 
the magnetical variation. Let SN be 
the direction of the true meridian on a jr 
map; and suppose the wind-mill O iV 
bears NE 68% and the spire R, NW ^ ... 
36^ by the compass ; also let the vari- 
ation be 23^ W. B 

Make the angle MCN = 23% then CM will represent the 
magnetical meridian : let the angle MCP - 68% and MCD 
= 36°; then if OB, RB-are drawn parallel to PC, DC, re- 
spectively, the intersection B will be the place of observation on 
the map or plan. If however, the intersection (B J is very acute 
or obtuse, the position thus determined may be considerably 
wide of the truth. 
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Of Right-lined Plane Figures. 

855. The measure of the space or surface conUined within 
the boundaries of any plane figure is called its Area or Super- 
ficial Content. This is cstimaied in acres, square yards; square 
feet, or some other fixed or determinate measure. Thus, 
if we suppose ABCD to represent the top of a 
rectingular table whose length DC is 5 feet, and 
breadth DA = 3; then the upper surface will 
contain 5 X 3 or 15 square feet .89, corol. 2): 
a square foot being the unit or mteger by 
which the area is estimated. 

But if the dimensions ar« taken in yards, its length will be 
li and breadth 1 yard; and the superficial content H x I 
J'l4 square yards; for AOPD is the square yard, and the 
rectangle OC is \ of a square yard : in this case a square yard 
is the measuring unit. And when the length and breadth are 
denoted in inches, a square inch becomes the measunng umt 
or integer, and the area will be 60 X 36 = 2160 square 
inches. 

To find the area of a Tarullelogrdm of any kind. 

856 Mu LTIP LV the length by the perpendicular breadth. 
« the base by the heigh^ and the product will be the area. 



EXAMPLES* 



A..G: 



» L 




1 . What is the content of the parallelo- 
gram DGLC whose length DC is 5 feet, ^ 

and breadth CB is 3 ? ^ ^ 

Jns. 5 X 3 = 15 square feet. 

TOL. I. ^^ 
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For let DA be perpendicular to DC ; then the parallelogram 
GLCD is equal to the rectangle ABCD (82); and the area 
of the latter is DC X CB. 

8. What is the superficial content of a rectangular boards 
the length being 13/. 5in. and breadth 10^ inchest 

Ans. 1 1/> 106i in. 

3. How many acres are contained in a square field, the side 

being 1 1 chains, b6 links P 

jins. I3ac. 58'l3T6poles. 

4. How many yards (in length) of matting that is f of a 
yard wide will cover a floor 42^ feet long, and ^6i broad: And 
what wiil be the cxpence at Is. 5k(i. per square yard ? 

Ans. 166^^ yards in length. 
£x pence 9/. 2s. df^d. 

5. What length must be cut off a board which is 154 inches 
brdad^ and 4|- feet long, so that the part remaining shall 
be equal to 5 square feet? 

Ans. lOrV inches. 



To find the area of a Triangle. 

257. M u LTiPLY the base by the perpendicular height^ and 
half the product will be the area. Or multiply the base by half 
the height^ or the height by half the base. 

For 2l triangle is equal to half a parallelogram of the same 
base and altitude. (82«, coroL l). 

EXAMPLES. .* 

I. How many acres are contained In a triangular field, one 
side being 470 yards, and the perpendicular on that side z± 
396 yards ? 

Ans^ 19^ 
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«. Required the numbe/ of square yards in a triangle whose 
base Is 28|-, and perpendicular 22-| feet? 

Ans. 35|. 

3. What is the area of a triangle whose base is 15/. bin^ 
and perpendicular 9/. T^in f 

Ans. TAf. Qliin. 

258. When two sides of a triangle and their included angle 
are* given. 

Multiply the product of the given sides by the sine of the 
included angle, and half this last product will be the area. 

Demonstration. Let BAG be the given 
angle, and AC, AB the includuig sides; also 
suppose BD is .perpendicular to AC. 




D 



Then (221) as the radius or sine of the angle ADB 90** : 
AB :: sin. DAB : DB the perj^endicular ; therefore when 
the first term of the proportion or the radius is 1, DB the 
4th. term will be = sin. DAB x AB ; and sin. DAB x AB 
X AC zr twice the area of the triangle ; consequently the 
continued product of one side, i the other, and the sine of the 
included angle, will be the area. 



EXAMt^^ES. 

1. Let ABC be a triangular field, and ipppose the angle 
BAC taken with a Theodolite is 40^ 5' ; required the -content in 
acres when AC = 224, and AB = 188 yards ? 

When the radius is I, the rtatural sine of 40*> 5' will be '6439 {2I8)i 
therefore 224 X 94 x '6439 = 13557'95S4 the area in square yards, equal 
to 2*80123 acres, nearly. 

X X 2 
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But the 0])eration is shorter by logarithms. 

224 log. 2-350248 

94 log. 1-973128 I 

40<» 5' log, sin 9-808819 

4-l32l95 .log. of 13^58 yards, the same 
as before, nearly. 

N'B. 10 is rejected in the sum of the iDdices of the three logarithms, 
because when the Jog. sine is uscd^ the log. of llie radius becoines a 
divisor* 

«. If an angle of a triangle is 104® 27' 26", and the in- 
dtiding sides 29*46^ and 36'Q; what will be the area? 

29-46, its half =s 14-73 log. IM 68203 

36.9 log, 1*567 020* 
104° 27' 26^' log. sine P-*)8(?0'j5 (5 1 7) 

Area nearly 526*33 lo . 2-7-^1234 

259. When the three sides are given, find the segments of 
the base (228 j ; then the perpendicular may be determined by 
Case II, Trigonometry, or the square root (83, coroL) 

Examp, Suppose CA =s 42, AB == 30, and CB =s 3 

22 ; what is the area of the triangle ? 

As 42 : 30 + 22 :: 30—22 : 9*905 the difference 
of the segments PA, PC. 

4.0 9*90^ 

Then -;- — ^-^ = 16048 = PC ; whence BP = 13-049 ; and the 
area of the triangle =531 6*029. 

260. But the area may be found without letting fall a per- 
pendicular by the following rule : 

Subtract each side from half the perimeter; then the area 
of the triangle will be equal to the square root of the 
continued product of the said half perimeter and the three 
remainders. 

Investigation. Let ABD be a triangle, C the centre of the. 
inscribed circle; and let the radii or perpendiculars CP, CO, 
CR be drawn to the sides. 
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Then | AD x CP is the area of the triangle ACD ; 4AB 
X CO that of the triangle ACB ; and |BD x CR the area 
of BCD. 

But CI*, CO, CR are equal, therefore the three halves to- 
gether or half the perimeter of the triangle multiplied by the 
radius of the inscribed circle is the area of the triangle. 

About G in BG, the line bisecting the- angle ABD, sup- 
pose an arc of a circle is described 
to touch BS, BT, and AD ; and 
ilraw the perpendiculars GS, GT. 
Then BS and BT will each be equal 
to half the perimeter of the triangle 
ABD : For AS =: AI, and DT = 
DI (79, coroL 2), therefore BS 
and BT together are equal to the 
sum of three sides* And con- 
sequently DT or DI is the di&rence 
of half the perimeter (BT) and the side BD ; and AI or AS the 
difference of half the perimeter (BSJ and AB. 

But PD = RD, RB = OB, and OA = PA (79, coroL 2), 
therefore «PD + sOB + 20A is the perimeter, or PD + OB 
+ OA = Jiatf the perimeter ; but OB -f OA = AB, there- 
fore PD z: AS rz AI : no^t if PI be taken from the equal lines 
AI, PD, the remainders must be equal, or DI zz AP = AO. 

And since PD zr AS, AD will be zz OS (because APz: AO), 
therefore OB (the difference of BS and OS) is the difference of 
half the perimeter and the side AD. 

And because DT = DI z= A" = AO, and DT is the 
difference of BT and BD, therefore AS, AO, OB are the three 
differences between the half perimeter and the three sides of the 
triangle. 

In the quadrilaterals ASGI, OAPC the angles at S and I, 
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aiid O and P are right ones, therefore OCP + OAF are equal 
to two right angles, and since OAF + SAI make two right 
angles, SAI =z OCP, therefore SGI rr OAP, and the two 
quadrilaterals are equiangular, and because GI z= GS, and 
CO ~ C P, they are also similar. And since the triangles BOC, 
BSG are similar, we have 

OA : OC : : SG : SA, 
and BO : BS : : OC : SG, therefore (140, ^riM.) 
OA X BO : OC x BS :: SG x OC : SA x SG :: OC : SA 
::OC xBS:SA X BS (87); 

or AO X BO : OC x BS : : OC x BS : SA x BS ; 

Consequently OC x BS the area of the triangle, is a mean 
proportional between OA X BO and SA >c BS j that is, the 
square of the area = OA x BO X SA x BS. 

Corol. Hence the perimeter of the tria .- \v ABD will always 
be equal to both the tangenU BS, BT, w atever may be the 
position of the side AD, provided it is drawn to touch the circle 
whose centre is G. 

Let BD =: 42, AO = 30, and BA = 22, as in the preceding example ; 

Then 42 
30 
22 
2)_y4 ' . 

47 half the perimeter • 

17 y the tliree remainders. 

And 47 X 5 X n X 25 = 99875 the continued product; and thesquare 
root of 99875 is 3 16*03 nearly, the area of the triangle. 

261. To Jind the area of a Trapezoid. 

It is proved (Art. 81, corol. 1) that a trapezoid is equal to 
half a parallelogram whose base is the sum of the two pa- 
rallel sides, and height equal to the distance of those sides : 
therefore. 
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Multiply the sum of the two parallel sides by their perpendi- 
cular distance^ and half the product will be the area. 



EXAMPLES. 




1. What is the content of the trapezoid 
ABCD in yards, the parallel sides AD> BC 
being 34f and I67 feet^ respectively, and 
the perpendicular distance OP — 18 feet ? 

4J^ sum of the parallel sides, which multiplied by 18 
gives 742|, haU of which is 371 J the content in /«/, equalUo 4H 
square yards, 

2. Suppose the parallel sides AB, DC of a 
field are 6 ch. 86 Itnksy and 8 ch. 58 linksy and ^ 
Iheir perpendicular distance AD = 9 cA. 7 links; 
what is the content ? A 



*^ %■;< :;v* ^^ Ans. 7 '00204 acres. 

3. What^cQst 20 boards^ each being 16^ feet long, 14|- 
inches broad at %e end, and ISy at the other, at S\d. the 
^uare foot ? 

Ans. 8/. 101. Hd. 

262* From a given triangle ACB to cut off a trapezoid 
ARSB of a given area. 

liCt CP be perpendicular to AB. Then 
4AB X PC is the area of the triangle ACB ; 
from this area subduct the given area ARSB 
and the remainder is the area of the triangle 
BCS^ which is equal to 4RS x OC. 
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Now the triangles ACB, RCS being wmilar, we have 
iAB X PC : PC :: ^RS x OC : OC* (101) ; 
And ^AB : PC :: ^RS x OC : OC* (87). 

I^t AB = 40, and PC = 54 ; and suppose the area of the trapezoid 
to be 480. Then 1080 is the area of the triangle ACB, and lOSd — 480 
= 6*00 the area of the triangle RCS = ^RS x OC, therefore the last 
proportion will be, V : 54 :: 600 : 1620 a= 0C»; and the square root 
of 1620 is 40-25 nearly, = OC; vrhetice 54— 40-25 = I3J = 0P the 
breadth of the trapezoid. 

Exarnp. 2. What length must be cut off a board that is 13 
feet long, 1 8 inches broad at one end, and 14 at the other, to 
make 10 feet square? 

Ans. T'lfeet at the greater end. 

^ S63. To find the area of a Trapezium. 

Let the Trapezium be divided into two triangles by a di- 
agonal, then the areas of the triangles added tugether will be the 
content of the Trapezium. 

Exarnp. 1. What is the area of the tra- 
pezium ABCD, when the diagonal BD= B 
4 9' 7, and the perpendiculars on BD are CO = 
33-5, and AP = 22 ? 

49>7 X 33-j _ ^r^2'^1'^ area of triang. BDC. 

49-7 X H = r>l6 7 area of triang. DBA> 
':37i^-i75 area of ABCD. 

S. Let the measured sides of the quadrangular field ABCD be 

AB = Ibch. Q4 linksy CB zz 18c/i. 86 links, 
AD = llcA. \4 links, CD = 9ch. 90 links: 

And 8upp6sc the angles at A and C taken with a Theodolite 
are DAB =: 105^ 28', and DCB z= 89' W. 

What is the content in acres ? 
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The sides AB and AD wiih the included angle give 
the area of the triangle BDAss 81-^14 chains, (258). 

And CB and CD with the included angle give 
93*355 c/wiVtf the area of CDB: the sum is 175M69 
chainszz 17*5169 acres. 

3. HsLving measured the wde AD of the field ABCD mi 
found it to be 31 1 yards, we observed the angles 

•BAC = 44»so' ADB = «4**10' 

CAD = 41 19 BDC = 37 4 

Hence the content of the field is required ? 

With AD and the given angles of the triangles 
PDA, BDC, find the diagonal DB, and side DC 
(221). • =^ 

Then (258) BDandAD with the included angle will give the area of 
the triangle ADB =^4*3355 acres: and BD and DC with the included 
angle, that of the triangle BDC = 4"3n3 acres; the sum is 8-653 acres 
(he content of the trapezium. 

264. To find the area of a regular Polygon. 

Multiply half the perimeter by the perpendicular let fall 
from its centre on one of the sides, and the product will be the 
grca of the polygon (106). 



EXAMPLES. 



1. If DB the side of a pentagon is I, what \ y\ / 

will be the area ? V/ : \/ 

P P 5 

Let C be the centre; then the angle DCBs=-~ = 72^ therefore 

GDP = 54*. Then (223) radius : tmig 54* : : '5 (DP) : •6881S1 ss CP 
the perpendicular. 
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And i =2t half the perimeter, therefore 24 X '688191 =s l-TSCHTT 
the area of the pentagon. 

The area 1*730477 will wrve as ^ multiplier for finding the 
content of any other regular p(Hitagon whose side is given ; Thus^ 

2. Suppose it is required to find the content of a pentagon 
whose side is SO : Then^ similar plane figures being in the 
same proportion as the squares of their homologous sides (102)^ 
we have • 

1* : 1-720477 :: fiO* : 400 X 1*720477 or 688-19 the area 
required. 

3. If the side of a regular hexagon be f ^ what is the area ? 

The hexagon is composed 0(6 equilateral triangles^ each side being 1. 

Now 14 X 7 X i X i = Tic ^^ ^^^ square of the area of one of the 
triangles (260); and the square root of y^ is -433013 neariy, therefore 
•J33013 X 6 = 2*598078, the content of the hexagon. And this area 
iviil be a muUipHcr for finding the content of any other regular hexagoa 
\rhose side is given. 

S65. To find the area of an irregular Polygon. 

Divide the polygon into triangles^ or into triangles and 
trapezoids ; then their areas added together will be the content 
of the polygon. 



EXAMPLES* 

1. What is the content of 
the octangular figure BG> the 
lengths of the several parallels 
and perpendiculars being as fol- ^ 
lows: 
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AO= 441 


01 = 142 


* 


OP = 184i 


RH = 193* 




PR = 80 


TG = 121 




RQ= 41 


PB = 294 




QS = 130J 


QC = 142i 




ST = so 


SD = 224 




TE = 5H 








jittS. 


ld24«3|i. 



In land-measuring, an instrument called the Cross-staiF will 
Ibe very useful for finding the points O, P, R, &c. where the 
perpendiculars IO,^P, HR, &c. fiill from the comers of the 
Field upon the base line AE. Or the same thing may be done 
with a pocket Sextant^ thus : Set the index to 90% aind as you 
walk along the line AE (if towards £) direct the sight to an 
object at £, then suppose you see the corner B (for example) 
by reflection when you are at P, the angle BPE will be a 
right one. 

2. Suppose the adjacent 
figure to represent the' per- 
pendicular section of a ram* 
part; the several heights 
and breadths being as fol- 
lows : 



O IL 




viz. AB = 


16 


BC = 12 


BD = 


18 


D£ = I2i 


DH = 


it . 


HG = 134 


HK = 


3 


KI = 13f 


KL = 


2 


LO = 18 


LP = 


12 


PR = le feet. 


PS = 


10 





What is the superficial content of the section ? 

The perpendiculars divide tlie figure into 2 triangles, 4 trapezoids, and 
a rectangle; and their areas added together make 698 jyW/, the content 
letiuircd, 

Y Y 2 
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3. Let ABC be the b^ 
profile or perpendicular ^ — \ t; n SO 

section of a breast-work, A (j "" 

and EP that of the ditch 5 I>— ^ P 

now suppose the area of 

the section ABC is SS feet^ the depth of the ditch RD z= 6 
feet^ and £R = d/6e/; what is the breadth of the ditch at 
top when the sections of the ditch and breast- work are equal, or 
when the earth thrown out of the ditch is supposed to make the 
breast- work ? 

If the slope on each side of the ditch is the same^ the areas of the tri« 
angles EUD, SPO together make 18 feet, which taken from 88 leaves 70, 
the area of the rectangle RP ; this divided by the depth RD or SP gives 
llf s= RS, therefore EO the breadth of the ditch at top is llf + 6 =s 

4. Let the section of the breast- work ABC be as in the 
preceding example, and EO the breadth of the ditch at top ^:= 
QOfeet ; also suppose the slopes of the ditch are unequal ac- 
cording to the following proportions^ £R : RD : : S : 3, and 
SO ; SH : : 2 : 4 } RD and SH being perpendicular to EO : 
Now what must be the depth of the ditch, if the earth when 
thrown out is also to form a glacis whose height is 3 feet , and 
base OG == 14 ? 

Area of ABC .' 88 

of the gkicis == 1 J x 14 = JiL 

of ENTO 109 section of ditch. 

Let DQ be parallel ]>__ 

to TO, and \L per- / ^ 

pcndicular to EO, V j^- c^T/^*^ f/^ 

being the concourse ^ :^ J^ " 

of ON, OT pro- 'M^'7 , 

duce<l. \ ? ,.* 

V 

Then the triangles RDQ, SHO are similar, whence 

HS : SO : : DR : RQ 

or 4 : 2:: 3 : 1^= RQ; therefore EQaKC+ Ij =3}. 
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And because the triangles EDQ, EVO arc anailar, ve have 

EQ ;RD :: EO : LV 

or 3i : 3 :: 20 : 17^ = the perpendicular LV. 

And ill X 10 = l*^!* the area of the triangle EVO. 
ENTO = 109 

62^ area of triangle NVT, 

Therefore (262), |EQ : ED :: triang. NVT : VK« 

or IJ : 3 :: 624 • ^^A» ^^ *^^ 9({USLte 

root is 10*3 Jicariy, asVK; whence the depth LK= 17^. — 10-3 ss 
C-8 feet. 

5. •Suppose the Ir?*^" 

area of the profile ^ 'P \ _'"' ,..Cl 

ABGC = 100 ^' t cVi j/^p^'''^ 

feet; I ^ 

And BD = 1 ZP = 13 

DG =6 PS = 6 depth of ditchi 

BZ = 10 IP = 3 feet. 

What must be the breadth of the ditch so that its section 
ISOT shall be equal to the profile ABGC and TQV (the 
section of the glacis; together, when the talus BG and'QV the 
exterior slope of the glacis are in the same plane ; the slopes 
IS, TO being equal ? 

Ans. IT breadth at top=: ^6-67 feet. 



. 266. Of the Circle. 

If '00051132692 be multiplied by 12288 we have 
6*28318519296 the length of the perimeter, of the inscribed 
polygon of 12288 sides when the radius of the circle is 1 
(208) • This perimeter must be very nearly equal to the cir- 
cumference of the circle, but somewhat less. It may there* 
fore be worth while to calculate the perimeter of the circum- 
scribipg polygon of the same nun^bcr of sidcs^ because the 
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circumference of the circle must be greater than tlie one, but 
less than the other. 

Let C be the centre of the circle, AB the side C 

of the inscribed polygon, and GD that of the coi« 
responding circumscribing one ; and suppose CK is 
perpendicular to AB and GD* 

Then OB is 0002556346 or half of 0005 1 132692 s 
and CB being = 1, we get CO = •99999996738 nearly, (83, caroi.). 

And because the perimeters of similar plane figures are in the same pro* 
portion as their homologous sides (103) vre have 

CC : CR :: perim, inscribed pofyg. : perim. circums. poiyg. 

or '99999996728 : 1 :: 6 28318519296 : 6*2831854 nearly, the peri- 
meter of the circumscribing polygon. We therefore conclude that the 
circumference of the circle 

is /«j than 6'2831854 
h\it greater ih^Ltk 6*2831852 

consequently half their sum or 62831853 must be very nearly tlw cir- 
cumference. 

Now the diameter being 2, the circumference of a circle whose diamirter 
is 1 will be half of 6-2831853, or 3- 14159265; which is correct in the last 
decimal, and sufficiently near to give the circumference of the Earth 
true to less than 2 inches, supposing it globular and the diameter 8000 
miles. 

¥rhen much accuracy is not required, the proportion of the diameter 
• to the circumference may be taken as 1 to 3- 14 16. Or that of 7 to 22 
will serve for common purposes. The ratio of 1 13 to 35$ is a neaier 
approximation than either. 



S67« Tojind the area of a Circle* 

I. Multiply the radius or half the diameter by half the 
circumference, and the product will be.the area (106, coroL). 

II. Or the square of the diameter multiplied by -7854 
gives the area. 
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III. Or multiply the square of the circumference by 
•079577. 



EXAMPLES. 

I« What is the area of a circle whose diameter is l ? 

Half the diameter is -5, and half the circumference is 1*570796 &c. 

•5 X 1 •5707fl» = -785398 or -7854 nearly, the area. • 

Now '7854 is a common multiplier for finding the area of any 
other circle whose diameter is given : thus^ 

Q. Let it be required to find the area of a circle whose di- 
ameter is 90 ? 

Then circles being as the square of their diameters (105, eorol.) we 
have 

1* : -7854. :: 20* : 400 X -7854 =3 14' 16 the area sought (r«/<? If). 

3. Required the area of a circle whose circumference is 1 ? 

As3141592G : 1 :: 1 : -31831 nearly, the diameter : 

*3 1 83 1 
Therefore |- x — ^ — s= '079577 the content. Which is a multiplier 

for finding the area when the circumference is given {Rule III.). 

4. How many square yards in a circle whose radius is 15^ 
feetP 

jins. 8l*]798f nearly. 

5. What is the diameter of that circle whose area is an 

Acre? 

Am. 784- yards, nearly. 

To find the area of the Sector of a Circle^ 

S68. When the diameter and length of the arc are given^ 
Multiply half the diameter by half the arc, and the product 
will be the area : (this is evident from 106, coroL)n 



B5Q MENSURATION 



EXAMPLES. 



1. What is the- area of the circular sector if the radius i* 
20i, and length of the arc 36 ? 

$0i X 18 = 369. Ans. 

S. What is the area of a sector if the radius be 1, and the 
arc contains 40® ? 

When the radius is 1, the circumference is 6283 1853 (266): 

Therefore ^'^^^^^^^ =; 01745 kc length of the arc of P, 
And 01745 X 40 =; ^698 is the length of the arc of 40* 



C 



'698 
And the area of the sector = 1 X -^^ = SiS jtns. 

269. ' Let C A, CG be the radji of two similar A 
sectors CAD, CGO: ^/-V 
Then CA : AD : : CG : GO, /^ J^^ 

or 1 : -01745 X 40* :: CG : •01745 x 40** X CG the 
length of the arc GO when the angle C is 40** : 

Therefore if the number of degrees in a sector be multiplied 
by the radius and that product by the decimal '01 745 the result 
will be the length of the arc of the sector. 

Since the area of the sector CAD is CA X yAD, or 1 x 
>01745 X40^ ^jf ^j^^ ^^j^ ^ jg ^j j^ ^jj jj^ 

CA» : CG* :: 1 X ^^^^^^^ ^Q"" : area of sector 
CGO(X05,coroZ.). 
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or 1 : CO* :: •0087966 x 40* ; CG« x •0087966 
X 40^; 

Consequently^ if the square of the radius, the number of 
dtgree^ in the sector^ and the decimal *0087266 are multiplied 
Jtogether, the product will be the area. 

Examp. What is the area of a sector when the radius is 50, and its ' 
frc94'»344'? 

94* 34'i = 9^-575 

And 50' X 94-575 x '008726G = 3063'2955 the area sought. 

870. Tojini the area of a Segment of a Circle. 

Ex. 1. Let ADB be a segment whose chord AB = 36* 
and height or versed sine OD = 8 $ C being the centre of the 
circle. 

Then DO : AO : : AO : OR (97, coroi. 1 ) 3) 

or 8 : 18 :: 18 : 40^ = OR A/^IXlXB 

2) 4«| =s DR diam. of circle 
i^4^ the radius* 

Now OB being 18, we get (224.) the angle OCB = 47° 55iV theieforq 
the angle of the sector ACB =: 95<' 5 T =: 95''-85. 

^d the area of the sector ADBC = 491-88 (268.) 

areaof thetriang. ACB=:(OBxOC) 

= 18 X 16^ = 29g-5 

Area of the segment ADB diif. \v^'3% 

3. IF the height or versed sine be 50» and the radius of th^ 
circle 40 ; what'is the area of the segment ? 

Ans. 8304*878^^ 



Of mtj^ined Figures. 

271 • A mixt-Iined figure is one bounded by both right an4 
curved lines^ as AO« 

V0L» I. z z 




I 

J 
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Nb general mte can be given for obtaining the exact eoneenfs 
of all fij^iires of this description. The usual method cif ap- 
|)roxiQiation is to divi ic the curved or crooked. lines into short 
parts* and then consider each of those parts as the side of a 
right-lined figure. 

Examp. 1. Suppose AD is divided into a 
equal parts, and let AE, BG, CI, DO, be per- ^ 
pendicular to AD ; aiso suppose 




JL Ja G J> 
AD = 21 CI = 10 

AE = e DO = 9 

BG = 8 

Then if we suppose EG, GI, lO, to be right lines, the figure 
vil! consist of 3 trapezoids having equal bases AB, BC^ CD : 

And — — - X T = 49 = trapejoid AG (261.) 



8 -K 10 



X 7 = G3 = EI 



i^X7=6.i= CO 

sum \1^\ the whole content. 

JSui th^.ftmc result is obtained by multiplying the arithme- 
tical mean breadth by the base or length AD. Thus, take half 
the sum of the extreme breadths AE and DO for one breadth, 
to which add BG and CI, and divide the whole by 3 (the num. 
l)er of parts into which AD is divided) for the mean breadth. 

For the sutn of the 3 fractions having the common denominator 2 

« ' § , or7i+.8 + 10. 

Therefore the sum 7^ + 8 -h 10 x T; or 25 J x—or^x21, 
or - t ^ X 21 =; 178i, *« «»J"2^1 to the 3 tapeEoids: where 7^ ii 

llKllic^j^tremebreadajsAE, CO; aj5dlL±i±i? oralis the i^wn 
breadtht 
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It is evident that the area 49 is too great, because the curved 
side EG is convex towards the opposite side AB : but GI and 
10 «rc bfnt the contrary wav, and consequently 6S and 66$ are 
both i^o little, Heiu-e it appears, that the gnater the number 
of equcd pari5 into which the base (AD) 13 divided, the mpc» 
accurate will be the result. 

Exawp. 2. The length or base of an irregular figure being 
31*6, and the breadths at 9 equi-distant places O, 4*4, 6'5, 7*6, 
5-4, 8, 5*2, 6-1, 6-5; what is the area? 

Ans. dI8'SU. 

S72 The following method of reducing a crooked boundary 
to a straight line is sometimes practised in . land-measuring. 
Suppose ABCD is n field protracted from a 
survey, the aide DC being very inegular: 
Then to reduce this side 10 a straight line, 
lay a fine thread GR across it, and guess by 
the eye when the parts of the surface ex« 
eluded on one side of the thread are equal ' 
to those taken in on the other ; then draw 
the line GR with a pencil ; and the surface of the field will be 
reduced to the quadrilateral ABRG. A fine silk thread, or 
horse hair, stretch d after the manner of a bow-string, will be 
found very convenient for this purpose. 



Mensuration of Solids. 

S7S. By the mensuration of solids we understand that of 
their superficies, as well as the capacities or solid contents. 

If a solid is bounded hy planes they must be right-lined 
figures (195); and their areas added tof^tb^r will give th« whol^ 
^rfaceofthcfolid. 
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Examples. 

1 . To find the superficies of the rectangular prism or paral- 
Idopiped BC^ its height being 3, breadth 89 and length 4* 

3 X 4 = 13 area of AD one of the 4 equal sides, 

48 

IS twice the area of A B. 

66 area of ibe 6 sides or whole superficies^ 

^ X e 

f • What is the superficies of a cube whose sides is 7 ? 

7 X 7 = 49 area of one of the 6 equal fiices. 
49 X 6 = 294 the whole surface. 

3. What will be the expense of lining a rectangular cistern 
with sheet lead, its length being 5{, breadth 4, and depth 3^ 

Jeei, at 9^. the square foot? 

Arts. Si. 6s. 4id. 

4. What is the area of the inner surface of a ditch sur- 
rounding a square fort, the slope on each side being equal, and 
the breadth at top 30^ at bottom 36^ and depth 6Jeet ; and the 
aide of the inner square 300 feci ? 

Half the difference of 30 and 26 is 2, therefore (33) the square root of 
40 (or 36 + 4) will be the slant depth of the ditch. 

Upper side of inner slope of ^ of the whole ditch ZQQfeet* 

Lower side 30i 

Upper side of outer slope 360 

Lower side 356 

300 4- 304 

4 X Q X • 40, or 4 X 303 X • 40 area of inner slope all round, 

*\5fi I 3fi0 

4 X T X • 40, or 4 x 358 x • 40 area of outer slope all round. 



The sum is 4 x 660 X 1/ 40 =s 16697 nearlr. 

all round zs, 34320 
Area sought $1017 feef. 



30 1 _| *l'ifi 
And 4 x j ■ X 26 area of bottom all round =r 34320 
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5. What is the superficies of a tetraedron or pyraimd con«* 
tained by 4 equilateral triangles, each side being 6"? 

Ans. 62*3538 nearly. 



To find the convex surface of an upright Cylinder. 

S74. If an upright hollow cylinder of paper or other thin 
material be cut in a direction perpendicular to its ends, and then 
opened flat^ it will form a rectangular parallelogram : Therefore. 
to find 'the convex surface^ multiply the length of the cylinder by 
Us circumference. 

Exatnp. What is the whole superficies of a cylinder^ its 
length being 10 feet, and diameter 3 ? 

The circumference is s= 3 x 3-1416 = 9'4S48 

And 9-4245 X 10 (the convex surface) as 94 248 

Contents of both ends, add = 14-1372 

Jns. 108-3852 >rt, 



To find the convex surface of an upright Cone. 

275. Conceive the surface to be opened out in a plane, 
and the circumference of the base will then become the arc of a 
sector of a circle whose radius is the slant height: Hence, half 
the circumference of the base multiplied by the slant height will 
^ive the curve superficies 



flxamp. What is the convex surface of a cone, whose height 
is 20 feet, and the diameter of its base 10 ? 

The slant height is 20-6155. Circumference of the base 3 1-416* 
And ~1£ X 20-6155 =» 323-828 feet. 4m. 
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To find the convex surface of a Conic Frustum^ or a part cut 
Jrom the bottom by a plune parallel to the base. 



^ 



276. If the sector BCA represents the 
curve surface of the whole cone, BDGA will 
be that of a frustum : therefore the difference ^^<_-.^ 
of Ihe sectors BCA, DCG, is the surface of i'^^^-^__.-X^ 
the frustum. 

Examp. Suppose the circamfcreiices of the two ends of the 
finsmm are 94 and 1 5, and the slant height ; what is the curve 
surface ? 

BfCSOBt the Mctors BCA, DCG are sinTilar, we have 
BA : DG :: BC : DC 
AndBA — DO : DG :: BC — DC : DC (94,sckol,) 
or 24 — 15 : 15 : : 6 (BD) : : 10 s: DC : 
Tlwreforc V x 10 = 75 area DCG 

and V X t« =i22 ^^^ ^^* 
diff. JJI7 areaBDGA. 

Or /ftu5;— Since the segment BDGA is analogous to a 
trapezoid, if half the sum of the parallel sides DG, BA be 
multiplied by their perpendicular disUnce BD, the product will 
be the area. 

rj -4- ?4 ^ 5 =. 1 17 the curve surface, as before. 



To find the surface of a Globe or Sphere. 

977. Mu LTt PLT the diameter of the sphere by its circum- 
ference, and the product will be the superficies. 

Let the semi-circle EVW be 
circumscribed by the rectangle 
ER, and suppose lO, which is 
drawn to touch the circle in P, 
to be bisected by the radius C P ; 
also, let CV be perpendicular, 
and AB, GD, QO parallel to EW. 




Then if the semi-cirde and rectangle renArt aboot the axit 
CV, the former will deMtibe a hemifiphere^ atid the lalt«r tof. 
lindcr; and lO will describe the curve Mifface of n com 
frustum. 

Let OB be perpendicular to AB : then the triangles PCS^ 
OIB are Hmilar, whence PC : PS : : OI : OB ; but QAaat 
OB, and GS==CP, therefore GS : PS : : OI : QA : 

But the circumferences of circles are as their diameters (103, 
coroL) ; and because GD is double GS, and PN double PS, 
we have i from the last proportion) 

As circumf. circle GD : circumf. circle PN : : OI : QA; 

whence QA x circumf. GD = 01 x circumf. PN, 

But QA X circumf. GD is the curve snrface of the cylinder, 
whose height is QA {"27%). And because PO = PI, the cir- 
cuntiVrence described by the point P will be half the sum of the 
circumferences described by the points O and I, and therefore 
the slant height OI x chcuwf, PN is ihe curve aur'ace of the 
coixic frustum described by OI 276:) whence it appears that 
the convcn surfaces of the cylinder^ and conic frustum describcci 
by QA and 01 are equal. 

Now if the points Q and A nearly coincide with G, the cor. 
responding points O and I will nearly coincide with the point P, 
and in that case, we may consider the indefinitely small conical 
surface as coinciding with, and equal to the indefinitely small 
portion of the spherical surface, and as this will hold in every 
part of the quadrant EV, the sum of all the conic surfaces must 
be equal to the whole spherical surface^ which therefore, will be 
equal to the corresponding surface of the cylinder:— Hence tho 
surface of the hemisphere is equal to that of the cylinder £R, or 
the surface of a sphere equal to that of its circumscrilang cylin« 
der, or equal to 4 times the area of the circle whose diameter is 
that of the sphere. 
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CoroL 1 • Hence also* the convex surface of any spherical 
00gment^ or zone, Is equal to .the circumference of the sphere 
tnultiplied by the height of the said Mgrnent^ or zone. 

CoroL f • And because the areas of circles are as the squares 
of their diameters, or circumferences* the surfaces of spheres 
will be as the scjuares of their diameters, or circumferenoes. 

Examples. 

1. What IS the superficies of a globe whose diameter is 4 
inches? 

4 X 3- 14 16 the circumference; and 4x4X3*1416= 50*2656 inches, jint» 

9. What would be the cost of gilding a globe 10 feet in 
diam^t^r^ at 6d. the superficial foot ? 

^ns. 7 1, nws. 

3. At what height above the earth must a person be to see 
one fourth of its surface, supposing the earth to be perfectly 
spherical^ and its diameter 8000 miles ? 

Ans. 4000 miles. 

To find the solid or cubic contents of a Prism or Cylinder. 

278. Multiply the area of the base by the height, and 
the product will be the solid or Qubic contents (13 1^ and coroL]. 



t Examples. 

1. How many cubic inches are contained 
in^the rectangular prism or paraDelopiped AB^ 
the length AD being 3 inches, breadth AC =: 2, 
and height CO = 2 ? 

2x3 = 6 area of the base ; 
And G X 2 s: 12 inches the cubic contents* 




This IS calltd culic Treasure because the ckpacily oi* magni- 
V^de is e&tiihated in cubic itttegurs, as cubic yards, cubic feet, or 
^bic inches : Thus^ in the present example, a cubic inch is the 
Measuring integer or unit, the whole prism containing 1 2 of these 
units 6r inch cubes, 

5. How many gallons bf Watw will i cubic cistern ct)nlain> 
it* depth being 4 feet ? 

4 X 4 X 4 = 64 cubic feet, the capacity ; 
^^^ 03. ^'^^ =*= ^'^^ ij f gallonir, <pte nieeuure. • 

3, What is the value of a cylindrie stone pillar whose dia« 
toieter =z 3{ feet, and height 20 feet> at 2j. \0d. the cubic foot? 

jins. 27/. 5s. eid. 

4, if the velocity of water through a cylindrical pipe if 
inches in diameter, be 13 inches per second, what quantity 
wouM it supply in 24 hours ? 

jins. 8592 galloins, tuine measure. 

5, IF the clepth of an oblique parallelepiped be 4 feet, the 
acute angle of the base 42°, and the including sides 7t and 3 
feet, what is the content in clibic yards ? 

^715.37174. 



To find the solid conttrcii of a Pyramid or Cone. 

279. Multiply the base by the perpendicular height, 
and -y of the product will be the area. — Or, multiply the base 
by -i^ of the height (133). 

Examples. 

.. 1. How many cubic feet in a triangular pyramid) the ^ides. 

of the base being 7, 8. and 9 feet, and the perpendicular 

height 1?? 

Ans. 152*05 nearly. 
VOL* I* 3 A 
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9. Required the number of cubic yards in &n uptight py» 
tamidj the base being a regular heptagon, whose aide is io feeti 
and the slant height from the middle of the side of the base = 
SO feet ? 

Ans. 196'87. 

S; How many cubic yards. in an upright cone^ the circum* 
ference of the base being 70 feet^ and the slant height 30 7 

jins. 134*09* 

4* What is the content of an oblique cone, the greatest 
slant height being eo feet, the least 16, and the base a circle 
whose diameter is 8 feet 7 

Ans. ^5^*656 fteU 

880. To find the contents of a Cuneus or Wedge. 

AwEDGBisa solid having one of 

its ends flat, and the other an edge A. ? 

made by the concourse of two op* /\ \ 

posite plane sides. Thus the trape- ^( , \^ -^..\d 

zoid ARBO is the flat end ; and ^^^^d^^r^^ ^ 

GC the concourse of the planes 
AOCG and RBCG, the other end 
or edge of the wedge BG. 

When the planes AOCG, and RBCG are rectangular and 
equal, the end ARBO will also be a rectangle, and the wedge is 
of the common form, or half a parallclopiped having the 
rectangle AC for its upper side, and OS (which is perpendicular 
to BQ) for the depth or thickness ; BQ being parallel to OCl — 
Or the wedge is a prism having the triangle BOC for its base, 
and O A the height ; and the content, in that case, is = OA X 
area triang. BOC. 

Suppose the planes or sides AOCG and RBCG, and also 
the end ARBO are trapezoids^ and the latter any how inclined 
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to the two former ; and let the plane BPI) be parallel to the 
side RAG. Then the whole wedge BG will be divided into a 
triangular prism ARBPDG, and the pyramid PBOCD, the 
latter having B for its vertex, the trapezoid DPOC for its base> 
and OS the perpendicular height of B above the base. 

Then if AI is the perpendicular distance of AO and CG, the 
area of the parallelogram AD will be AP x AI. 

And AP X AI X 4^08 is the content of the prism ARBPDG» 
OS being the depth of the parallelopiped* 

And J X AI is the area of the trapezoid PC th» 

base of the pyramid (261 j. 

PO + DC 
And ^ • X AI X jOS the content of the pyramid 

(279). 

But AP X AI X tOS the'content of the prism, is the same 
•8 3AP multiplied by the rectangle or product AI x iOS. 

PO -+- DC 
And X AI X iOS the content of the pyramid, 

m * 

the same as FO + DC multiplied by the rectangle AI x iOS : 

Therefore the sum of both or 3AP H- PO •+- DC multiplied 
by the rectangle AI x iOS is the content of the wedge BG : 

But AP + PO is equal to AO : 
A£id AP + DC equal to GC : 
Also AP is equal to KB; 

Therefore AO + GC + RB is equal to 3AP + PO + DC : 
And consequently the sum AO -*- GC -H RB multiplied by 
the product AI X iOS is the content of the wedge ; OS ^cing 
the perpendicular distance of RB from the face AC. 

3 A2 
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. But AO + GC + RB multiplied by AI X |0S U the same 
as ^0-^^C-«-RB j^^i^ipii^d by Al x^OS, (because i 

Now AI X }0S is the area of the perpendicular triangular 
Bcction of the wedge ; that is, if we suppose CQ ^^ ^ perpen- 
dicular to AO and GC, and OB ^t right angles to AO. thea 
OC = AI, and the triangle BOC is that triangular section; 
and considering OC as the base, OS will be the altitude of the 
triangle: Hence to find the content of a wedge, — yidd the edge 
and those two sides of the opposite end that axe parallel to the 
edge together, and midtipty i of the sum hy the area of that 
section of the wedge which is perpendicular to those thr^c 
lines; and the product is the content (Rule 1.). 

Examp. 1. Let AO = 4, GC = 3, RB = f{, the per-, 
pendicular AI z: 12, and OS the perpendicular distance of 
PR from the face AC (produced) ~ Hj^et; 

Then ^ + ^ + . 23: ^ ij ^ 2i — ggi cubic feet ^ the contcDts. 

Examp, 3. Suppose the depth of a waggon road is 5i fbe( 
below the comn^on surface of the ground, and that another road 
leading out to the surface is to be cut obliquely through the 
t)ank or side : now if the ler gth of ihe new cut at top is 51 feet, 
the perpendicular breadth at top g feet, and the narrowest 
breadth at bottom 6 feel ; what will be the content of thQ 
excavation ? ' , 

If the trapezoid ARE€) is the open- a q. 

ing in the bank or entrance of the new ^x^ T\ 

cpt, CBO will be one of its sloping i\l ^V/S ....-•Ii...?Sy^ 

sides, and the parallelogram AOCG Xi'^ j 

the top whose length is 51 feet, and ^ S 

pcrpei-'icular breadth GD =: 9, and 

if the plane BPl is parallel to the side RAG (as in the preceding example), 

then GI (6 feet) will be the narrowest or perpendicular breadth at thft 

entraoce Kl^ 
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Now because AG X 01 is the area of the parallelogram PG, and OC 
X ID that of the parallelogram PC; therefore, if instead of AO and OC 
and their perpendicular distance (as id the foregoing example) we mak^ 
u«e of the other sides AG and OC and their perpendicular distance GD, 
tjie co^tent of the wedge or excavation BG 

. lyill be GD + GD + GI or 2GD + GI myUipliedhf ihe produd 
AGx iOS (^1^2): 

or 24 X 51 X ~ = 204 X 5i = 1 122 cubic/cc/, the Anstver. 

Hence it appears that whatever may be the obliquity or di- 
rection of the new cut with respect to the other road^ the cubic 
9Pnt^nts of the excavation will remain the samf . 



281. To find the contents of the Frustum of a Wedge^ or a 
fart cut off the end opposite the edge by a plane parallel to 
that end* 

Solids of this kind are sometimes called Prismoids, 

Let the trapezoids jJL a /\r( 

ARBO, and SDWZ re- 
present the greater and 
less ends of the frustum, 
and suppose the sides 
ASDR, and OBWZ are 
perpendicular to the ends. 

If the frustum is cut through S and D by the planes SCGZ, 
DEIW perpendicular to the ends, it will bedivided into two 
wedges AZ^nd EW, and the prism CDG, 

The content of tl^e prism is the trapezoid CEIG multiplied 

rn. -4- FT 
l^y the height DE or SC, or ^ . ■ >i PN X DE; RQ 

lacing perpendicular la RB afid AO. 
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The content of the wedge DEBW is R^ + ^^-^-P^ ^ 

RNxED.^^-, . RB + 8EI RNxED,. 
(980, Rule 1.) or -^ x (becauio 

DW = EI) ; DW being the edge, the trapezoid EIBR the 

, , RN X ED , r L • 1 I.- i_ 

opposite end, and the content of the triangle whicli 

is the section of the wedge perpendicular to £1, RB, DW ; 

And toe content of the wedge AZ is ^ x . >* ■ ■ - ^ 

CG being equal to the edge whose extremities are S and Z. 

Consequently thoHe three results added together will be tb^ 
content of the frustum. 

Examp. I. What is the capacity of a ditch surroimding ^ 
square Fort whose side is 100 yards, when the breadth of the 
ditch at top is 10 yards» at bottom 8, and depth 3, and tho 
bottom of the inner ^ope |- a yard from the per^^endicular ? 

Here the frustum AW represents I of the ditch j 

And RB = 100 theinoer side 

A0= 120 the outer 

RQ = 10 tHe breadth at top 

DE = 3 the depth 

NP =s 8 the breadth at bottom 

CQ= IIT 
£1 s: lOU 

Tlien illii^* X 8 X 3 = 2616 content of prism SG, 

5B_^^I^RNxED = -!2£xi^ = 7Si..... of wedge EW. 

A0_+?CO^PQj^^.H^^ = ^ of wedKC AZ. 

ram i?;>57 the frustum AW, 

And 2957 X 4 = 1 1838 oxhic yardt^ the whole ezcaration^ 



iSd» When the opposite feces DRBW^ and SAOZ are 
tsqually inclined to the ends, RN and PQ are also equal, and the 
tontent is equal to half the sum of the ends or top and bottonii 
multiplied by the depth. The same thing however^ appeari 
from a different consideration ; for if B V be a perpendicular 
•ection parallel to RQ, then the solid VW cut off by the plane 
BV is equal to half a prism whose breadth is VO and deptb 
£D, and therefore its content is the perpendicular section 
VB X tVO : In like manner the content of the solid DQ if 
1= the section RQ x ^AQ; therefore the frustum AW is 

QV+ fVO + 4AQ or ^^ "I" ^° or the length along th^ 

toiiddle of the top or bottom, multiplied by the perpendicular 
section^ or half the sum of the trapezoids AB and SW muU 
liplied by the depth ED : 

,-. 120+ 100 10 4-8 ^ ^o^/> Ai. / 1 >i«T 1^ .f 
Ftz. ^ X ■ o^ ■ X 3 s» 2970 the Irustuoi AW whea ibe 

slopes are equaU 

Mxamp. d. What is the capacity of a ditch aurrounding a 
regular pentangular Fort whose side is 130 yards : the breadth ' 
of the ditch at top being 10 yards, at bottom 8, and depth 
S^; supposing the slope on each side to be equal ? 

Let the preceding figure represent \ of the ditch, the planes AD, 0\V 
through the angular points A, R, B, O, being perpeadlcular to the [top 
pf the ditch, as In the foregoing example. 

Then RQ being 10 yards, and the angte RAQ = 54\ V9e get {32\) 
AQ s 7-3654 yanis; therefore AO = 150 -f J4*530S sz 164*5308 yards, 

the outer side of the ditch ; and —-J- X 3 == 27 the perpendicular 
lection: 

Whence ^^'^308-H50 ^37 = iQi6'165S yards the cubic content! 

of f of the ditch; and 4346:1658 x ^ =3 21330839 the whole ezc^ 
Yatiom 



V 
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Aiid the sdlid cotitents of a. rampart having saliefal dngTel 
ttiay be found in a similar manner ; for if the angles are bisected 
by perpendicular sections, the parts of the ramparts between 
4iose sections are readily divided into prisms and wedges* 

JExanip. i. If BRAD be the perpendicular section, and 
ETDB the top of a ditch hext the rounded angle ECB of a 
fortification : 

AndBD = I6ya»ii5, the breadth Tr-'"''"^^ — ---^s. 

at top. "^Y ' '^--^V 

ft A = 13 breath at bottom. A ""x \\ 

PR or O A = 4 depthi \ >v \ \ \ 

BP = 1 \ \ \ \ \ 

OD= s V ^?"^ 

Angle ECB = 1 20*, K:dL 

mdiiis CB = 50 yards. What is the cubic capacity ? 

The ditch being the frustum of a circular wedge, if the circular planes 
tlPI and AOS are perpendicular to the bottom RA, or parallel to BE, tb« 
fcustam or excavation vdll be divided into a circular ptism> and tiro dr^ 
cular wedges. 

'And because CBD is a right liile^ we Iiavfe 

The radii CB = 50 and the arcs BE = 104-7 

CP = 51 PI = 106-794 

CO = 64 OS =: 134 016[ 

CD = 66 DT = 138-204 yards. 

The content of the prism is the area ISOP multiplied by the depth PRi 
bt the area of the bottom of the ditch multiplied by the depths or half 
the sum of the arcs PI, OS multiplied by the section RPOA; 

,U. '"'^•^^*+'^^"'^ X 52 = 626.-06,.r*. 

The edge of tlie inner wedge is equal to the arc Pt, therefore the mm 
B£ + '2?l multiplied by PR x ^PB is the content of the wedge, (28(% 
Euie2)i 

of 318-283 X 4 X i = 212*192 yards. 
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And the conteM of the outer wedge = the sum DT + SOS muUipii^d 
by OA X iOD: 

or 406-236 X 4 X i = S41-648 yorrff. 
212-192 
626 1 06 
sum 7014*9 the whole excavatioo* 

If the slopes BR^ DA are equal, the content will be half the 
sum of the extreme arcs BE and DT multiplied by the perpea- 
dicular section BRAD : 

I 

104-7 -f- 138-204 ^^ ^^,,r. u- ^ 

or ■■ X 58 =: 7044*2 cubic yoror. 

In the same manner the solid contents of the circular part 
cf the rampart are found, for it may be divided into circular 
prisms and wedges. 

Examp, 4. How many gallons, wn« measure, will a cis- 
tern contain, if its let^h and breadth at t^ are 5 and 4 feet, 
respectively, and at bottom 4 and 9 feet i the perpendicular 
depth being Si feet ? 

Jms. 414Vt* 

Examp. b. Suppose a bank of earth 40 feet thick at bot* 
tom» 12 at top, and each of its sloping sides IB feet; now if a 
j^oad 6 feet broad at bottom and 10 at top be cut direcdy 
through tlie bank, what will be the content of ih% exca- 
vation. 

Ans. 2«47*7 cubic feet. 



883. To find thfi content of the Fmeium of a Fyramid. 

Let GC be thefrustum of apyramid^ the ends GD and BC 
being squares; also suppose the face GA is perpcndieulitf to 
the ends, 

VOL. I* SB 
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If the plane EDR is parallel to the £ice 
GA it will divide the frustum into a wedge 
RDEC, and the frustum of a wedge RG. 

The content of KG is half the sum of the A R~ C 

t>ppos[ite faces BR and DG multiplied by the height OP (282), or 

AB ^ Afi^ P^' X OP; AB X AR being the face BR, 

and ED"* the top DG. 

B X 
Now let the square BC represent the base of I C 

llie frustum, and the square BD its top ', then 

£C is the base of the wedge. 



ATir c 

And the content of the wedge is sDR* + sDE X DR mul- 
itphed by — ^ (280.) or ^1— >^ OP. 

But the rectangle AB x AR is = DE« + DE (AR) x DR; 
therefor ^5ti2<A^±°i' X OP = «DE' + DExDR ^^p^ 



or. 



6DE» + 3DE X DR 



X OP the content of GR : and the 



«um of both solids. 



^^ eDE'HpgpEx DR-j-gPR* ^ Qp ^^ 3DE'4-3DExRD+DR* 

O 3 

X OP, \a the content of the frustum GC. 

But the two squares BD and DC together with the two equal 
rectangles AD and £1 or twice the rectangle AD make the 
square BC, or DE* + 2DE x DR + DR* is the area of the 
base BC, and D£' is the area of the top GD ; also DE + DR 
is the side bf the base, and DE the side of the top, and their 
rectangle or product is DE' + DE x DR; now those three 
areas, namely, DE* + 2DE x DR + DR* the base, DE* 
the top^ and D£' -)- ^^ X DR together make 3D£* + 3DE 
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>c I>R + t)R* ; but the product of two numbers Is a mean 
proportional between their squares f Arith. 188, Examp. 7)^ 
therefore the sum DE + DR multiplied by DE is a meaa 
proportional between the square of DE + DR and the square ■ 
of DE, or a mean proportional between the ends of the 
frustum : 

Therefore, if the two ends of the frustum be added to the 
mean proportional between them, and 4 of the sum multi- 
plied by the height, the product will be the content of the 
frustum. 

Now it is evident (132) that the frustum GC is equal to 
the frustum of any other pyramid having an equal base, 
whatever may be its figure, provided the heights, and also th^ 
opposite ends, are respectively equal : And therefore the same 
rule will also give the content of the frustum of a Cone* 

This however, may be obtained without comparing it with 
a frustum of a pyramid having plane sides, if we conceive the 
conic frustum to be composed of a cylinder and a circular 
wedge. 



EXAMPLES. 



1. 



Let AC = 7, OD = 5, and the height OP = 6 j 



Then 7 X T = 49 the area of the base ; and 5 >f 5 = 25 that of th<^ 
top GD; and the mean proportional between 49 and 25 is the square root 



4>f 49 X 25 or 7 X 5 => 35 ; thrrefore 



49 + 25 +35 



X 6s2l8tkccontcnt« 



Or the content of the frustum may le found 
thus: — Let V be the vertex of the pyramid 
when completed : then the difference of the con* 
tents of the whole pyramid BCV and the upper 
pyramid GDV will evidently be that of the fnis- 

t^I^ GC. 

3 B 3 
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Let the face GA be perpendicular to the ends of the frustum, 
and OP (perpendicular to BA) its height, as above : then by 
similar triangles^ 

As the difference of the sides AB and OG, to OP, so is OG, 
to the height of the upper pyramid or the di<itance of V from the 
base GD; this added to OP will give the height of the whcJlc 
pyramid BCV. 

Suppose AC 5= 7, OD a: 5, and OP = 6, (as before) : 

Then7 — 5 : 6 :: 5 : 15 the altitude of the pyramid GDV, vhicb 
added to 6 (OP) is 21 the altitude of the pyramid BCV: 

Therefore 49 x V == ^^^ the content of the pyramid BCV (133): 
And 2> X V = 125 that of GDV: 

dif}« 275 conleut of the frustum, as before* 

S. Required the solid contents of the frustum of a triapgulajr 
pyramid, the sides of the base being 6y S, and 10 j and of the 
top 3, 4j and 5, supposing the height 30 ? 

jins. 420. 

3. How many cubic feet in a squared piece of Timber, 
the areas of the two ends bein^ 504; and 372 inches^ and its 
length Sl^feetP 

4ns. 95^4. 

4. If the length of a tapering round pieee of Timber or 
body of a tree be Q6feet, and the diameters of the ends 22, and 
18 inches, respectively; whs^t is the solid content ? 

22* X -7854 = a80J34 inches, area of greater end 
JS* X -7854 = 2j4-47 of the less; 

And the square root of their product is 311*018 the mean proportional 
between the areas of the ends: 

rp, 254-47 +.380M34 4-31 l-OJS 

Then 31 3: : — = 315-207 which multiplied by 

t6 X 12 gives 98345 cubic inches, or56-9/€et, the content. 
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5. If a cask or barrel in the form of two conic frustums 
joined at the greater ends, has its bung or middle diameter 18^ 
head diameter 14, and length 30 inches; how many pounds 
of gunpowder will it contain, supposing 30 cubic inches to the 
pound ? 

AnS4 203. 

284« To Jind the solid content of a Globe or Sphere, 

Multiply the superficies by j of the diameter^ and the 
product will be the content. 

A. T 
Let C be the centre of a sphere, and 

ABGN its circumscribing cylinder: then 

the diameters of the sphere and cylinder ^ 

are equal; and the former is | of the Iat« 

ter, (134). * L 

The base of the cylinder is ^ x £irS!^\ (106, coroL), 

A^AUa ^^r.*^, NG circumf. ^ NG* x drcumf. 
Ana us content.-^ X — ^-^ X Na or NG, or ^j 

Therefore the contcntof the sphere is | x ^^'^^^^^*"'^ 

NG 
or NG X circumf. x -g- ; that is, the surface (NG X circum.) 

multiplied ly 4-NG. 



EXAMPLES. 

1. What is the solid content of a sphere whose diameter 
is 1? 

The drcumference is 3*14 159 &c. 

And the superficies 1 x 3*14159 &c. 

Therefore the solid content is 1 X 3* 14 159 &c. X i* or 0*523eu 
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S. Required the intent of a sphere whose dijuiieter is 20 ? 
i^idce spheres-are as the cubes of their diameters (135, coroL 3) we hare 
As 1^ ; '5236 :: 20' : 8000 x *5S36 =s 4188-8 the answer. 

Therefore the cube of the 4iameter of a globe or sphere mul- 
tt^Hed by the decimal *5236 gives the content. 

3. The diameter of a Qlb. iron shot being 4 inches neatly, 
then what is the weight of a cubic inch of cast iron ? 

4' X "5236 = 33-5104 cubic inches theconteot; 

^nd --- — --T-=s 4-297 oimces nearly, the answer. 

33 J 104 

4. If the gilding of a Globe coMt SL at 6d. the superficial foot, 
what is its cubical content } 

Jns. li3*6 feet. 

5. If the Earth be a sphere 8000 miles in diameterj what is 
it9 cubic content ? 

Ans^ S68082572800 miles. 

285f To Jiiid the solid content of a Segment of a Sphere* 

Let PDOT (see the preceding figure) be a spherical segment, 
its base PO being parallel to the diameter WZ, and also to the 
ends of the circumscribing cylinder. 

Then 3*1416 X AB x BT is the convex surface of the 9eg* 
ment (27 7t coroL). 

And because the solid content of the sphere is the surface 
multiplied by r of ^^^ diametery therefore the content of the 
conical solid CPTO having the convex surface qf the segment 
for its base, and C the vertex^ will be that surface multiplied 
by T of the sphere's diameter (or ^ of the height TC), or 3*1416 

X AB X DT X ^, or ^iiili X AB« x »DT. 

o ]" 
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And PO being the diameter of the base of the Cone PCO, 
its area will be ■ , therefore the content of the 

4 

. 31416 X PO* ^ DC 31416 ^ ^^, ^^ 

cone u X -^,. or — jj- X PO* x DC. 

And the difference of the cones or solids CPTO and CPO, or 

the difference AB» X sDT-PO« X DC multiplied ly^l^^ 

or the decimal *26l8^ is the segment P'f^O: therefore. 

Multiply the square of the sphere's diameter by twice the 
height of the segmept^ 

And the square of the diameter of the se^ent*8 base by the 
^fferenqe between its height and the radius of the sphere ; 

Then the difference of the products multiplied by the decimal 
•?618 is the solid content of the tegment.— A shorter practical 
rule however) may be derived algebraically* 



EXAMPLES* > 

1. If PO the diameter of the base is 8^ and its height DT 
£z g^ what is the content of the segment ? 

Because PD is a meao proportional between TD and DI {91, ourcH. \) «i 
J^ave DI ^rm 9 V s^ 9; therefore the diameter TI ss 10, and DC 

And 10' X 4 ss 400 
e« X 3 gs 19g 

diff. ^^08 which multiplied by •361,1 

gives 54*4544 tl^ content of the segment PTO«- 

9. If the diameter WZ =: 6> and PQ^ %^ what is the ooq« 
tent of the j^tom or «one WPOZ t 
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C0« s= 9 
DO*s= 6|25 

(83, cord,) DC^as TTT and DC «= 1-6583 

CT = 3 

DT = 13417 

Whence the content of the segment PTO =a 14*437 
hemisphere WTZ = 56-549 

zoneWPOW = 42-112 diff. jiris. 

3. If a s^ment 3 inches high be cut from a globe 9 inches 
in diameter^ what is its cubic content ? 

Ans. 98*90 inches, 

4. Suppose the muzzle of a 39 pounder is stopt with a 4M, 
ball; required the content of the part within the bore, i£ -^ot 
m inch has been allowed for windage ? 

Alls. 36'5 cubic inches. 

We recommend the use of tnodcls for all the solids having plane ades. 
The planes may be cut in itiS paste-board; and when folded up, the edges 
are easilj £utened together with slips of thin papqr and gum-waia'* 
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ADDITIONAL EXAMPLES 

PRACTICAL GEOMETRY, TRIGONOMETRY, 
and MENSURA TION. 

1. If the diagonal of a square redoubt be 67 yards; what 
IS the length of the side I 

Ans. 47*376 &€• yards. 

9. The sides of three squares being 4, 5, and 6 feet; thea 
how long is the side of that square which ii equal to all three ? 

Ans. B'7749foei9 nearly. 

3. If the lengths of two lines are 20 and 30 inches ; what 
is the length of that line which is a geometrical mean between 
them? 

Ans, S4'4949<n« nearly; 

4. If the diameter of a circle be 50 yards; what is the length 
cf a chord which is 5 yards distant from the centre ? 

Ans. 48*9899 yds. 

5. If a point be 20 inches distant from a circle whose di- 
ameter is 20 inches^ and a line 30 inches long be drawn from 
that point to the circumference; what is the length of that part 
#f the line which is without the circle ? 

Am, ff6|> inches, 

6. Suppose in the last example, the line is drawn from the 
given point to make the intercepted chord 10 inches; what is 
the length of the part without the circle? 

^125. 23*7228 &c« inches. 
VOL, I* 3 C 



"SJS ADDITIONAL EXAMPLES. 

7. In the preceding example, what is the length of the tan- 
gent to the circle drawn from the given point ? 

Ans. 28-284 &c. in. 

B» To what cxtenl on the^urface of the sea (exclusive of the 
effect of refraction) can a person see from the top-mast-head of 
a man of war, his height above the water being 30 yards, and 
the earth's diameter 7960 miles f 

Ans. ll'Gmiles^ nearly. 

9. If a line 10 inches long be cut according to mean and 
extreme proportion ; what are the lengths of the two parts ? 

A71S. 6-18 and 3*82 in. nearly. 

10. If the base of a triangle be 40, and the other two sides 
30 and 20; what is the length of its perpendicular? 

Ans, 14-32 &c. 

11. If the base of a triangle be 40, and the two side& 30 and 
20; what are the segments of the base made by aline bisecting 
the vertical angle ? 

^715. 24 and i 6. 

12. If the diameter of a circle be 30; what is the side of the 
inscribed equilateral triangle ? 

Ani» 25*98 nearly. 

13. If the side of an equilateral triangle be 10 ; what are the 
radii of the inscribed^ and circumscribing circles? 

Ans. 28868 and 5-7736 nearly, 

14. The side of a square being 10 ; then what is the radius 
of its circumscribing circle ? 

Ans. 7071 &c. 

15. If the side of a regular pentagon be 10; what are the 
radii of its inscribed^ and circumscribing circles ? 

Ans. 6"682 and 8*506 nearly. 
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16. If the radius of a circle be 10; what are the sides of 
the regular inscribed trigon^ tetragon^ pentagon^ hexagon^ oc- 
tagon, and decagon ? 

Ms. 17-32— 14-142— 11-756— 10— 7'654— 6*18, nearly. 

17. A plan of a fortified town has a scale of 100 toises which 
is 1-6 inches in length; the plan is 30 inches long, and 24 
broad ; now what will be the size when it is copied to a scale 
of 6 inches the English mile ? 

Ans. 13*6 in. long, and 10*9 broad. 

18. If the length of a pair of proportional compasses be 7 
inches'; how far from the ends is the centre answering to the 
division 5 on the line of Lines ? 

u4ns. 1|- and 5^ inches, 

19- Suppose the length of a pair of proportional compasses 
to be exactly 9 inches ; how far from the ends must the centres 
be for enlarging or diminishing a plane surface twice^ and a 
^oYid three times ? 

jins. 3*728 and 5*272 in. in the former case. 
3-685 and 5'315 in. in the latter. 

20. If the length of a cannon be 8/. 10 in. its diameter at 
the breech ig^in. at the mouth 14^ in. at what distance would 
the outer surface meet the axis of the bore supposing both 
were produced ? 

Am. ^5^Jeet, from the muzzle* 

21. How many degrees, &c. are contained in that arc of a 
circle whose length is equal to the radius ? 

Ans. 57''*295779 nearly, 

22. If the line of numbers from 1 to 10 on a logarithmic or 
Gunter's Scale is a foot ; required the distance- from 1 to 5« — 
And what is the distance from 10 on the line of numbers to 40^ 
cn the line of tangents P 

Ans. 8*8876 &c. and 0*914 &c. inches^ ' 
3C « 
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23. The length of a line of chords of gO* being 44 inches; 
then what is the length of 45^ on the same line ? 

Ans. 3*3 in. neariy. 

d4* If the radius of a circle be 20; what are the lengths 
of the sine, cosine^ tangent^ cotangent, secant, zndi cosecant 
of3P**? 

Ans. 10— 17-32— 11-547— 34-641— 23-094— 40. 

25. If the base of a right-angled triangle be 4, and the per- 
pendicular 3 : what are the Itngths of the sine, cosine^ tangent^ 
and cotajngent of the least angle, if the radius be 1 ? 

A^'S, 0-6 — 0-8 — 075 — 1-333 &c. 

S6« If the base of a right-angled triangle be 0*28^ and the 
adjacent acute angle 59^ 1 1's what are the other sides 7 ' 

^725. 0*5466, and 0-4694. 

27- The base of a right-angled triangle being 74-7 yards, 
and its opposite angle 21® 13' ; what are the other sides ? 

Ans. 192*4^ and 206-4 yds. 

28. The hypotenuse of a right-angled triangle being 5472 
feet, and one of the acute angles 29*" 5l'j then what are the 

other sides ? 

Ans. 4746 and Q793'5 feet. 

29. If the three angles of a plane triangle are 106** 4l', 46* 
24', and 26* 55', and the side opposite the greatest angle = 

' 297^6 yds. then what are the other sides ? 

Ans. 225, and 140-7 yards. 

30* Suppose the angles of a plane triangle to be as in the 
preceding example , and the side opposite the least angle 297*6 
feet; required the other sides ? 

Ans. 4761 and 6^9*7 feet. 

31. The hypotenuse of a right-angled triangle being 
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14 f. 10 in, and the base lOf. 7 in. then what is the per- 
pendicular ? 

Ans. 10/. 4'7 in. 

32. Two sides of a triangle being 311 and 397 yards, and 
the angle opposite the greater of those sides = 38'' 33'; then 
what IS the third side? 

Ans. 389*7 yds. 

33. Suppose two sides of a triangle are 311 and 221 yardsj. 
and the angle opposite the least of those sides is 38^ 33' ; re- 
quired the third side ? 

Ans. 349'4, or 137*04 y^Zs. 

34. If i^o sides of a triangle are 179*8 and 121 '6 feet» and 
the included angle 79® bV ; what is the third side ? 

Ans. \QB*5 feet. 

35. The base and perpendicular of a right-angled triangle 
being 1139, and 1074 yards; required the acute angles, and 
hypotenuse ? 

Ansi 43° 19'— 46*41'— hypot. =: 1363-5 yJ^. 

36. If an angle of a triangle be 129* 34'; and the ratio 
of the including sides as 4 to 7 ; what are * the other two 
angles ? 

Ans. 32* 32' 7"— 17** 33' 53". 

37. How many inches subtend an angle of l" at the distance 
of 7 miles ? ' 

An^. 2*1 nearly. 

38. Suppose the sides of a triangle are 14272, 13141, and 
1 1799 yards ; required the angles ? 

Ans. 69** 34'i — 59° 38'i— 50* 4?'. 

39. If the sides of a triangle have the proportion of ^, f , 
and 4 ; what are the angles ? 

Ans. 117* 1«'46" — 3«« 20'ia" — 2«o23'4^ 
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40. Let the base of a right-angled triangle be 30^ and the 
ratio of the other two sides as l to S 5 what are those sides ? 

Ans. 17'32, and 34*64 nearly. 

41. If the hypotenuse of a right-angled triangle be 100^ and 
the other sides as I to 2 ; what are those sides ? 

Ans. 44'72 and 89*44 nearly. 

42. If the hypotenuse of a right-angled triangle be 40, 
and the sum of the other two sides 50 ; what are those sides ? 

Ans. 11-771 — 3 8'229 nearly. 

43. Suppose the hypotenuse of a right-angled triangle to be 
40, and the difference of the other sides 10 ; required the 
sides ? 

Ans. 22-839 — 32'839 nearly. 

44. If the base of a right-angled triangle be 40, and the sum 
of the other sides 80 ; what is the perpendicular ? 

Ans. 30, 

45. If the perpendicular of a right-angled triangle be 40, 
and the difference of the other sides 10 ; what are thoie 
sides ? 

Ans. 75 and 85. 

46. Suppose a regular pentagon whose side is 170 fathoms, 
to be fortified; and that the salient angle of the bastion is 71°, 
and its face 47 fathoms ; required the flank, and curtain, sup- 
posing the line of defence is perpendicular to the flank? 

Ans. Flank 25-65 
. Curtain 64'57. 

47. If a square whose side is 170 fathoms is regularly for- 
lified, and the salient angle of the bastion 61°; what are the 
principal dimensions if the length of the face of the bastion, is 
to that of the flank, as 7 to 3 ; the line of defence being per- 
pendicular to the flank ? 

Ans. Face of bastion 46-6— Flank 20— Curtain 69-8. 
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48. If at the top of a mountain the true depression of the 
honzon of the sea is found to be 1** 31'; what is the moun- 
tain's height, supposing the earth a sphere whose diameter is 
SOOO miles ? 

Ans. 1*4 miles, nearly. 

49. In surveying with a compass an object bore NE 50** ; 
and when we had gone 170 paces in a S£ 55° direction^ its 
bearing was NE 6^. Required its distance from each sta- 
tion ? 

Ans^ 214^ and 237 paces. 

50. Wanting to know the breadth of a»rivcr, we measured 
a straight base of 30 chains along the bank, and at its ex- 
tremities took the horizontal angles 64** 11', and 78* 38' to 
an object on the opposite shore. Hence the breath is re- 
quired 7 

Ans. 964 yards. 

51. From the top of a hill I observed two mile stones in 
the same direction on level ground ; the depression of the nearest 
was 14° 3'; and that of the other 3° 5& below the horizontal 
line : hence the height of the hill is required ? 

Ans. 501 fee f. 

52. Having observed the elevation, of an object on the 
top of a distant hill, and found it 2^ 27', we measured a base 
of 520 yards on sloping ground directly towards the object, ap4 
at that end the object was elevated 3® 4'. Now the farthest 
extremity of the base was found to be 10 feet^ higher than 
the other. Hence the height, and distance of the bill are re- 
quired ? 

Ans. Height above the lowest end of the bas^ 127 yds. 
Distance from that end 2371 yds. 

53. To find the height, and distance of an object on the 
top of a hill, we measured a base of 470 yards on sloping 
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groand which was inclined to the horizon in an angle 
of 4** 44' ; and then observed the horizontal angles between 
the base and object at the lower and upper ends of the 
base, and found ihem to be 91* li, and 72"* 5J\ respec- 
tively; also at the lower end of the base, the object was 
elevated 4^ 3'. Hence the height and distance of the hiH are 
required ? 

jins. Horizontal dist. from the lower end of the base 1640 yds* 

Height above that end 1 1 6 yds. 

54:. At the top and bottom of a tower which stood on a 
hill near the sea shore, we observed the depressions of a ship 
at anchor to be 1° 39', and 1 ° 9', re^ectivcly : hence the 
height of the hill, and also its distance from the vessel are 
required ; the tower itself being 72 feet high ? 

Ans. Bottom of tower above the sea \66feet. 
Horizontal distance of ship 8246. 

55* To obtain the height, and distance of an object on 
the summit of a hill I measured a base of 450 yards on level 
ground, and set up marks at its extremities equal to the 
height of the eye« At one end of the base the angle between 
the other end and the object was found with a sextant to be 
74® 35'; and at the other end 77** 41' where the elevation 
of the object was observed = 6° 29'. Hence the height of 
the hill, and its distance from each extremity o the base are 
required ? 

Ans. Height of the hill 105*3 yds. 

Distances 936*2. 
938-8. 

56. In sun'eying with a compass^ a spire bore NE 18*, 
distant 2 miles; and the bearing of a wind-mill was NW 20% 
now the distance of the wind^mill from the spire was known 
to be I7 miles : hence its diatance from the station is required ? 

Ans4 239^1 or.3^53 yards. 
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57. A ladder 28 feet long will reach from one side of a 
ditch which is 20 feet broad, to the top of a wall on the other 
side : what is the height of the wall ? 

^ns. WQ feet. 

58. From the top of a work 15 feet high, a point-blank 
shot struck an object on the ground at the horizontal dis- 
tance of 120 yards. What was the depression of the 
piece ? 

Ans. 2° 23'. 

59. Two forts commanding the mouth of a harbour "bore 
SE 16°, and SW 24 °i, distant 1^ and 2| tailes, respectively : 
required the distance from one to the other, and also their 
bearing ? 

j4ns. Distance ^S70 yds. 

Bearing 68^41' NE and SW. 

(50. At the extremities of the base AB of 40 chains, we 
took the following angles with a theodolite to the elevated 
objects C and D : 

rCAB = 5r6' A,u $CBA = go^56' B 

., . 1DAB = 83 5 ^^^ (DBA=48 3 y\ 

^^^1 C elevated 4= 17' X * 

{ P elevated 3 8 ^ 

Hence the dislar.ce from C to D; and also their heights are 
required ? 

^7/5. Dist 9\Q9yds. 

Height of C 107*1 
ofD 47-6 

61. Let W b^ West Wycombe ^vr'^::::^"— -^^ 
church, H High Wycombe church, y>/H 

and P Penn bcacon-poIe : Now at the 
stations C and S we took the following 
angles with a theodolite. 

VOL. I. SO 
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C WCS - 108^ 14' ( WSC == 42*^ 45' 

viz. 3LiC^SCH = 28 20 atS^CSH n 25 26 
(SCP = 33 51. (CSP = 126 20. 

By a previous operation the distance WH (between the 
churches) was found to be 4646 yards. Hence the distance 
from Penn beacon to West Wycombe church is required ? 

Ans. 9144 yds. 

6t, In reconnoitring a county by the help of a map, we 
perceived two spires A and B in the same direction, A being 
the nearest j we then observed the angle subtended by A and a 
third spire C and found it 41 ° 52' : now the distance of A and 
B, measured on the scale to the map, was 3640 yards, of A 
and C 4280, and of B and C 5460* Required the distances to 
the spires A and C ? 

Ans. from A 4527 yds. 
From C 6403. 

63. In surveying with a pocket-sextant I observed the angle 
subtended by two churches A and B = 45° 30', and that be- 
tween A and another church C = 25° 40', all in the hori- 
zontal plane nearly : The distance from A to B was 2:J-, from 
A to C 2^and from B to C 4 J miles, the church A being the 
nearest. Hence the place of observation is required ? 

Ans. 3314 yards from A. 

5500 from B. 

7146 from C. 

64. From the top of the tower A we observed the angle 
B AW between the wind-mill Wand the spire B, and found 
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it 23° ; but at W the tower A could not be 
seen from the ground, we therefore took the 
angle BWC subtended by the spires B and C, 
which was 123^°. Now the three distances 
AB, AC, BC were known to be 5450, 4600, 
4850 yards, respectively. Hence the situation 
of the wind-mill is required ? 

jins. Wind-mill from A 3130 yds. 

from B 2845. 

from C 2659. 

65- The distance (WE) of the stations W, E, and also the 
situation of the object O became necessary in carrying on a 
survey: now A, B, and C, were three 
Jtnown objects, the distances being AC 
= 4060, AB r: 3200, and CB = 1840 
yards ; but at the station W the object- 
C could not be seen ; and an intervening 
height hid the object A at the other 
station E ; we therefore set up marks at 
W and E and took the following angles : 

namely, 

CAWB zz 96° 10' (BEC = 50» 4' 

At W^BWE =48 30 AtE^BEW-70 56 

(OWE = 58 44 (WEO = 32 50, 

Hence WE, EO, and WO are required ? 

Ans. WE z= 2697 yds. 
EO zz 2306 
WO = 1463 

66. In walking along a straight road directly west, I ob- 
served two spires A and B both bearing NE 22|^°, the nearest 
being A; an hour afterwards a third spire C and the spire 
B appeareJ in one direction; and the next hour brought 
C md A in a right line ; the distance of A from B (on a 

3 D 2 
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map) was l^ miles, of A from C 2 miles, and that of B from 
C 3J miles. How far did I walk per hour, supposing the 
rate equable ? 
Ans. 7867 yds. the whole distance walked, or 3933|- per hour, 

67. The base of a parallelc^ram being 61, and its perpen- 
dicular 37 i feet ; what is the content in yards square ? 

jins. 954^. 

68. The length and breadth of a rectangular field are 13 
chains^ 6i links, and 11 ch. QZfn. Required the content in 
acres P 

Ans. 15*1267<y. 

69. The parallel sides of a trapezoid arc Zl f. \oin. and 

l6yi sin, and theJF perpendicular distance \\f. 6 in. What 

is the area ? 

Jns.ZX^ifeet. 

70. If the base of a triangle be 17^ yards, and its perpen- 
dicular lly yards ; what is the area mfeet ? 

Ms. 862^^. 

71. If the side of a rhombus is 29 fj feet, and the acute 
angle 62" 3 ^ what is the content in yards P 

Ans, 85'38 nearly. 

72. The sides of a triangular field being 171, iGl, and 145 
yards ; then what is the area in acres P 

Ans. 2'25ii7 nearly. 

73. The sides of a quadrangular field being successively 26, 
20, 16, and 10 poles, and the angle (taken with a theodolite) 
included by the two longest sides = bQ"". Required its 
content? 

Ans. 9Q7'G76 poles, or 1 ac. 127-676 pol. 

74. The breadth of a ditch at top being 73, at bottom 38|, 
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the sloping sides 26| and 20 feet, and the top and bottom of 
' the ditch hprizontal. Required the area of the perpendicular 
section ? 

Ans. SQb^/eet. 

75. The area of the perpendicular section of a ditch being 
135 feet, the breadth at top 30| and at bottom 15 feet* What 
is the depth ? 

Ans, djeei. 

76. If the area of the perpendicular section of a ditch be 
154 feet, its depth 5^ feet, and the breadth at top, to that of the 
bottom » as 9 to 5 : what are those breadths ? 

j4ns. 36 and QOfeet. 

77* The area of a right-angled triangle being 605, and the 
ratio of the base to the perpendicular as 2 to 5 : what are those 
sides ? 

jfns. S2 and 55. 

78* What is the side of that equilateral triangle whose area 

^s 100? 

jins. 15' 197 nearly. 

79» If the side of an equilateral triangle be 10 j what wil| 
be the side of another equilateral triangle whose area is onC" 
fourth of the former ? 

Ans. 5, 

80. If the area of a triangle is 1000, and the sides are in the 
proportion of is if jl what are those sides ? 

Ms. 40-074 5 

50-093 V nearly. 
^6 791} 

81 • If the hypotenuse of a right-angled triangle be 17, and 
its area 60 ; what are the base and perpendicular ? 

jins. 8 and 15. 
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8S. How many acres would be contained within the booQ* 
daries of the pentangular fortification^ Exatnp. 46, supposing 
it completed ? 

Ans. 1260B9 l/ds. or S6'05l, &c. acres. 

83. If the equal sides of an isosceles triangle are each 17, 
and its area 130 ; what is the base ? 

Ans, 16. 

84. If the diameters of two concentric circles are 20 and 30; 
what is the content of the annulus or space contained by the 
circumferences ? 

Ans. 302'7. 

85. If the area of a circle be 100; what is the area of its 
inscribed square ? 

Ans. 63*66 nearly, 

86* If the base and perpendicular of a right-angled triangle 
are each 1 ; what is the area of a circle having th^ hypotenuse 
.. for its diaoKter ? 

Jn^. 1-5708 nearly, 

87f If the circupiference of a circle be J 000; what is its 
area ? 

Ans^ 3957 7i 

88. If the area of the sector of a circle be 100^ and the 
length of its arc 20 ; what is the angle of the sector ? 

4ns. 114»35y nearly. 

89. If the centre of a circle whose diameter is 20^ is in the 
circumference of another circle whose diameter is 40 ; what are 
the areas of the three included spaces ? 

Ans. 173-852. 

140-308« 
1116-332. 
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90. How many square feet of board are required to make 
a rectangular box whose length shall be Sifeef, breadth ^feet, 
and depth 20 inches P 

Ans. 32-y. 

91. What quantity of canvas is necessary for a conical tent 
whose height is Bfeet^ and the diameter at bottom 13 feetf 

Ans. QlO^feet square. 

02. What would a circular reservoir whose diameter at top 
IS 40 yards, at bottom 38y yards^ and the side or slant depth 
1 1 feet, cost the lining with brick- work at Ss. IBd. the square 
yard ? 

Ans. 311/. 18J. 2d. 

03^ The inside of an hemispherical dome cost looi. the 
gilding at Qd. the foot ; what was its diapieter ? 

Ans. 43^7 feeL 

04. If the diameter of a globe be 8 inches ; what is the di- 
ame ter of another globe three times as big ? 

Ans. 11-538 in. nearly. 

95. If the area of the perpendicular section of a rivulet is 
4i feet, and the velocity of the water 30 feet per n^inute ; how 
much would it sgpply in 24 hours ? 

Ans. 1454213 gaZ/. wine measure. 

96. Suppose a sack when laid fiat is 2 feet broad, and 5 
feet long; how many gallons, dry^measure, will it contain 
if it has a circular bottom» and 9 inches is left for tying the 
top? 

Ans. 34- 8 gall, nearly. 

97. The outer and inner circumferences of the ring of an 
Anchor being respectively 50 and 25 inches ; what is its 
weight, supposing* S'f) 1648 cubic inches of iron weigh a pound 
avoirdupois ? 

Ans. 1^9 1 If • 
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98. Suppose the triangle BCA is the base of 
a pyramid, V its vertex, the side BC =: 30 feet ^ 
10 inches, and the angles 

VAC- 20*^50' VAB~80M8 VBC- 16*4' 
VCAziUO 6 VBAz=73 44 VCB=:14910 



••c\ 



A B 



What is the cubic content ? 

Ans, 1709' 8565 culicfeet, nearly. 

99» If a cask which is two equal conic frustums joined to- 
gether at the bases, has its bung diameter 34, head diameter 27, 
and depth 50 inches ; how many gallons, ale measure, will it 
contain ? 

Ans. 130, nearly. 

100. What is the difference between a bushel, running mea^ 
sure, when measured with a Winchester-bushel which is 184- 
inches in diameter, and measured with another bushel only 12 
inches in diameter, supposing the cop or cap or conical part is i 
of the diameter in height ? 

Answer, The buyer loses 301 cubic inches, or upwards 
of a gallon in every busliel by the narrowest measure. 

101. If a piece of squared timber be 25 feet long, the side 
of the greater end 20 inches, and that of the less 16; what 
length must be cut off the less end to make 10 cubic feet ? 

Ans. 5f. 4 in* 

102. If the depth of a vessel in the form of a conic frus- 
tum, be 16 inches, and the top and bottom diameters in the 
proportion 5 to 3 ; what are those diameters, supposing the 
vessel holds SO wine gallons? 

Ans. 23*722, and 14*233 inches. 

103. Suppose the following are the dimensions of the bed 
of a waggon, 
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viz. length 7 f^^^* 

depth 2 

breadth at top behind 5 

at bottom 4| 

breadth at top in front 4f 

■ at bottom 4 

How many bushels^ dry measure, will it contain ? 

Ans. 405 galL or 50 lush» 5 gall, 

104. If the salient angle of a bastion be 71 °, and each of its 
faces 50 fathoms : required the number of cubic yards in that 
part of the rampart next the faces, supposing AORS Art. 965, 
Examp, 2, is the profile or section perpendicular to the face at the 
angle of the shoulder ? 

Ans. 13477 yds. 

105. Suppose the breadth of a circular ditch at top is 36, at 
bottom 19y, the outer slope 10, and inner slope 13y feet, respec- 
tively ; required its capacity in cubic yards ; the diameter of the 
inner circle or edge of the ditch being 600 feet, and the lop and 
bottom of the ditch horizontal ? 

Ans. 16433 yds» 



END OF THE FIRST VOLUME. 



Printed by W. Glendinning, 
25, Hatton Garden. 
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1 
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0000000 
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0-477121 
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0-602060 


5 
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0-698970 


0-778151 


7 


0-845098 
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0-954243 


10 
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1-397940 
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29 
30 

31 

32 
33 
34 
35 
36 
37 
38 
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41 
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49 
50 
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447158 
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2129 
4975 
7803 
0612 
3403 
6176 
8982 
1670 

4391 
7096 
9783 
2454 
5109 

7747 
0370 
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5568 
8444 

0704 
3250 
5781 
8297 
0799 
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6670 
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2415 
5259 
8084 
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9206 
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5373 
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2986 
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8273 
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6285 
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5996 
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3162 
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7151 

9439 
1715 
3979 
6232 
8473 
0702 
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5127 
7323 
9507 
3 


4 
7248 
0126 
2985 
5825 
8647 
1451 
4937 
7005 
9755 
2488 
5204 
7904 
0586 
3252 
5902 
8536 
1153 
3755 
6342 
8913 
1470 
4011 
6537 
9049 
1546 

4030 
6499 
8954 
1395 
3822 

6237 
8637 
1025 
3399 
5761 
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2770 
5081 
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9667 
1942 
4205 
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8696 
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3141 
5347 
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9725 
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0413 
3270 
6108 
8928 
1730 
4514 
7281 
0099 
2761 

5475 
8173 
0853 
3518 
6166 
8798 
1414 
4015 
6600 
9170 
1724 
4264 
6789 
9299 
1795 

4277 
6745 
9198 
1638 
4064 

6477 
8877 
1263 
3636 
5996 
8344 
0679 
3001 
5311 
7609 
9895 
21 69 
4431 
6681 
8920 

1147 
3563 
5567 
7761 
9943 
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0699 
3555 
6391 
9209 
2010 
4792 
7^56 
0303 
3033 
5746 
8441 
1121 
3783 
6430 
9060 
1675 
4274 
6858 
9426 

1979 
4517 
7041 
9550 
2044 
4525 
6991 
9443 
1881 
4306 
6718 
9116 
1501 
3873 
6232 

8580 
0912 
3233 
5542 

7838 

0123 
2396 
4656 
6905 
9143 

1369. 
3584 
5787 
7979 
0161 

6 


7 
8113 
0986 
3839 
6674 
9490 

2289 
5069 
7832 
0577 
3305 

6016 
8710 
1388 
4049 
6694 

9323 
1936 
4533 
7115 
9682 
2234 
4770 
7292 
9800 
2293 

4772 
7237 
9687 
2125 
4548 


8 
8401 
1272 
4123 
6956 
9771 

2567 
5346 
8107 
0850 
3577 
6286 
8979 
1654 
4314 
6957 
9585 
2196 
4792 
7372 
9938 
2488 
50?3 
7544 
0050 
2541 

5019 
7482 
9932 
2368 
4790 


9 


176091 
8977 

181844 
4691 
7521 


8689 
1558 
4407 
7239' 
0051 

2846^ 
5623i 
8382' 
1124 
3848 
6556 
9247 
1921 
4579 
7221 

9846 
3456 
5051 
7630 
0193 
2742 
5276 
7795 
0300 
2790 
5266 
7728 
0176 
2610 
5031 

7439 
9833 
2214 
4582 
6937 

9279 
I6O9 
3927 
6232 
8525 
0806 
3075 
5332 
7578 
9812 
2034 
4246 
6446 
8635 
0813 

9 . 


190332 
3125 
5899 
8657 

201397 


160 
161 
162 
163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 
174 

175 
176 
177 
178 
179 
1 180 
181 
182 
183 
184 
485 
186 
187 
188 
189 
190 
191 
192 
193 
194 


4120 
6826 
9515 
212188 
4844 


7484 

220108 

2716 

5309 

7887 


230449 
2996 
5528 
8046 

240549 


3038 
5513 
7973 
250420 
2853 


3286 
5759 
8219 
0664 
3096 
5514 
7918 
0310 
2688 
5054 

7406 
9746 
2074 
4389 
6692 

8982 
1261 
3527 
5782 
8026 

0257 
2478 
4687 
6884 
9071 
I 


5273 
7679 
260071 
2451 
4818 


6958 
9355 
1739 
4109 
6467 
8812 
1144 
3464 
5772 
8067 


7198 
9594 
1976 
4346 
6702 
9046 
1377 
3696 
6002 
8296 


7172 
9513 
271842 
4158 
6462 


8754 

281033 

3301 

• 5557 

7802 


0351 
2622 
4882 
7130 
9366 

1591 
3804 
6007 
8198 
0378 

7 


0578 
2849 
5107 
7354 
9589 

1813 
4025 
6226 
8416 
0595 
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200,301030 
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2764 2980 
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3196 


3412 


3628 


3844 


4059 


4275 


4491 


4706 


4921 


5136 


202 


5351 


5566 


5781 


5996 


6211 


6425 


6639 


6854 


7068 


7282 


203 


7496 


7710 


7924 


8137 


8351 


8564 


8778 


8991 


9204 


9417 


204 
205 


9630 
311754 


9843 


0056 


0268 
2389 


0481 
2600 


0693 
2812 


0906 
3023 


1118 

3234 


1330 
3445 


1542 
3656 


1966 


2177 


206 


3867 


4078 


4289 


4499 


4710 


4920 


5130 


5340 


5551 


5760 


207 


5970 


6180 


6390 


6599 


6809 


7018 


7227 


7436 


7646 


7854 


208 


8063 


8272 


8481 


8689 


8898 


9106 


9314 


9522 


9730 


9938 


20& 320146 


0354 


0562 


0769 
2839 


0977 
3046 


1184 
3252 


1391 
3458 


1598 
3665 


1805 
3871 


2012 
4077 


210 


2219 


2426 


2633 


211 


4282 


4488 


4694 


4899 


5105 


5310 


5516 


5721 


5926 


6131 
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6336 


6541 


6745 


6950 


7155 


7.359 


7563 


7767 


7972 


8176 


213 


8380 


8583 


8787 


8991 


9194 


9398 


9601 


9805 


0008 


0211 


214 330414 


061 7 


0819 


1022 


1225 


1427 


1630 


1832 


2034 


2336 


215 


2438 


2640 


2842 


3044 


3246 


3447 


S649 


3850 


4051 


4253 


216 


4454 


4655 


4856 


5057 


5257 


5458 


5658 


5859 


6059 


6260 


217 


6460 


6660 


6860 


7060 


7260 


7459 


7659 


7858 


8058 


8257 


218 


8456 


6656 


8855 


9054 


9253 


9451 


9650 


9849 


0047 


0246 


219 340444 


0642 
2620 


0841 


1039 


1237 
3212 


1435 
3409 


1632 
3606 


1830 
3802 


2028 
3999 


2«25 
4196 


220 


2423 


2817 


3014 


221 


4392 


4569 


4785 


4981 


5178 


5374 


5570 


5766 


5962 


6157 


222 


6353 


6549 


6744 


6939 


7135 


7330 


7525 


7720 


7915 


8110 


223 


8305 


8500 


8694 


8889 


9083 


9278 


9472 


9666 


9860 


0054 


224 


350248 


0442 

2375 


0636 
2568 


0629 
2761 


1023 
2954 


1216 
3147 


1410 


1603 


1796 
3724 


1989 


225 


2183 


3339 


3532 


391 6 


226 


4108 


4301 


4493 


4685 


4876 


5068 


5260 


5452 


5643 


5834; 


227 


6026 


6217 


6408 


6599 


6790 


6981 


7*72 


7363 


7554 


7744 


228 


7935 


8125 


8316 


8506 


8696 


8886 


9076 


9266 


9456 


9646 


229 


9835 


0025 


0215 


0404 


0593 


0783 


0972 


1161 


1350 


1539 


230 361728 


1917 


2105 


2294 


2482 


2671 


2859 


3048 


3236 


3494 


231 


3612 


3800 


3988 


4176 


4363 


4551 


4739 


4926 


5113 


5301 


23^ 


5488 


5675 


5862 


6049 


6236 


6423 


6610 


6796^ 
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0045 
0817 
1587 
2356 
3123 
3889 
4654 
5417 
6180 
6940 
7700 
8458 
9214 
9970 
0724 
1477 
2228 
2978 

3727 
4475 
5221 
5966 
6710 

7453 
81 94 
B934 
9673 
0410 
1146 
1881 
2615 
3348 
4079 
4809 
5538 
6265 
6992 
7717 
4 


4293 
5075 
5855 
6634 
7412 


560 
561 
562 
563 
564 
565 
566 
567 
568 
569 
570 
571 
572 
573 
574 
575 
576 

577 
578 
579 
580 
58L 
582 
583 
584 
'585 
586 
587 
588 
589 
590 
591 
592 
593 
594 
595 
596 
597 
598 


3188 
8963 
9736 
750508 
1279 


2048 
2816 
3583 
4348 
5112 


5875 
6636 
7396 
8155 
8912 


0668 
760422 
1176 
1926 
6679 


3438 
4176 
4923 
5669 
6413 


7156 
7898 
8638 
9377 
770115 


0852 
1587 
3333 
3055 
3786 


4517 
5346 
5974 
6701 
7437 


Q 











( 


14 


) 










N. , 





1 

8224 
8947 
9669 
0389 
1109 

1827 
2544 
3260 
3975 
4689 
5401 
6112 
6822 
7531 
8239 

8946 
9651 
0356 
1059 
1761 

2462 
3162 
3860 
4558 
4254 

5949 
6644 
7337 
8029 
8720 


2 
8296 
9019 
9741 
0461 
1181 

1899 
2616 
3332 
4046 
4760 
5472 
6183 
6893 
7602 
8310 
9016 
9722 
0426 
1129 
1831 

2532 
3231 
3930 
4627 
5324 

6019 
6713 
7406 
8098 
8789 
9478 
0167 
0854 
1541 
2226 
2910 
3594 
4276 
4957 
5637 


3 4 1 


18513 
!9236 
9957 
0677 
1396 

J2114 

[2831 
3546 
4261 
4974 
15686 
6396 
7106 
7915 
8522 
9228 
19933 
10637 
.1340 
9041 

2742 
3441 
4139 
4836 
5532 

6227 
6921 
7614 
8305 
8996 
9685 
0373 
1061 
1747 
2432 

3116 
3798 
4480 
5161 
5841 

16519 
7197 

J7873 
8549 
;9283 

9896 
0569 
1240 
1910 
2579 


6 

8585 
9308 
0029 
0749 
1468 

2186 
2902 
3616 
4332 
5045 

5757 
6467 
7177 
7885 
8593 

9299 
0004 
0707 
1410 
2111 

2812 
3511 
4209 
4906 
5602 


7 
8658" 
9380 
0101 
0821 
1510 
2258 
2974 
3699 
4403 
5116 
5628 
6538 
7248 
7956 
86C3 

9369 
0074 

0778 
1480 
2181 
2882 
3581 
4279 
4976 
5672 


8 


9 , 


600 
601 
602 
603 
604 

605 
606 
607 
608 
609 
610 
611 
612 
613 
614 


778151 
8874 
9596 

780317 
1037 
1755 
2473 
3189 
3904 
4617 
5330 
6041 
6751 
7460 
8168 


8366 
9091 
9813 
0533 
1253 

1971 
2688 
3403 
4118 
4831 
5543 
6254 
6964 
7673 
8381 

9087 
9792 
0496 

1199 
1901 

2602 
3301 
4000 
4697 
5393 

6088 
6782 
7475 
8167 
8858 

9547 
0236 
0923 
1609 
2295 

2979 
3663 
4344 
5025 
5705 


8441 
9163 
9885 
0605 
1324 
2042 
2759 
3475 
4189 
4902 

5615 
6325 
7035 
7744 
8451 

9157 
9863 
0567 
1269 
1971 
2672 
3371 
4070 
4767 
5463 

6158 
6852 
7545 
8236 
8927 
9616 
0305 
0992 
1678 
2363 

304^7 
3730 
4412 
5093 
5776 
6451 
7129 
7806 
8481 
9156 

9829 
0501 
1173 
1843 

2512 

A 1 


8730 8802 
9152 9524 
0173 0245 
0«i«93 0965 
16J2 168^1 
2329 2401 
3046 3117 
3761 3832 
4175 4546 
5187 5259 
5899 5970 
6609 66SO 
7319 7390 
8027 9098 
8734 8804 


615 
616 
617 
618 
619 
620 
621 
622 
623 
624 
6^5 
626 
627 
628 
629 
630 
631 
632 
633 
634 
635 
636 
637 
638 
639 
640 
641 
642 
643 
644 
645 
646 
647 
646 
649 
N. 


8875 
9581 
790285 
0988 
1691 


9440 9510 
0144 0215 
0648! 0918 
1550 1620 

2252 '2322 


2392 
3092 
3790 
4488 
5185 
5880 
6574 
7268 
7960 
8651 
9341 
800029 
0717 
1404 
2089 
2774 
3457 
4139 
4821 
5501 


2952 3022 
3651.3721 
4349 4416 
5045J5H5 
5741 15811 
6436 6505 
7129I7I96 
7821 '789a 
8513.8582 
9303:9272 


6297 
6990 
7683 
8374 
9065 
9754 
0442 
1129 
1815 
2500 


6366. 

7060 

7752 

8443 

9134 

9823 

0511 

1198 

1884 

2568 


9409 
0098 
0786 
1472 
2158 
2842 
3525 
4208 
4889 
5569 
6248 
6996 
7603 
8279 
8953 


9892 
0580 
1266 
1952 
2637 
3321 
4003 
46^5 
5365 
6044 
6723 
7400 
•8076 
8751 
9425 
009s 
0770 
1441 
2Ui 
2780 
1 6 


9961 
0648 
1335 
2021 
2705 

3389 
4071 
4753 
5433 
6112 

ergo 

7467 

8143 
8818 
9492 
0165 
0837 
1508 
2178 
2847 


3184 
3867 
4548 
5229 
5908 


3252 
3935 
4^16 
5297 
5976 


6180 
6658 
7535 
6211 
8866 


6316 
6994 
7670 
8346 
9081 


6384 
7061 
7738 
8414 
9088 


6587 
7264 
7941 
8616 
9290 


6655 
7332 
8006 
8684 
9358 


9^60 

8102313 

0904 

1575 

9245 

6 


9627 
0300 
0971 
0642 

23.12 


9694 
0367 
1039 
1709 
2379 


9762 
0434 
1106 
1776 
5445 


9964 
0636 
1307 
1977 
2646 


0031 
0703 
1374 
2044 

2713 


1 


2 


3 


5 


6 


7 


9 
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15 


) 










N. 





1 
2980 
3648 
4314 
4980 
5644 
630« 
6970 
7631 
8292 
8951 

9610 
0267 
(i924 
1579 
2233 

2887 
3539 
4191 
4841 
5491 
6.r40 
6787 
7434 
8D80 
8724 
9368 
0011 
0653 
1294 
1934 

2573 

3S11 

3848 

44 54 

5120 

5754 

6387 

7020* 

7652 

8282 

8912 
9541 
0169 
0796 
1422 

2047 
2672 
3295 
39I8 
4539 
1 


2 

3047 
3714 
4381 
5046 
5711 
6374 
7036 
7698 
8358 
9017 
9676 
0333 
0989 
1645 
2299 
2952 
3605 
4256 
49O6 
555fi 


3. 4 1 


5 

3247 
3914 
4581 
5246 
5910 
6573 
7235 
7896 
8556 
9215 
9873 
0530 
1186 
1841 
2495 
3148 
3800 
4451 
5101 
5751 

6399 
7046 
7692 
8338 
898^ 
9625 
0268 
0909 
1550 
2189 
2828 
3466 
4103 
4739 
5373 

6007 
6641 
7273 
7904 
8534 
9164 
9792 
0420 
1046 
1672 

2297 
2921 
3544 
4166 
4788 


6 

33U 
3981 
4647 
5312 
5976 

6639 
7301 
7962 
8622 
9281 

9939 
0595 
1251 
1906 
2560 
3213 
3865 
4516 
5166 
5815 
6464 
7111 
7757 
8402 
9046 
9690 
0332 
0973 
1614 
2253 


7 


8 


9 


650 
651 
652 
653 
654 
655 
656 
657 
658 
659 
660 
661 
662 
663 
664 
665 
666 
667 
668 
669 
670 
671 
672 
673 
fi74 
675 
676 
677 
678 
679 
680 
681 
682 
683 
684 
685 
686 
687 
688 
689 
690 
691 
692 
693 
694 
695 
«96 
697 
6gB 
69d 
IN. 


812913 
3581 
4248 
4913 
5578 


3114 
3781 
4447 
5113 
5777 
6440 
7102 
7764 
8424 
9083 
9741 

0399 
1055 
1710 
2364 
3018 
3670 
4321 
4971 
5621 


3181 
3848 
4514 
5179 
5843 

6506 
7169 
7830 
8490 
9149 

9807 
04(f4 
1120 
1775 
2430 
3083 
3735 
4386 
5036 
5686 
6334 
6981 
7628 
8273 
8918 
9561 
0204 
0645 
1486 
2156 
2764 
3402 
4039 
4675 
5310 
5944 
6577 
7210 
7841 
8471 
9101 
9729 
0357 
0984 
1610 
2235 
5859 
3482 
4104 
4726 
4 


33^1 
4048 
4714 
5378 
6042 
6705 
7367 
8028 
8688 
9346 


3448 
4114 
4780 
5445 
6IO9 


3514 
4181 
4847 
5511 
6175 


6241 
6904 
7565 
8226 

88fe5 


6771 
7433 
8O94 
8754 
9412 


6839 
7499 
8160 
8820 
9478 


9544 
820201 
0858 
1514 
2168 


0004 
0661' 
1317 
r972 
2626 

3279 
3930 
4581 
5231 
5880 
6528 
7175 
7821 
8467 
9111 
9754 
0396 
1037 
1678 
2317 


0070 
07^7 
1382 
2037 
2691 
3344 
3996 
4646 
5296 
5945 

6593 
7240 
7886 
8531 
9175 
9818 
0460 
1102 
1742 
2381 
3020 
3657 
4294 
4929 
5564 

6I97 
6830 
7462 
8093 
8723 
9352 
9981 
0608 
1234 
1860 

2484 
3108 
3731 
4353 
4974 


0136 
0792 
1448 
2103 

2(756! 

3409 
4061 
4711 
5361 
6010 

6658 
7305 
7951 
8593 

9239 


2822 
-3474 
4126 
4776 
5426 


6075 
6723 
7369 
8D15 
8660 
9304 
9947 
830589 
1230 
1870 


6204 
6852 
7499 
8144 
8789 
9432 
0075 
0717 
1358 
1998 

2637 
3275 
3912 
4548 
5183 

5817 
6451 
7083 

7715 
8345 

8975 
9604 
0232 
0859 
1485 

2110 
2734 
3357 
3980 
4601 

2 


6269 
6917 
7563 
8209 
8853 

9497 
0139 
0781 
1422 
2062 
2700 
3338 
3975 
4611 
5247 
5881 
6514 
7146 
7778 
8408 
9038 
9667 
1294 
0921 
1547 
2172 

e796 

3430 
4042 
4664 

. 3 


9882 
0525 
1166 
1606 
2445 
3083 
3721 
4357 
4993 
5627 
6261 
6894 
7525 
8156 
8786 
9415 
0043 
0671 
1297 
1922 

2547 
3170 
3793 
4415 
5036 


2509 
3147 
3784 
4421 
5056 


2892 
3530 
4166 
4802 
5437 


2956 
3593 
4230 
4866 
5500 
6134 
6767 
7399 
8030 
8660 

9289 
9918 
0545 
1172 
1797 


5691 
6324 
6957 
7588 
8219 


607 1 
6704 
7336 
7967 
8597 

9227 
9S55 
0482 
1109 
1735 


8849 

^ 9478 

840106 

0733 

1359 


1985 
2609 
3233 
3855 

4477 


2360 
2983 
3606 
4229 
4850 


2422 
3046 
3669 
4291 
4912 

• 7 





5 


6 


8 9 1 
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N. 
706 
701 
702 
703 
704 
705 

706 
707 

708 
709 

710 

711 
712 
713 
714 
715 
716 
717 
718 
719 
720 
721 
722 
723 
724 
725 
726 
727 
728 
729 
730 
731 
732 
733 
734 

735 
736 
737 
738 
739 
740 
741 
742 
743 
744 
745 
746 
747 
748 
749 


1 


1 

5160 
5780 
6399 
7017 
7634 


2 
5222 
5842 
6461 
7079 
7696 

8312 
8928 
9542 
01 5d 
0769 
1381 
1992 
2602 
3211 
3820 
4428 
5034 
5640 
6245 
6850 
7453 
8056 
8657 
9258 
9659 
0458 
1056 
1654 
2251 
2847 
3442 
4036 
4630 
5222 
5814 
6405 
6996 
7585 
81 74 
8762 

9349 
9935 
0521 
1106 
I69O 


3 
5284 
5904 
6523 
7141 
7758 
8374 
8989 
9604 
0217 
CJ830 

1442 
2053 
2663 
3272 
3881 
4488 
5095 
5701 
6306 
6910 
7513 
8116 
8718 
9318 
99I8 
0518 
1116 
1714 
2310 
2906 
3501 
4096 
4689 
5282 
5874 

6465 
7055 
7644 

8233 
8821 

9408 
9994 
0579 
1164 

1748 


4 
5346 
5966 
6585 
7202 
7819 
«435 
9051 
9665 
0279 
0891 
1503 
2114 
2724 
3333 
3941 

4549 
5156 
5761 
6366 
6970 

7574 
8176 

8778 
9379 
9978 

0578 
1176 
1773 
2370 
2966 
3561 
4155 
4748 
5341 
5933 
6524 
7114 
7703 
8292 
8a79 
9466 
0053 
0638 
1223 
1806 

2389 
2972 
3553 
4134 
4714 
4 


5 

5408 
6028 
6646 
7264 
7881 

8497 
9112 
9726 
0340 
0952 
1564 
2175 
2785 
3394 
4002 

4610 
5216 
5822 
6427 
7031 

7634 
8236 
8838 
9439 
0038 

0637 
1236 
1833 
2430 
3025 
3620 
4214 
4808 
5400 
5992 
6583 
7173 
7762 
8350 
8938 
9525 
0111 
0696 
1281 
1865 
2448 
3030 
3611 
4192 
4772 

3^ 


6 
5470 
6090 
6708 
7326 
7943 

8559 
9174 
978S 
0401 
10I4 
1625 
2236 
2846 
3455 
4063 
4670 
5277 
5882 
6487 
7091 


7 

5532 
6151 
6770 
7388 
8004 
8620 
9235 
9849 
0462 
1075 
1686 
2297 
2907 
3516 
4124 
4731 
5337 
5943 
6548 
7152 


8 
5594 
6213 
6832 
7449 
8066 

8067 
9297 
9911 
0524 
1136 

1747 
2358 
2968 
3577 
4185 

4792 
5398 
6003 
6608 
7212 
7815 
8417 
,9018 
9619 
0218 


9 
5656 
6275 
6894 
7511 
8128 
8743 
9358 
9972 
0585 
1197 
1809 
2419 
3029 
3637 
4245 

4852 
5459 
6064 
6668 
7272 
7B75 
8477 
9078 
9679 
0278 


845098 
57I8 
6337 
6955 
7573 


8189 

8805 

9419 

850033 

, 0646 


8251 
8866 
9481 
0095 
0707 
1320 
1931 
2541 
3150 
3759 

4367 
4974 
5580 
6185 
6789 
7393 
7995 
8597 
9198 
9799 
0398 
0996 
1594 
2191 
2787 
3382 
3977 
4570 
5163 
5755 
6346 
6937 
7526 
8115 
8703 
9290 
9877 
0462 
1047 
1631 

2215 
2797 
3379 
3960 
4540 
1 


1258 
1870 

2480 
3090 
3698 


4306 
4913 
5519 
6124 
6729 


7332 
7935 
8537 
9138 
9739 


7694 

8297 
8898 
9499 
0098 

0697 
1295 
1893 
2489 
3085 

3680 
4274 
4867 
5459 
6051 

6642 
7232 
7821 
8409 
8997 
9584 
0170 
0755 
1339 
1923 


7755 
8357 
8958 
9559 
0158 


860338 
0937 
1534 
2131 

2728 


0757 
1355 
1952 
2549 
3144 

3739 
4333 
4926 
5519 
6110 

6701 
7291 
7880 
8468 
9056 
9642 
0228 
0813 
1398 
1981 


0817 
1415 
2012 
2608 
3204 

3799 

4392 
4985 
5578 
6169 
6760 
7350 
7939 
8527 
9114 

9701 
0287 
0872 
1456 
204O 


0877 
1475 
2072 
S668 
3963 


3323 
3917 
4511 
5104 
5696 


3858 
4452 
5045 
5637 
6228 

68I9 

7409 

7998 

8586 ^ 

9173 

9760 

0345 

0930 

1515 

2098 

2681 

3262 

3844 

4434 

5003 


6287 
. 6878 
7467 
8056 
8644 


9232 
9818 
S70404 
0989 
1573 


^ ^156 
2739 
3321 
3902 

4482 


2273 
2855 
3437 
4018 
4598 
2 


2331 
2913 
3495 
4076 
4656 
3 


2506 
3088 
3669 
4250 
4830 


2564 
3146 
3727 
4308 
4888 


26122 
3204 
3785 
4366 
4945 





6 


7 8 


9 * 



5 

750 

743 
744 



( 17 ) 



755 
756 
737 
756 
759 
760 
761 
769 
763 
764 
765 
766 
767 
768 
760 
770 
771 
779 
773 
774 

775 
776 
777 
77S 
77d 
780 
781 
768 
783 
784 

785 
786 
787 
788 
789 
790 
7»i 
70« 
793 
794 
795 
796 
797 
79a 
T99 



875061 
5640 
6dl8 
6795 
7371 



7947 
8599 
9096 
9669 
880949 



8004,8062 
8579,8637 
9153,9911 
9796,9784 
0999 0356 



0814 
1385 
1955 
9595 
3093 



0871 
1449 
9019 
9581 
3150 



3661 
4999 
4795 
5361 
5d^6 



6^91 
7^054 
7617 
•179 
8741 



9309 
9869 
890491 
0980 
1537 



9095 
9651 
8907 
3769 
4316 



4870 
5493 
5975 
6596 
7077 



5119 5177 
3698 5756 
6976 6333 
6853 6910 
74997487 



8119 
8694 
9968 
9841 
0413 



099d 
1499 
9069 
9638 
3907 



3718 
4985 
4859 
5418 
5983 



3775 
4349 
4909 
5474 
6039 



6547 
7111 
7674 
8936 
8797 



9358 
9918 
0477 
1035 
1598 



¥l50 
9707 
3969 
3817 
4371 



4925 
5478 
6030 
6581 
7139 



7697 
8176 



8795 8780 



9973 
9891 



900367 
0913 
1458 
9003 
9547 



0985 
1556 
9196 
9695 
3964 



6604 
7167 
7730 
8999 
8853 



9414 
9974 
0533 
1091 
1649 
9906 
9769 
3318 
3873 
4497 



4980 
5533 
6085 
6636 
7187 



7689 
8931 
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1753 
2227 
2701 
3174 
3646 



6470 
S939 
7408 

7875 

8343 



8810 
9276 
9742 
0207 
0672 



1137 
1601 
2064 
2527 
2989 



1801 

2275 
2748 
3221 
3693 



7080 
7559 
8038 
8516 
8994 
9471 
9947 
0433 
0899 
1374 

1848 
232S 
8795 
3268 
3741 



4165 
4637 
5 J 08 
5578 
6D46 



4212 
4684 
5155 
5625 
6O90 



6517 
6986 
7454 

7922 
8390 



65^ 
I 7033 
7501 
7969 
8436 



^856 
9323 
9789 
0254 
0719 



1183 
1647 
2110 
2573 
3035 



9369 
9833 
0300 
0765 

I2n 
1693 
2157 
2619 
3082 



3451 
3913 
43?4 
4834 
5294 



5753 
6212 
6671 
7129 
7586 



6 I 7 



3497 3543 
3959 4003 



44204466 
4880 4926 
5340 5386 



579fl'5845 
6258*6304 
6717(5763 
7175 7220 
7632 7678 

B '9 













( •' ) 












950 

951 

952 

953 

954 

955 

956 

957 

958 

9^9 

960 

961 

968 

963 

964 

905 

966 

967 

968 

969 

970 

971 

972 

973 

974 

975 

976 

977 

978 

979 

980 

981 

9S2 

963 

964 

985 

986 

987 

988 

989 

990 

991 

992 

993 

994 

995 
996 
997 
.998 
999 
N. 





1 


8 


J 

7861 
8317 
8774 
9830 
9685 


4 


5 
7958 
8409 
8865 
9381 
9776 


6 


i 


8089 
8546 
9008 
9457 
9918 

0367 
0881 

1875 
1788 
8181 
8633 
3085 
3536 
3987 
4437 


9 

8135 
8591 
9047 
9503 
9958 

0418 
0867 
1380 
1773 
8886 


^ 

i 


977724 
8181 
8637 
9093 
9548 


7769 
8226 
8683 
9138 
9594 


7815 
8878 
8788 
9184 
9639 


7906 
8363 
8819 
9875 
9730 


7»98 
8454 
8911 
9366 
9881 


8043 
8500 
8956 
9418 
9867 


980003 
0458 
0912 
1366 

1819 


0049 
0503 
0957 
1411 
1864 
8316 
2769 
3220 
3671 
4122 

4572 
5022 
5471 
5920 
6369 


0094 
O5I9 
1003 
1456 
1909 


0140 
0594 
1048 
1501 
1954 


0185 
0640 
1093 
1547 
8000 


0231 
0685 
1139 
1598 
8045 


0876 
0730 
1184 
1637 
8090 


0388 
0776 
1889 
1683 
8135 




2871 
2723 
3175 
3626 
4077 


3368 
8814 
3865 
3716 
4167 


8407 
8859 
3310 
3762 
4818 


8458 
8904 
3356 
3807 
4857 


8497 
8949 
3401 
3858 
4308 


8543 
8994 
3446 
3897 

4347 


8588 
3040 
3491 
3948 
4398 


8678 
3130 
3581 
4038 

4488 




4527 
4977 
5426 
5875 
6324 

6772 
7219 
7666 

8113 
8559 


4617 
5067 
5516 
5965 
6413 


4668 
5118 
5561 
6010 
6458 


4707 
5157 
5606 
6055 
6503 


4758 
5802 
5651 
6100 
6548 


4797 
5847 
5696 
6144 
6593 


4842 
5898 
5741 
6189 
6637 
7085 
7538 
7979 
8485 
8871 
9316 
9761 
0206 
0650 
1093 
1536 
1979 
8421 
8863 
3304 


4887 
5337 
5786 
6834 
6688 
7130 
7577 
8084 
8470 
8916 
9361 
9806 
0850 
0694 
1137 
1580 
8083 
8465 
8907 
3348 


4938 
5388 
5830 
6879 
6787 
7175 
7688 
8068 
8514 
8960 
9405 
9850 
0894 
0738 
1188 
1625 
8067 
8509 
8951 
3398 
3833 
4873 
4713 
5158 
5591 
6030 
6468 
6906 
7343 
7779 
8816 
8658 
9087 
9588 
9^57 
9 




6817 
7864 
7711 
8157 
8604 

9049 
9491 
9939 
0383 
0827 
1270 
1713 
2156 
2598 
3039 
3480 
3921 
4361 
4801 
5240 

5679 
6117 
6555 
6993 
7430 

7867 
8303 
8739 
9174 
9609 


6861 
7309 
7756 
8808 
8648 


69O6 
7353 
7800 
8847 
8693 

9138 
9583 
0088 
0478 
0916 


6951 
7398 
7845 
8891 
8737 
9183 
9688 
0078 
0516 
0960 


6996 
7443 
7890 
8336 

8782 


7040 
7488 
7934 
8381 
8826 




9005 
9450 
9895 
990339 
0783 


9094 
9539 
9983 
0428 
O871 


9287 
9678 
0117 
0561 
1004 

1448 
1890 
8333 
8774 
3216 

3657 
4097 
4537 
4977 
5416 

5854 
6293 
6731 
7168 
7605 


9272 
9717 
0161 
0605 
1049 
1492 
1935 
2377 
2819 
3860 

3701 
4141 
4581 
5021 
5460 
5898 
6337 
6774 
7212 
7648 




1226 
1669 
2111 
1554 
2995 


1315 
1758 
2200 
2642 
3083 
3524 
3965 
4405 
4845 
5284 


1359 
1808 
2244 
2686 
3127 
3568 
4009 
4449 
4889 
5388 


1403 
1846 

2288 
8730 
3178 

3613 
4053 
4493 
4933 

5372 
5811 
6249 
6687 
7124 
7561 




3436 
3877 
4317 
4757 
_5196 
5635 
6074 
6512 
6949 
7386 

7823 
8259 
8695 
9131 
9565 


3745 
4185 
4685 
5065 
550 i 
5942 
63 SO 
6818 
72^55 
7698 

8129 
8561 
9000 
9435 
9870 

7" 


3789 
4889 
4669 
5108 
5547 
5986 
6484 
6868 
7299 
7736 

8178 
8608 
9043 
9479 
9913 
8 




5723 
6161 
6599 
7037 
7474 


5767 
6805 
6643 
7080 
7517 




7910 

8347 
8788 
9818 
^658 


7954 
8390 
8886 
9261 
9696 


7998 
8434 
8869 
9305 
9739 


8041 
8477 
8913 
9348 

9783 


8085 
8521 
8956 
9398 
9886 







8 


3 ' 


4 


I 5 


6 





/ ir 



. I . ; 



I: - ' 






/.'.^ , 



LOGARITHMIC 



SINES Mm TAJ^GEJVJS, 



TO 



EVERT MINUTE 



OF THE 



qU ADR ANT, 



^ i 



r • 






• 








( 39 ) 










OLteg. 1 


ll>e«. 1 


1 

"o 
1 

2 
3 

4 
5 
6 

7 

8 

9 

10 

11 

12 

13 
14 
15 
16 
17 
18 

19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 

45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 

59 
60 


Sine 


Cosine 


Tanp. 


Cotan^. 


Sine 


Cooine | 'i'ang. 


Cotang. 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 
49 
48 
4? 
46 
45 
44 
43 
42 

41 
40 
39 

37 
36 
35 
34 
33 
38 
31 
30 


6-463726 
6-764756 
6-940847 
7-065786 
7-162696 
7-241877 


10-000000 
10-000000 
10-000000 
10000000 
10-000000 
10000000 
9999999 


6-463726 
6-764756 
6-940847 
7-065786 
7162696 
7-241878 


13-536274 
13-235244 
13-059153 
12-934214 
12-837304 
12758122 


8-241855 
8-249038 
8256094 
8263042 
8-269881 
8-276614 
8-283248 


9999934 
9-999932 
9999929 
9-999927 
9-999985 
9-999922 
9999920 


8-241921 
8-249102 
8-256165 
8 268115 
8269956 
8276691 
8-288323 


11-758079 
11-750898 
11-743885 
11-736885 
11730044 
11-728309 
11-716677 


7-308824 
7-366816 
7-417968 
7-463726 
7-505118 
7-542906 


9-999999 
9999999 
^•999999 
9-999998 
9-999998 
9-999997 


7-308825 
7-366817 
7417970 
7463727 
7505120 
7-542909 


12-691175 
12-633188 
12-582030 
12-536273 
12-494880 
12-457091 


8-289773 
8-296207 
8 302546 
8-308794 
8314954 
8321027 


9999918 
9999915 
9-999913 
9999910 
9999907 
9999905 


8289856 
8296292 
8-302634 
8308884 
8-315046 
8-321122 


11-710144 
11-703708 
11697366 
11-691116 
11-684954 
11-678878 


7-577668 
7-609853 
7-639816 
7-667846 
7-694178 
7-718997 


9-999997 
9-999996 
9-999996 
9-999995 
9-999995 
9-999994 


7-577672 
7-609857 
7-639820 
7-667849 
7-694179 
7-719003 


12-422328 
12-390143 
12-360180 
12-332151 
12-305821 
12-2809597 


'8-327016 
8-832924 
8-338753 
8-344504 
8-350181 
8-355783 


9999902 
9-999899 
9-999897 
9-999894 
9999891 
9-999888 


8-327114 
8-333025 
8-338856 
8344610 
8-350289 
8-355895 


11-672886 
11-666975 
11-661144 
11-655890 
11-649711 
11-644105 


7-742478 
7-764754 
7-785943 
7-806146 
7-825451 
7843934 


9-999993 

y*JaW99S 

9999992 
9-999991 
9-999990 
9-999989 


7-742484 
7-764761 
7-785951 
7-806155 
7-825460 
7843944 


12-257516 
12-235239 
12-214049 
12196845 
12-174540 
12156056 


8 361315 
8-366777 
8372171 
8-377499 
8-382762 
8387962 


9-999S85 
9999882 
9-999879 
9-999876 
9-999873 
9999870 


8361430 
8-366895 
8-372292 
8-377622 
8-382889 
8-388092 


11-638670 
11-688105 
11-627708 
11-622378 
11-617111 
11-611908 
11-606766 
11-601685 
11-596662 
11-591696 
11-586787 
11-581932 


7-861662 
7-878695 
7-895085 
7-910879 
7-926119 
7-940842 


9-999989 
9-999988 
9-999987 
9-999986 
9-999985 
9-9999BS 


7-861674 
7-878708 
7-895099 
7-910894 
7-926134 
7-940858 


12-138^26 
12-121292 
12104901 
12-089106 
12 075866 
12-059142 


8393101 
8-398179 
8403199 
8408161 
8-413068 
8-417919 


9-999867 
9-999864 
9-999861 
9-099858 
9-999854 
9-999851 


8-393234 
8-398315 
8-403888 
8-408304 
8413213 
8-418068 


7-955082 
7-968870 
7982233 
7-995198 
8-007787 
8-020021 


9-999982 
9-999981 
9-999980 
9-999979 
9-999977 
9-999976 


7-956100 
7968889 
7-982253 
7-995219 
8-007809 
80S0044 


12044900 
12 031111 
12017747 
12004781 
11-992191 
11-979956 


8-422717 
8-427462 
8-432156 
8*436800 
8-441394 
8-445941 


9-999848 
9-999845 
9-999841 
9-999838 
9-999834 
9-999831 


8-422869 
8 427618 
8-432315 
8-436962 
8-441560 
8-446110 


11-577131 
11-672382 
U-567685 
11-563038 
11-558440 
11553890 


29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 


8031919 
8043501 
8-054781 
8065776 
8076500 
8086965 


9-999975 
9-999973 
9999972 
9999971 
9-999969 
9-999968 


8031945 
8043527 
8-054809 
8065806 
8076531 
8-086997 


11-968055 
11-956473 
11945191 
11-934194 
11-923469 
11-912003 


8-450440 
8-454893 
8-459301 
8-463665 
8-467985 
8-472263 


9-999827 
9-999824 
9999820 
9-999816 
9-999813 
9-999809 


8-450613 
8-455070 
8-459481 
8-463849 
8-468172 
8-472454 


ll-649?i87 
11-544930 
11-540519 
11-536151 
11-531828 
11-527546 


8097183 
8107167 
8-116926 
8-126471 
8-135810 
8-144953 


9-999966 
9-999964 
9-999963 
9-999961 
9-999959 
9999958 


8097217 
8-107203 
8-116963 
8-126510 
8*135851 
8-144996 


11-902783 
11-892797 
11-883037 
11-878490 
11-864149 
11-855004 


8-476498 
8-480693 
8-484848 
8-488963 
8-49t:040 
8-497078 


9-999805 
9-999801 
9-999797 
9999794 
9-999790 
9-999786 


8-476693 
8*480892 
8-485050 
8-489170 
8-49S250 
8-497293 


11 -523^)07 
11-519108 
11-514950 
11-510830 
11-506750 
11-502707 


17 

16 

16 

14 

13 

12 

11 

*) 

•9 

8 

7 

6 


8*153907 
8-162681 
8-171280 
8*179713 
8187985 
8-196102 


9-999956 
9-999954 
9999952 
9999950 
9-999948 
9-999946 


815^952 
8162727 
8-171328 
8-179763 
8188036 
8-196156 


11-846048 
11-837273 
11-828672 
11-820237 
11-811964 
11-803844 


b-501080 
1J»505045 
8-608974 
8-512867 
8-516726 
8-520551 


9 999782 
9-999778 
9999774 
9-999769 
9-999765 
9-999761 


8-501298 
3*505267 
8-509200 
8-513098 
8-516961 
8-520790 


11498702 
11-494788 
11-490860 
11-486902 
11-488039 
U-479210 


8-204070 
8-211895 
8-819581 
8-227134 
8-234557 
8-241855 


9-999944 
9-999942 
9-999940 
9-999938 
9999936 
9-999934 


8-204126 
8-211953 
8-219641 
8-227195 
8-234G21 
«-2419^1 


11-795874 
11-788047 
11-780359 
11-772805 
11-765379 
11-758079 


8-824343 
8-528102 
8-5ai828 
8-535523 
8-539186 
8-542819 


9-999757 
9-999753 
9-999748 
9-999744 
9999740 
9999735 


b-5245b6 
8-528/349 
8-538080 
8-535779 
8-$S9447 
8-543084 


11475414 
11-471661 
11-467980 
11-464221 
11-460553 
11456916 


5 
4 
3 
2 
1 





Cosine 1 bine 


doUng. 


I'ang. II Cosine 


^iine 


Cotang. 


"'iW'." 


* 


89 J>eg. Il 88 J)<v. ' ' 



( 26 ) 



2l)eg. 1 


3 0eg. 







1 

2 
3 
4 
5 
6 


i)ine 


Cosine 


lang. 


Cotant;. 


Sine 


Cosine 


Tang. 


Cotang. 


60 
bO 
5K 
57 
56 
5j 
54 
5) 
52 
51 
50 
49 
48 

47 
4»j 
45 
44 
4-5 
45 
41 
40 
.39 
38 
37 
Sfi 

:ij 
54 
3) 
32 
31 
.•30 

29 
^-^ 
27 
26 
25 
24 
2.3 
22 
21 
20 
19 
lb 

17 
16 
15 
14 

13 
12 
11 
10 
9 
8 
7 
6 
5 
4 
3 
3 
1 



8-5428iy 
8-546422 
8-M9905 
8-553539 
8-557054 
8-56054O 
8-66S9»W 


9-999735 
9-999731 
9-999726 
9-999722 
9099717 
9-999713 
t>999708 
9999704 
9990699 
9-999694 
9 999689 
9-999685 
9-999680 


8-543084 
8-546691 
8-550268 
8-553817 
8-557336 
8-560828 
8-564291 


n-4j6yi6 

11-453309 
11-449732 
11-446183 
11-442664 
11-439172 
11-435709 


871K800 
8-721204 
8-723595 
8-725972 
8-728337 
8-7.30688 
8- 7^3027 


9-999404 
9-999398 
9-999.391 
9999384 
9-999378 
9-999871 
9-999364 


8719396 
8-721806 
8-724204 
8-726588 
8-728959 
8-731317 
8-7a'3663 


11-280604 
11-278194 
11275796 
11-273412 
11271041 
11-268663 
11-266337 


7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
i30 
31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 


8-567431 
8-570836 
8-574214 
8 577566 
8-580892 
8-584193 


8-571137 
8-574520 
8-577877 
8-581208 
8-584514 


11-402273 
ll-42886i3 
U-425480 
n-42.>123 
11-418792 
n -41 5486 


8-735354 
8-737667 
8-739969 
8-742259 
8-744536 
8-746802 


9-999357 
9-999350 
9*999343 
9-999336 
9-999329 
9999.-22 


8-735996 
8-738,317 
8-740()?6 
8-742922 
8-745207 
8-747479 


11264004 
1126l6a3 
11-259374 
11-257078 
11254793 
U -252521 


8-587469 
8-590721 
8-593948 
8-597152 
8-60a332 
8-606489 


9-999675 
9999670 
9-<J99«65 
9-999660 
9-999655 
9999650 


8-587795 
8-MM051 
8-594283 
8 597492 
8-600677 
8-603839 


11-412205 
11-408949 
11-405717 
11-402508 
U-399323 
11-396161 


8-749055 
8-751297 
8-75.3528 
8-7.55747 
8-757955 
8-760151 


9-999315 
9-999308 
9-999301 
9-999294 
9-999287 
9-999279 


8-749740 
8-751989 
8-754:^27 
87.16453 
8-758668 
8-760872 


1 1 250260 
11-248011 
11-245773 
11-243547 
11-2413y2 
11-239128 


8606643 
8-609734 
S-612823 
8-615891 
8-618937 
8-621962 


9-999645 
9-999640 
9-999655 
9-999629 
9 999624 
9-999619 


8-6069'78 
8-610094 
8-613189 
8-616262 
8-619313 
8-622343 

8-625352 
8-628340 
8-631308 
8GJ4256 
8-637184 
8-640093 


11-393022 
11 -.389906 
ll-.3868n 
U -383738 
11-380687 
11-377657 


8-762.3i:7 
8-764511 
8-766675 
8-768828 
8-770970 
8-773101 


9-999272 
9-999265 
9-999257 
9-999250 
9-999242 
9-999235 


8-763065 
8-76*246 
8-767417 
8-769578 
8-771727 
8-773866 


Ill23(>9:i5 
11-2.34754 
11-2.32583 
11230422 
11-228273 
1122aif34 


8-624965 
8-627948 
8-&30911 
8-633^54 
8-636776 
8-639680 


9-999614 
9-999608 
9-999603 
9-999597 
9999592 
9999586 


11-37-M348 
n-371660 
11-368692 
11-365744 
11-362816 
11 -.359907 


8-775228 
8-777333 
8-779434 
8-781524 
8-783605 
8-785676 


9-999227 
9-999220 
9-999212 
9-999205 
9-999197 
9-999189 


8-775995 
8-778114 
8-780222 
8-782.320 
8-784408 
8-786486 


U-224005 
11^1886 
11-219778 
11-217680 
11-215592 
11-213514 


8642563 
8-645428 
8-648274 
8-651102 
8-653911 
8-656702 


9-999581 
9;999575 
9-999570 
9-999564 
9-999558 
9-999553 


8-642982 
8-645853 
8-648704 
8-651537 
8-654352 
8 657 149 


11.357018 
11-354147 
11-351296 
11-34846.3 
ll-34.)648 
11 -.342851' 


8-7877S(i 
8-789787 
8-701828 
8-793859 
8-795881 
8-797891 


9-999181 
9-999174 
9-999166 
9-999158 
9-9991.50 
9999142 


8-788554 
8-790613 
8-792662 
8-794701 
8-796731 
8-798752 


U-211446 
11-209387 
11-207338 
11-205299 
11-203269 
11-201248 


8-659475 
8-6622.00 
8 664968 
8-667689 
8-670393 
8-673080 


9-999547 
9-999541 
9-999535 
9-999529 
9-999524 
9 999518 


8-659928 
8-662689 
8-665433 
8-6fi8160 
8-67087U 
8 673563 


11 -.340072 
11-337311 
11-334567 
1 1-331840 
ll-t*)29130 
11-3264.37 


8-799897 
8-801892 
8-805876 
8-805852 
8-807819 
8-809777 


9-999134 
9999126 
9-999118 
9-999110 
9-999102 
9-999094 


8-800763 
8-802765 
8-804758 
8-806742 
8808717 
8-810683 


11- 199(2-37 
11- 197235 
11-195242 
11103258 
11191283 
11-189317 


4;3 
44 

46 
47 
48 


8-675751 
8-678405 
8-681043 
8-683665 
8-686272 
8-688863 


9 999512 
9-999506 
9.999500 
9-999493 
9-999487 
9-909481 


8-676239 
8-678900 
8-681544 
8684172 
8-686784 
8-689381 


U. -323761 
11-321100 
11-3184.56 
11 -.015828 
11-313216 
11-310619 


8-8 U 726 
8-815667 
8-815599 
8-817522 
8-8194,36 
8-821343 


9 999086 
99f»W77 
9-999069 
9-999061 
9-999053 
9-99«K)44 


8-8 ij^ 641 
88145S9 
8-816529 
8-818461 
8-82a384 
8-822298 


11- 187359 
11185411 
11- 183471 
11-181.539 
11179616 
11-177702 


49 
50 
51 
52 
5.3 
54 
55 
56 
57 
58 
59 


8(J91438 
8-693998 
8-696543 
8->699073 
8-7C«5«9 
8704090 


9-999475 
9-999469 
9-999463 
9-999456 
9999450 
9-99944.3 


8691963 
8-694529 
8-697081 
8-699617 
8-702139 
8-7(X4646 


11-308037 
11-305471 
11302919 
H-.3D0383 
11-297861 
ll-295-':54 


8-823240 
8-825130 
8-827011 
8-828884 
8830749 
8-832607 


9999036 
9-999027 
9-999019 
9-999010 
9-999002 
9998993 


8-824205 
8-826103 
8-827992 
8-829874 
8-8,31748 
«-a336l3 


11175795 
11173897 
U 172008 
11170126 
n- 168252 
11- 166387 


8-70<i577 
8-709049 
8-71 tTiO? 
8'7l305e 
8-716383 
R'7I3800 


9-999k37 
9-999431 
9999424 
9-999418 
9-999411 
9-999404 


8-707140 
8-709618 
8-712083 
8-714534 
8-716972 
8-719.3«>6 


ll-2iWHti() 
11-290.382 
11-287917 
11-285466 
11-283078 
11-280604 


8-834456 
8-836297 
8-8,38130 
8-839956 
8-841774 
8-843585 


9-998984 
9-998976 
9-998967 
9-998968 
9-998950 
9-998941 


8-8.3547 1 
8-837321 
8-839163 
8-840998 
8842825 
8-844644 


11 164529 
11-162679 
11160887 
111.59002 
11-157175 
11-155356 




Cosine 


Sine 


Cotaiig. 


^ Tang. 


Cosiue Sine ( totang. 1 


Tang. 


r 


— ^ 


87Deg. 1 


86 Deg. 1 











( 27 ) 


.*' 








4i^«K. 1 


^begr. 1 




JMIM? 


Cosine 


lang. 


Cotang. 


Sine 


Cosine 


Tang. 


* Cotang. 


60 
59 

58 
57 
56 
55 
54 




1 

2 
. 3 

4 
5 
6 


8*84.. 5H5 
8-845.587 
8-847183 
8 848971 
8 850751 
8-852525 
8 854291 


9-998941 
9 998932 
9 998923 
9 998914 
9998905 
9998896 
9-998887 


8-844644 
8-846455 
8-848260 
8-850057 
8-851846 
8-85.^)628 
8-855403 


lt-15J356 
11- 15^^5545 
11151740 
n-14994i; 
IH48154 
11- 146372 
11-144597 

11-142829 
11- 141068 
U- 139314 
11137567 
11- 135827 
11-134094 


8-940296 
8-941738 
8-943174 
8-944606 
8-946a34 
8-947456 
8-948874 


9-998344 
9-998333 
9-998322 
9-998311 
9*998300 
9-998289 
9-998277 


8-941952 
8-943404 
8-944852 
8-946295 
8-.947734 
8-949168 
8-950597 


Ib05a048 
11*056596 
11055148 
11-053705 
11-052266 
11050832 
11049403 


7 

8 

9 

. 10 

tl 

12 

13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

37 
38 

3y 

40 
41 
42 
43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


8H5f;049 
8-857801 
8 859546 
8-861283 
8-86,'J0l4 
8-864738 


9998878 
9998869 
9998860 
9-998851 
9998841 
9 998832 


8-857171 
8-858932 
8-860686 
8-862433 
8-864173 
8-865906 


8-950287 
8-951696 
8-953100 
8-954499 
8-955894 
8-957284 


9-998266 
9-998255 
9-998243 
9-998232 
9-998220 
9-998209 


8-952021 
8-953441 
8-954856 
8-956287 
8-957674 
8-959075 


11-047979 
11046559 
11-045144 
11043733 
11-042326 
11-04O925 


52 
51 
60 
49 
48 


8-866455 
8868165 
8-869868 
8871565 
8-873255 
8-874938 


.9 998623 
9-998813 
9998804 
9-998795 
9-998785 
9998776 


8-8676.J2 
8-869351 
8-87V>64 
8-872770 
8-874469 
8-876162 


ll-132.'i68 
111.30649 
11-128936 
11- 127230 
11125531 
li-123a38 


8-958670 
8-960052 
8-961429 
8-962801 
8-964170 
8-965534 


9-998197 
9-998186 
9-998174 
9-998163 
9-998151 
9-998139 


8-960473 
8-961866 
8-963255 
8-964639 
8-966019 
8-967394 


11-009527 
11038154 
11-036745 
11-035361 
11033981 
11032606 


47 
46 
45 
44 
43 
42 


8-876615 
8-878285 
8-879949 
8-881607 
8-883258 
8-884903 
'8-886542 
8-888174 
8-889801 
H-891421 
8-893035 
8-894643 


9998766 
9-998757 
9-998747 
9-9967.'38 
9998728 
9-998718 


8-877849 
8-879529 
8881202 
8882869 
8-884530 
8-886185 
8-8878.'W 
8-889476 
8-891112 
8-892742 
8-894366 
8-895984 
8-897596 
8-899203 
8-900803 
8-902398 
8-903987 
R-905:)70 


11122 151 
11- 120471 
11-118798 
11-117131 
U- 115470' 
11-113815 


8-966893 
8-968249 
8969600 
8-970947 
8-9i72289 
8-973628 


9-998128 
9-998116 
9-998104 
9-998092 
9-996080 
9-998068 


8-968766 
8-9701*3 
8-971496 
8-9X2855 
8-974209 
8-975560 


11-031234 
11-029867 
11028504 
11027145 
11025791 
11-024440 


41 

40 
39 
38 
37 
36 
35 
34 
i}3 
32 
31 
30 

29 

28 
27 
26 
25 
24 

23 
22 
21 
20 
19 
18 


9998708 
9-998699 
0-998689 
9998679 
9-998669 
9-998659 


11-112167 
11' 110524 
U' 108888 
1M07258 
n- 1056,34 
1M04016 


8-974962 
8-976293 
8-977619 
8-978941 
8-980259 
8-981573 


9-998056 
9-998044 
9-998032 
9-998020 
9-998008 
9-997996 


8-976906 
8-978248 
8-979586 
8-980921 
8-982251 
8-983577 


ll-02i>094 
11021752 
11020414 
11019079 
11-017749 
11016423 


8896246 
8R97842 
8-899432 
8-901017 
8-902596 
8-904169 


9998649 
9-998639 
9-998629 
9998619 
9- 998609 
9998599 


tM02404 
11-100797 
11099197 
11097602 
11-096013 
11-094430 


8^982883 
8«984189 
8-985491 
8-986789 
8*988083 
8-989374 


9-997984 
9-997972 
9-997959 
9-997947 
9-997935 
9-997922 


8-984899 
8-986217 
8-987532 
8-988842 
8-990149 
8-991451 


11-015101 
11-013783 
11-012468 
11-011158 
11'009851 
11008549 


89057.^6 
8W7297 
8-90H853 
8910404 
8 911949 
8-913488 


9-998589 
9-998578 
9-998568 
9998558 
9-998548 
9-998537 


8-907 147 
H-908719 
8-910285 
8-911846 
8-91.3401 
8-914951 


11092853 
11091281 
11089715 
11088154 
11-086599 
11-085049 


8-990660 
8'991943 
8-9^3222 
8-994497 
8-995768 
8-997036 


9-997910 
9-997897 
9*997885 
9^997872 
9-997860 
9^997847 


8-992750 
8-994045 
8-995.337 
8'996624 
8-997908 
8-999188 


11-007250 
11-005955 
11004663 
11003376 
11002092 
11-000812 


8-9J5022 
8*916550 
8-918073 
8-919591 
8-921103 
8-922610 


9-998527 
9-998516 
9-998506 
9^998495 
9-998485 
9-998474 


8-916495 
8-9180.34 
8-919568 
8-921096 
8-922619 
8-924136 


11-083505 
11081966 
11-080432 
11-078904 
11077381 
11-075864 


8-998299 
8999560 
9-000816 
9002069 
9-003318 
9004.563 


9-997835 
9-997822 
9-997809 
9-997797 
9-997784 
9-997771 


9-000465 
9001738 
9003007 
9004272 
9-005534 
9006792 


10-999535 
10-998262 
10^996993 
10*995728 
10-994466 
10-99^208 


17 
16 
15 
14 
13 
12 

n 

10 
9 
8 
7 
6 


8-924112 
8-925609 
8-927100 
8-928587 
8-930068 
8-931544 


9-998464 
9-998453 
9-998442 
9-998431 
9-998421 
9-^98410 


8-925649 
8-927156 
8-928658 
8-930155 
8-a3l647 
8-9381.S4 


11074.351 
11-072844 
11071342 
11-069845 
11-068353 
11-066866 


9-005805 
9007044 
9008278 
9-009510 
9010737 
9-0U962 

9-013182 
9-014400 
9013613 
9-016824 
9018031 
9-019235 


9-997758 
9-997745 
9-997732 
9-997719 
9-997706 
9-997693 


9-008U47 
9009298 
9-010546 
9-011790 
9-013031 
9-014268 


10-991953 
10-990702 
10-989454 
10-988210 
10-986969 
10-985732 


8-933015 
8-934481 
8-935942 
8-937398 
8-938850 
8-940296 


9-998399 
9-998388 
9-998377 
9-998366 
9-998355 
9-998344 


8-934616 
8-936093 
8-997565 
8-939032 
8*940494 
8-941952 


11-065384 
11063907 
11 '062435 
1V060968 
11059506 
11058048 


9-997680 
9-997667 
9«997654 
9*997641 
9-997628 
9-997614 


9'01»502 
9-016732 
9017959 
9019183 
9020408 
9-021620 


10-984498 
10-983268 
10^982041 
10-980817 
10-979597 
10-978380 


5 
4 
3 
2 

1 



Cosine 


Sine 


Cotang. 


Tang. 


Cosine 


Sine 


Cotang. 


Tanir. 


T 


— — 


85DcK. "1 


84i)c^. ■■- I 










D 


a 








-•• 



( 28 ) 



^ Sine 

9-019Sd5 
9*020435 
9-021608 
9-022825 
9024016 
9025203 
9-026886 



' 6 i>eg. 



9-048277 
9-049400 
9050519 
9*051635 
2a 9052749 



9*027567 
9-028744 
9*029918 
9-0S1089 
9-032257 
9-033421 



9034582 
9035741 
9036896 
9-038048 
9-039197 
9-040342 



9*041485 
9042625 
9043762 
9044895 
9-046026 
9-047154 



9053859 
9064966 
9'056071 
9057172 
9058271 
9-059367 
9060460 



9-061551 
9*062669 
9-063724 
9064806 
9065885 
9-066962 



90680n6 
9-069107 
9-070176 
9071242 
9-072306 
9-07.3366 



9-07-J424 9 

9-075480 

9076533 

9-077583 

9-078631 

9079676 

9-080719 

9081759 

9082797 

9-083832 

9*084864 

9*085894 



Cosine 



Codne 

9-997614 
9-997601 
9*997588 
9-997574 
9*997561 
9*997547 
9997534 



Tang- 
9021620 
9*022834 
9024044 
9*025251 
9*026455 
9*027655 
9*028852 



9*997520 
9*997507 
9*997493 
9*997480 
9-997466 
9-997452 



9*997439 
9-997425 
9*997411 
9-997397 
9-997383 
9*997369 



9037144 
9*038316 
9*039485 
9*040651 
9-041813 
9-042973 



9-997355 
9-997341 
9-997327 
9-997313 
9*997299 
9*997285 



9-044130 
9-045284 
9046434 
9*047582 
9048727 
9-049869 



9*997271 
9*997257 
9-997242 
9-997228 
9-997214 
9-997199 
9*99fl85 
9-997170 
9-997156 
9-997141 
9-997127 
9 997112 



9*997098 
9-997083 
9-997068 
9-997053 
9-997039 
9-997024 



9-.997009 
9*996994 
9*996979 
9*996964 
9-996949 
9*9909,34 



9*>6919 
9*996904 
9-996889 
9*9^874 
9-996858 
9-996843 



9*996828 
9-996812 
9-996797 
9-996782 
9-996766 
9-996751 



9030046 
9-031237 
9032425 
9*0a3609 
9*034791 
9*035969 



9*051008 
9*052144 
9-053277 
9054407 
9055535' 
9-056659 



9057781 
9-058900 
9060016 
9*061 t'o 
9062240 
9063348 



9-064453 
9*065556 
9066655 
9-067752 
9-068846 
9069938 



9*071027 
9*071:113 
9*073197 
90742/3 
9 075356 
9-0764.-2 



^•077505 
9078576 
9079644 
9-080710 
9081773 
9*082Ra*j 



9*083891 
9-084947 
9086000 
9-087050 
9-088098 
9*089144 



hin« 



83 Peg. 



Cotang. 



Cotang. 

10-978380 

10-977166 

10*975956 

10-974749 

10*973545 

10*972345 

10-971148 



10-969954 
10-968763 
10-967575 
10-966391 
10*965209 
10-964031 



10-962856 
10*961684 
10-960515 
10-959349 
10-958187 
10-957027 



10*955870 
10-954716 
10-953566 
10*952418 
10*951273 
10-950131 



10-948992 
10-947856 
10-946723 
10-945598 
10-944465 
10-943341 



10-942219 
10-941100 
10-939984 
10-938870 
10 937760 
10-936652 



10*935547 
10-934444 
10-9a3345 
10-932248 
10 931154 
10-930062 



l^;-95i8973 
10-927887 
10-926603 
10-925722 
10-924644 
10-92:3568 



10-922495 
10*921424 
10-920356 
10-919290 
10-918227 
10-917167 



10916109 
10-915053 
10-914000* 
10-912950 
10-911902 
10-910856 



9085894 
9-086922 
9*087947 
9O88970 
9089990 
9-091008 
9*092024 



9-093037 
9*094047 
9*095056 
9096062 
9097065 
9*098066 



9*099065|9' 
9*100062 
9*101056 
-9102048 
9*103037 
9-104023 



9*105010 
9105992 
9*106978 
9*107951 
9108927 
9-109901 



9*996449 
9-996433 
9-996417 
9-996400 
9-996384 
9-996368 



9*110873 
9-111842 
9-112809 
9113774 
9-114737 
9-115698 



9*116656 
9-117615 
9-118567 
9*119519 
9120469 
9121417 



9-122362 
9*123306 
9*124248 
9 125187 
9-126125 
9- 127060 



9-127993 
9*128925 
9129854 
9130781 
9*131706 
9-132630 



9-133551 
9-134470 
9*135387 
9*136303 
9137216 
9*138128 



'la"g> 



9139037 
9-139944 
9*140850 
9-441754 
9142655 
9*148555 

Coetne 



7A>eg. 



Sine Cosine Tang" 



9*996751 
9*996735 
9-996720 
9*996704 
9-996688 
9-996673 
9*996637 



9-996641 
9-996625 
9-996610 
9-996594 
9-996578 
9*996562 



996546 
9-996530 
9*996514 
9*996498 
9-996482 
9-996465 



9-996351 
9*996335 
9-996318 
9*996302 
9*996285 
9*996269 



9-996252 
9*996235 
9-996219 
9-996202 
9-996185 
9*996168 



9*996151 
9996134 
9*996117 
9-996100 
9*996088 
9-996066 



9*996049 
99960i)2 
9*996015 
9-995998 
9*995980 
9*995963 



9*995946 
9*995928 
9-995911 
9*995894 
9*995876 
9*995859 



9-995841 
9-995823 
9*995806 
9-995788 
9*995771 
9-9957*3 



Sine 



9-089144 
9-090187 
9-09122B 
9*092266 
9-098302 
9*094886 
9*095367 



9-096895 
9-097422 
9-098446 
9*099468 



00487 
01504 



02519 
a35a2 
04542 
05550 
06556 
07559 



08560 
09559 
10556 
11551 
12648 
13533 



14521 
15507 
16491 
17472 
18452 
19429 



i20404 
21377 
22348 
23317 
24284 
25249 



26211 
27172 
28130 
29087 
80041 
80994 



;>1944 
3^893 
38839 
84784 
35726 
36667 



37605 
88542 
.89476 
40409 
41840 
42269 
48196 
44121 
45044 
45966 
46885 
47803 



Cotang. 



10-910856 
10*909813 
10*908772 
10*907734 
10-906698 
10-905664 
10-904633 



10-903605 
10-902578 
10901554 
10-900532 
10-899513 
10-898496 



10-897481 
10-896468 
10-895458 
10-894450 
10-893444 
10-892441 



10*891440 
10-890441 
10-889444 
10-888449 
10*887457 
10-886467 



39 
58 
57 
56 
55 
54 
.M 
52 
51 
50 
49 
48 

47 
46 
43 
44 

4d 

42 

41 
40 

S9 
38 
;}7 
$6 



10-885479 
10-884499 
10-883509 
10-882528 
10-881548 
10-880571 



10-879596 
10-87862b 
10-877652 
10-87C68C 
10-873716 
10-874751 



10-873789 
10^872828 
10^871870 
10-870913 
10-869959 
10-869006 



10-868056 
10-867107 
10-866161 
10-865216 
10-864274 
10-863833 
10-862393 
10-861458 
10-860524 
10-859591 
10-858660 
10-857731 



33 
i>4 
33 
32 
51 

^ 
29 
2^ 
27 
26 
23 
24 
23 
22 
21 
20 
19 
18 



Cotany. 
82 Peg. 



10-856804 
10*855879 
10-854956 
10-854034 
10^853115 
10-852197 



17 
16 
15 
14 
13 
12 

11 
10 
9 

8 
7 



"Tang^ I' 



( 39 ) 



] 



81>e«. 1 


^ Ueif. , 


i 


iiinc 


Cosine 


Tang. 


Cotang. 
10-852197 
10-851282 
10-850368 
10-849456 
10-848546 
10-847637 
10-846731 


Sine 


Cosine 


Tang, 


Cotang/ 


60 
69 
58 
57 
56 
65 
54 
53 
52 
51 
50 
49 
48 

47 
46 
45 
44 

43 
42 
41 

40 
39 
38 
37 
36 
35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 
18 

17 
16 
15 
14 
18 
12 

11 
10 
9 
8 
7 
6 
6 
4 
3 
2 
1 





1 

2 

4 

5 

G 


9-143555 
9-144453 
<*^145349 
#146243 
91471.'36 
9-148026 
9-148915 


9-995753 
9-995735 
9-995717 
9-995699 
9'995681 
9-995664 
9-99r>646 


9147803 
9-148718 
9-149632 
9150544 
9-151454 
9-152363 
9 153269 


9-194832 
9-195129 
9-195925 
9-196719 
9197511 
9198802 
9-199091 


9-994620 
9-994600 
9994580 
9-994560 
9-994540 
9-994519 
9-994499 


9-199713 
9-20052^ 
9-201345 
9-202159 
9-202971 
9-203782 
9-204592 


10-800287 
10-799471 
10-798655 
10-797841 
10-797029 
10-796218 
10-795408 


7 

8 

9 

10 

11 

12 


9- 149802 
9150686 
9-151569 
9-152451 
9-153330 
9-154208 


9-99.^628 
9-995610 
9-995591 
9-995573 
9995555 
9-995537 


9154174 
9-155077 
9-155978 
9-156877 
9157775 
9-158671 


10-845826 
10-844923 
10-844022 
10-843123 
10-842225 
10-841329 


9- 199879 
9-200666 
9-201451 
9-202234 
9-203017 
9-203797 


9-994479 
9-994459 
9-994438 
9-994418 
9-994398 
9-994377 


9-20540U 
9-206207 
9-207013 
9-207817 
9-208619 
9-209420 


10-794400 
1C*793793 
10-792987 
10-792183 
10-791381 
10-790580 


13 
14 

16 

18 


9-155083 
9155957 
9-156830 
9 157700 
9- 158569 
91594.-35 


9*995519 
9-995501 
9-995482 
9995464 
9-995446 
9-995427 


9159565 
9160457 

9161347 
9-.162236 
9-163123 
9164008 


10-8404J5 
10-839543 
10-838653 
aO-837764 
10-836877 
10-835992 


9-204577 
9-205854 
9-206131 
9-206906 
9-207679 
9-208452 


9-994iJ57 
9-994336 
9-994316 
9-994295 
9-994274 
9-994254 


9-210220 
9-211018 
9-211815 
9-212611 
9-213406 
9-214198 

9-214989 
9-215780 
9-216568 
9-217356 
9-218142 
9-218926 


10-789780 
10-788982 
10788185 
10-787389 
10-786595 
10- 785^^02 


19 
20 
21 
?2 
23 
24 


9- 160301 
9-161164 
9- 162025 
9-162885 
9-163743 
9-164600 

9-165454 
9-166307 
9-167159 
9- 168008 
9- 168856 
9-169702 


9-995409 
9-995390 
9-995372 
9-995353 
9-995334 
9995316 


9164892 
9165774 
9-166654 
9-167532 
9-168409 
9169284 


10- 8 J5 108 
10-834226 
10-833346 
10-832468 
10-831591 
10-880716 
10-82984.-3 
10-828971 
10-828101 
10-827233 
10-826366 
10 825501 


9-209222 
9209992 
9-210760 
9-211526 
9-212291 
9-213055 


9-99423y 
9-994212 
9-994191 
9-994171 
9-994150 
9-994129 


10-7b501l 
10-784220 
10-783432 
10-782644 
10-781858 
10-781074 


25 
26 
27 
28 
29 
SO 


9-995297 
9-995278 
9-995260 
9-995241 
9-995222 
9-99520.) 


9170157 
9171029 
9171899 
9- 172767 
9- 173634 
9174499 


9-213818 
9-214579 
9-215338 
9-216097 
9-216854 
9-217609 


9-99410« 
9-994087 
9-994066 
9-994045 
9-994024 
9-994003 


9-219710 
9-220492 
9-221272 
9-222062 
9-222830 
9-223607 


10-780290 
10-779508 
10-778728 
10-777948 
10-777170 
10-776393 


31 

32 
33 
34 
35 
36 


9-170547 
9171389 
9- 172230 
9-173070 
9173908 
9-174744 


9-995184 
9995165 
9-995146 
9-995127 
9-995108 
9-995089 


9-l75oti2 
9- 176224 
9177084 
9-177942 
9-178799 
9-179655 


108246.-.8 
10-825776 
10-822916 
10-822058 
10-821201 
10 820845 


9-218363 
9-219116 
9-219868 
9-220618 
9-221367 
9-222115 
9-222861 
9-223606 
9-224349 
9-225092 
9-225833 
9-22657C 


9-993982 
9-993960 
9-9'j3939 
9-993918 
9-993897 
9-993875 


9-224382 
9-285156 
9-225929 
9-226700 
9-227471 
9-228239 


10-775618 
10-774844 
10-774071 
18-773300 
10-77J2529 
10-771761 


37 
38 
39 
40 
41 
42 


9-175578 
9-176411 
9177242 
9-178072 
9178900 
9-179726 


9995070 
9-995051 
9-995032 
9-995013 
9 994993 
9-994974 


9-180508 
9-181360 
9182211 
9-183059 
918^907 
9-184752 


10-81949^ 
10-818640 
10-817789 
10-816941 
10-816093 
10-815248 


9-993854 
9-993832 
9-993811 
9-993789 
9-993768 
9-998746 


9-229007 
9-229773 
9-230539 
9-231302 
9-232065 
9-202826 


10-77099ti 
10-770227 
10-769461 
10-768698 
10-767935 
10-767174 


43 
44 

45 

46 
47 
48 


9-180551 
9-181374 
9182196 
9-18o016 
9-183834 
9184651 


9-994955 
9-994935 
9-994916 
9-994896 
9-994877 
9-994857 


9185597 
9186439 
9-187280 
9188120 
9-188958 
9- 189794 


10-814403 
10-813561 
10-812720 
10-811880 
10-811042 
10-810206 


9-227311 
9-228048 
9-228784 
9-229518 
9-230252 
9-230984 


9-993725 
9-993703 
9-993681 
9-993660 
9-993638 
9-993616 


9-233586 
9-234345 
9-235103 
9-2:55859 
9-236614 
9-237368 


10-766414 
10-765655 
10-764897 
10-764141 
10-763386 
10-762632 


49 

51 
52 
53 
54 


9-185466 
9-186280 
9187092 
9-187905 
9-188712 
9-189519 


9-99^38 
9-994818 
9-994798 
9-994779 
9-994759 
9-994739 


9-190629 
9-191462 
9192294 
9193124 
9193953 
9194780 


10-809371 
10-808538 
10-807706 
10-806^76 
10-806047 
10-805220 


9-231715 
9*232444 
9-233172 
9-283899 
9-234625 
9-235349 


9-993594 
9-993572 
9-993550 
9-993528 
9-998506 
9-993484 


9-238120 
9-2388;2 
9-239622 
9-240371 
9-241118 
9-241865 


10-761880 
10-761128 
10-760378 
10-759629 
10-758882 
10-758135 


53 
56 
57 
58 
59 
60 


9-190325 
9-191130 
9191933 
9192734 
9-193534 
9194S82 


9-994720 
9-994700 
.9-994680 
9-994660 
9-994640 
9-994620 


9-195606 
91964S0 
9197263 
9198074 
9-198894 
9-199713 


10-804394 
10-803570 
10-802747 
10-801926 
10-801106 
10-800287 


9-236073 
9-236795 
9-287615 
9-238235 
9-238953 
9-239670 


9-993462 
9-998440 
9-993418 
9-993396 
9-993374 
9-993351 


9-242610 
9-2433^ 
9-244097 
9-244839 
9-245579 
9-246319 


10-757390 
10-756646 
10-755903 
10-755161 
10-754421 
10-753681 




Cosine 


i^ine Cotaog. 


Tang. 


Co8ine 


Sine 


Cotang. 


Tang. 


/ 


81 Dt^. I 


80 Dcg. 1 











( 80 ) 








lODeg. ' 1 


llllcg, , 


"1o 

I 
2 
3 
4 
5 
6 

^7 
8 
9 
10 
11 
12 

13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
i'3 
24 
25 
2(> 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 


Sine 


Cosine 


'lang. 


Cotang. 


Sine 


Cosine 


Tikng. r Cotaog. | | 


9-239670 
9-240386 
9'241101 
9-241814 
9-242526 
9-2k.2.,7 
t»-'^4i5947 


9-993351 
9-993329 
9-993807 
9-993284 
9-993262 
9-993240 
9-993217 


9-246319 
9-247057 
9-247794 
9-2485.-;0 
9-249264 
9-249998 
9-250730 


10-750)81 
10«752943 
10-752206 
10-751470 
10-750756 
10-750002 
10-749270 


9-280599 
9-281248 
9-281897 
9-282544 
9-283190 
9-283836 
9-284480 


9-991947 
9-991922 
9-991897 
9991873 
9-991848 
9-991823 
9*991799 


9-288652 
9-289826 
9-289999 
9-890671 
9-291342 
9-292013 
9-292682 


10-711648 60 
10-710674 59 
10-71002 1 58 
10-709t-< 57 
10-708658 56 
10-^07987 55 
10-707818 54 


9-244656 
9-24536i< 
9-246069 
9-246775 
9-247478 
9-248181 


9-993195 
9-993172 
\)-993149 
9-993127 
9-993104 
9-993081 

9-993059 
9-99?;036 
9-993013 
9-992990 
9-992967 
9-992944 


9 251461 
9-252191 
9-252920 
9-25.'3648 
9-254374 
9-255100 
9-255824 
9-256547 
9-257269 
9-257990 
9-258710 
9-259429 


10-748539 
10-747809 
10-747080 
10-746-\52 
10-745626 
10-744900 


9-285124 
9-285766 
0-286408 
9-287048 
9-287688 
9-288326 


9-991774 
9-991749 
9-991724 
9-991699 
9-991674 
9-991640 


9-293350 
9-294017 
9-294684 
9-295349 
9-296013 
9-296677 


10-706650 5> 
10-705983 blL 
10-705316 51 
10-704651 50 
10-708987 49 
10-7a*J32-J 48 


9-248883 
9-24958,1 
9-250282 
9-250980 
9 251677 
9-252^73 


10-744176 
10-74'3453 
10-742731 
10-742010 
10-741290 
10-740571 


9-288964 
9-289600 
9-290236 
9-290870 
9-291504 
9-292137 


9-991624 
9-991599 
9-991574 
9-991549 
9-991524 
9-991498 


9297339 
9-298001 
9-298662 
9-299322 
9-299980 
9-300638 


10-702661 47 
10-701999 46 
10-70ia'38 45 
10-700678 ft 
10-70Q020 4.3 
10-699^36e 4: 


9-2j.';067 
9-25^^761 
9-25445'- 
9-2:)5144 
9-255834 
9-256523 
9-267211 
9-257898 
9-258583 
9-259268 
9-259951 
9-260633 


9-992921 
9-992898 
9-992875 
9-992852 
9-992829 
9-992806 


9-260146 
9-260868 
9-261578 
9-262292 
9-263005 
9-263717 


10-709854 
10-739137 
10-738422 
10-737708 
10-736995 
10-736283 


9-292768 
9-293399 
9-294029 
9-294658 
9-295286 
9-295913 


9-991473 
9-091448 
9-991422 
9991397 
9-991372 
9-991346 


9-301295 
9-301951 
9-302607 
9-303261 
9-303914 
9-304567 


10-698705 41 
10-698049 40 
10-697393 3y 
10-696739 ;3h 
10-696086 '61 
10-695433 J6 


9-992783 
9-992759 
9-992736 
9-ft92713 
9-99269C 
9-992666 


9-264428 
9-265138 
0-265847 
9-266555 
9-267261 
9-267967 


10-735572 
10-734862 
10-734163 
10-733445 
10-732739 
10-73203.-3 


9-2965:;9 
9-297164 
9-297788 
9-298412 
9-299034 
9-299655 


9-991321 
9-991295 
9-991270 
9-991244 
9-991218 
9-991193 


9-305218 
9-305869 
9306519 
9-307168 
9-307816 
9-308463 


10-694782 35 
10^694131 .34 
10-693481 iW 
10-692832 as 
10-692184 31 
10-691537 30 


9-261314 
9-261994 
9-262678 
9-263351 
9*264027 
9-264703 


9-992643 
9-992619 
9-992596 
9-992::72 
9-992549 
9-992525 


9-268671 
9-269375 
9-270077 
9-270779 
9-271479 
9-272178 


10-731329 
10-730625 
10-729923 
10-729221 
10-728521 
10-727822 


9-300276 
9-300895 
9-301514 
9-3021.']2 
9-302748 
9-30.*)S64 


9-991167 
9-991H1 
9-991115 
9-991090 
9091064 
9-991038 


9-309109 
9-309754 
9-310399 
9-311042 
9-311685 
9-312327 


10-690891 29 
10-690246 28 
10*689601 27 
10 688958 26 
10-688315 2.3 
10-687673 24 


9-265377 
9-266051 
9-266723 
9-267395 
9-268065 
9-268734 


9-992501 
9-992478 
9-992454 
9-992430 
9-992406 
9-992382 


9-272876 
9-278673 
9-274269 
9-274964 
9-275658 
9-276351 


10-727124 
10-726427 
10-725731 
10-725036 
10-724342 
10*72.'>649 


9-303979 
0-304593 
9-305207 
9-305819 
9306*30 
9-307041 
9-.J076:jO 
9%'308259 
9-308867 
-9-309474 
9-310080 
9-310685 


9-991012 
9-9909H6 
9-990960 
9-990934 
9-990908 
9-990882 
9-990855 
9-990829 
9-990803 
9-990777 
9-990750 
9-990724 


9'31i'968 
9-3l.%08 
9-314247 
9-314885 
9-31552^ 
9-316169 


10-687032 24 
10 686392 U 
10-68575-3 21 
10-685115 20 
10-684477 19 
l0-6a3841 !8 


9-269402 
9-270069 
9-270735 
9-271400 
9-272064 
9-2727£G 


9-992359 
9-992a*35 
9-992311 
9-992287 
9-992263 
9-992239 


9-277043 
9-277734 
9-278424 
9-279113 
9-279801 
9-280488 


10-722957 
10-722266 
10-721576 
10-720887 
10-720199 
10-719512 


9'316795 
9-317430 
9-818064 
9-318697 
9-319330 
9319961 


10-683205 17 
10-682570 16 
10-681936 15 
10-681803 14 
10-680670 !3 
10-680a59 13 


49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9-i!7338d 
9*274049 
9-274708 
9-275367 
9-276025 
9-276681 


9-992814 
9-992190 
9-992166 
9-992142 
9-992118 
9-992093 

9-9920G9 
9-992044 
9-992020 
9-991996 
9-991971 
9-991947 


9-281174 
9-281858 
9-282542 
9-288225 
9-283907 
9-284588 


10-718826 
10-718142 
10-717458 
10-716775 
10-716093 
10-715412 


9-311289 
9-311893 
9-312495 
9-313097 
9-313698 
9-314297 


9-990697 
9*990671 
9-990645 
9-990618 
9-990591 
9-990565 


9-320592 
9-321222 
9-321851 
9-322479 
9-323106 
9-323733 


10-679408 11 
10-678778 10 
10-678149 9 
10*677521 8 
10-676894 7 
10-676267 6 


9-277337 
9-277991 
9-278645 
9-279297 
9-279948 
9-280599 


9-285268 
9-285947 
9-286624 
9-287301 
9-287977 
9-288652 


10-71 47.J2 
10-714053 
10-7ia376 
10-712099 
10-712023 
10-711348 


9-ijl4897 
9-315495 
9-316092 
9-316689 
9-317284 
9-317879 


9-990538 
9*990511 
9-990485 
9-990458 
9-990431 
9-990404 


9-324358. 
9-324983 
9-323607 
9-326231 
9-326853 
9-327475 


10-675642 5 
10-675017 4 
10-674393 3 
10-673769 C 
10-673147 1 
10-672.'i25 


Cosine 


^nne 


Cotang. 


Tang. 


Cosine 


Sine 


Cotang. 


T^inirl' 




79 X 


>eg. 1 


78 Deg. » 



( 31 ) 



12 Deg. 1 


13 Dep. 1 


/ 


blue 


/ Cosine 


Tail};. 


Coiaiif;. 


Sine. 


Cosine 


Tang. 


Cotang. 


60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 
49 
48 
47 
46 
45 
44 
43 
42 
41 
40 
39 
38 
37 
36 
35 
34 
33 
32 
31 
30 
29 
28 
27 
26 
25 
24 




1 

2 
3 
4 

5 
6 


9-317879 
9-318473 
9-319066 
9-819658 
9-320249 
9-320840 
9321430 


9-990404 
9-990378 
9-990351 
9-990324 
9-990297 
9-990270 
9-990243 


9-327475 
9-328095 
9-328715 
9-329334 
9-329953 
9-330570 
9-331187 


10-672525 
10-671905 
10'071285 
10-670666 
10-670047 
10-669430 
10-668813 


9-352088 
9-352635 
9-353181 
9-353726 
9-354271 
9-354815 
9-355358 


9-988724 
9-988695 
9-988666 
9-988636 
9-988607 
9-988578 
9-988548 


9-363364 
9-.363940 
9.364515 
9365090 
9-365664 
9-366237 
9-366810 


10-636636 
10-636060 
10-635485 
10-634910 
*10-634336 
10-633763 
10-6.3/3190 


7 

8 

9 

10 

11 

12 


9-322019 
9-322607 
9-323194 
9-323780 
9-324366 
9-324950 


9-990215 
9-990188 
9990161 
9-990134 
9-990107 
9-990079 


9-3S180J 
9-332418 
9-333033 
9-333646 
9-334259 
9-334871 


10-668197 
10-667582 
10-666967 
10-666354 
10-665741 
10-665129 


9-355901 
9-35644.3 
9-356984 
9-.35752.1 
9-358064 
9-358603 


9-988519 
9-988489 
9-988460 
9-988430 
9-988401 
9-988.371 


9-367382 
9-367953 
9-368524 
9-369094 
9-369663 
9-370232 


10-632618 
10-632047 
10-631476 
10-630906 
10-630337 
10-629768 


13 
14 

i^ 

17 
18 

19 
20 
21 
22 
23 
24 


9-325534 
9-326117 
9326700 
9-327281 
9-327862 
9-328442 


9-990052 
9-990025 
9-989997 
9-989970 
9-989942 
9-989915 


9-3t;5482 
9'a36095 
9-3.'36702 
9-337311 
9-357919 
9-338527 


10-664518 
10-663907 
10-663298 
10-662689 
10-662081 
10-661473 


9-359141 
9-359678 
9-360215 
9-.'360752 
9-361287 
9-361822 


9-988342 
9-988.J12 
9-988282 
9-988252 
9-988223 
9-<>88193 


9-370799 
9-371.367 
9-371933 
9-372499 
9-373064 
9-373629 


10-629201 
10-628633 
10'628067 
10-627501 
10-626936 
10-626371 


9-329021 
9-329599 
9330176 
9-3S0753 
9-331329 
9-a31903 


9-989887 
9-989860 
9-989832 
9-989804 
9-989777 
9-989749 


9-339133 
9-389739 
9-340344 
9-340948 
9-341552 
9-342155 


10-660867 
10-660261 
10-659656 
10-659052 
10-658448 
10-657845 


9-362356 
9-3G2889 
9-363422 
9-363954 
9-.364485 
9-365016 


9-988163 
9-988133 
9-988103 
9-988073 
9-988043 
9-988013 


9-374190 
9-374756 
9-375319 
9-375881 
9-376442 
9-377003 


10-625807 
10-625244 
10-624681 
10-624119 
10-623558 
10-622997 


25 
26 
27 
i>8 
29 
30 


9-332478 
9-333051 
9-.'333624 
9-334195 
9-;>S4767 
9-.'335337 


9-989721 
9-989693 
9-989665 
9-989637 
9-989610 
9-989582 


9-342757 
9-343358 
9-343958 
9-844558 
9-345157 
9-345755 


10-657243 
10-656642 
10-656042 
10-655442 
10-654843 
10-654245 


9-365546 
9-366075 
9-366604 
9-.367131 
9-367659 
9- ,'368185 


9-9B7983 
9-987953 
9-987922 
9-987892 
9-987862 
9-987a32 


9-377563 
9-378122 
9-378681 
9-379239 
9-379797 
9-380354 


10-622437 
10-621878 
10-621319 
10-620761 
10-620203 
10-619646 


ol 
32 
.33 
34 
35 
36 

37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 

49 
50 
51 
52 

5*; 

54 
55 
56 
57 
58 
59 
60 


9-335906 
9*336475 
9-337043 
9-337610 
9*338176 
9-338742 


9-989553 
9-989525 
9-989497 
9-989469 
9-989441 
9-989413 


9-346353 
9-346949 
9-347545 
9-348141 
9-348735 
9-349329 


10-653647 
10-653051 
10-652455 
10-651859 
10-651265 
10-650671 


9-368711 
9-369236 
9-369761 
9-370285 
9-370808 
9-371.330 


9-987801 
9-987771 
9-987740 
9-987710 
9-987679 
9-987649 


9-380910 
9-.381466 
9-382020 
9-382575 
9-383129 
9-38.3682 


10-619090 
10618534 
10-617980 
10-617425 
10-616871 
10-616.318 


9-3;j9307 
9-339871 
9-840434 
9-340996 
9-341558 
9-342119 


9-989385 
9-989356 
9-989328 
9-989300 
9-989271 
9-989243 


9-349922 
9-350514 
9-351106 
9-351697 
9-352287 
9-352876 


10-650078 
10-649486 
10-648894 
10-648303 
10-647713 
10-647124 


9-.'i71852 
9-372373 
9-372894 
9-373414 
9-3739.'>3 
9-3744:>i' 


9-987618 
9-987588 
9-987557 
9-987526 

0-987496 
9-987465 


9-384234 
9-384786 
9-385337 
9-385888 
9-386438 
9-386987 


10-615766 
10-615214 
10-614663 
10-614112 
10-613562 
10-61.-3013 


'23 
22 
2.1 
20 
19 
18 

17 
16 
15 
14 
13 
12 

11 
10 
9 
8 
7 
6 

4 
3 
2 
1 



9-342679 
9-343239 
9-343797 
9-344355 
9-344912 
9-345469 


9-989214 
9-989186 
9-989157 
9-989128 
9-989100 
9-989071 


9-.i.W465 
9-354053 
9-354640 
9-355227 
9-355813 
9-356398 


10-6465.1)5 
10-645947 
10-645360 
10-644773 
10-644187 
10-64.3602 


9-374<*70 
9-375487 
9-376003 
9-.376519 
9-3770.35 
9-377549 


U-9874.':4 
9-987403 
9-987372 
9-987.341 
9-987310 
9-987279 


9-3875.36 
9-388084 
9-388631 
9-389178 
9-389724 
9-390270 


10-612464 
10-611916 
10-61 1.'369 
10-6108J2 
10-610276 
10-609730 


9-346024 
9-S46579 
9-347134 
9-347687 
9-348240 
9-348792 


9-989042 
9-989014 
9-988985 
9-988956 
9-988927 
9-988898 


9-356982 
9-S57566 
9-558149 
9'358731 
9-859313 
9-859893 


10-64.-3018 
10-642434 
10-641851 
10-641269 
10-640687 
10-640107 


9-i>7800.^ 
9-578577 
9-379089 
9-379601 
9-380113 
9-380624 


9-987243 
9-987217 
9-987186 
9-987155 
9-987124 
9-987092 


9-..;90815 
9-391360 
9-391903 
9-392447 
9-.392989 
9-393531 


10-6uyl85 
10-608640 
10-608097 
10-607553 
10607011 
10-606469 


9-349343 
9-349893 
9-350443 
9-350992 
9-351540 
9-352088 


9-988869 
9-988840 
9-988811 
9988782 
9-988753 
9-988724 


9-360474 
9-361053 
9-361632 
9-362210 
9-S62787 
9-363364 


10-639526 
10-^38947 
10-6.S8368 
10-637790 
10-637213 
10-636636 


9-.'381134 
9-i8l643 
9-382152 
9-382661 
9-383168 
9-383675 


9-987061 
9-987a30 
9-986998 
9-986967 
9'986906 
9-986904 


9-394073 
9-394614 
9-395154 
9*395694 
9-3962a3 
9-396771 


10-605^27 
10-605386 
10-604846 
10-604306 
10-r03767 
10-eg3229 


Cosine 


Sine 


Colang. 


Tang. 


Cosine 


Sine 


Cotang. 


'lang. 




77 Dejr. 1 


7« V>vs. \ 



( 32 ) 



14 Uiifi, 



Sine 





1 
2 

o 

4 
5 
6 

"7 

B 

9 

10 

11 

n 

\3 
.14 
16 
16 
17 
18 

19 

20 
21 
22 
23 
24 



9-383675 
9-384182 
9384687 
9-385192 
9-385697 
9-386201 
9-386704 



25 
26 
27 
28 
29 
30 



9-387207 
9-387709 
9-388210 
9-3887 U 
9-389211 
9-389711 



9-390210 
9-390708 
9-391206 
9-391703 
9392199 
9-39269 5 

9-393191 
9-393685 
9-394179 
9-394673 
9-395166 
9-395658 



Cosine 



9-986904 9-396771 



9-986873 
9-986841 
9*986809 
9-986778 
9-986746 
9-986714 



9-397309 
9-397846 
9-398383 
9-398919 
9-399455 
9-399990 



9-986683 
9-9&6651 
9-986619 
9-986587 
9-986555 
9-986523 



y-40U/»X'4 
9-401058 
9-401591 
9-402124 
9-402656 
9-403187 



9-986491 
9-986459 
9-986427 
9-986395 
9-986363 
9-986331 



9-986299 
9-986266 
9-986234 
9-986202 
9-986169 
9-986137 



9-396150 
9-396641 
9-397132 
9-397621 
9-398111 
9-398600 



* < 



31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 



9-393588 
9-399575 
9-400062 
9-400549 
9-4010^5 
9-401520 



9-986104 
9-986072 
9-986039 
9-986007 
9-985974 
9-985942 



Tang. 



Cotangr 
10-603229 
10-602691 
10-602154 
10-601617 
10601081 
10-600545 
10-600010 



9-40J718 
9-404249 
9-404778 
9-405308 
9 405836 
9-406364 



9-40G892 
9-407419 
9-407945 
9-408471 
9-408996 
9-409521 



9-410045 
9-410569 
9-411092 
9-411615 
9-412137 
9-412658 



9-985909 
9-985876 
9-985843 
9-985811 
9-985778 
9-985745 



10-599476 
10-598942 
10-598409 
10-597876 
10-597344 
10-596813 



10-506282 
10-595761 
10-595222 
10-594692 
10-594164 
10-593636 



10-593108 
10-592581 
10-592055 
10-591529 
10-591004 
10-590479 



10-589955 
10-589431 
10-588908 
10-588385 
10-587863 
10-587342 



9-413179 
9-413699 
9-414219 
9-414738 
9-415257 
9-415775 



9-40i?005 9-985712 



9-402489 
9-402972 
9-403455 
9-403938 
9*404420 



49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



9-985679 
9-985646 
9-985613 
9-985580 
9-985547 



9-404901 
9-405.382 
9-405862 
9-406341 
9-406820 
9-407299 



9-407777 
9-408254 
9-408731 
9-409207 
9-409682 
9-410157 



9-985514 
9-985480 
9-985447 
9-985414 
9-985381 
9-985347 



9-985314 
9-985280 
9-98524: 
9-985213 
9-985180 
9-985146 



9-416293 
9-416810 
9-417326 
9-417842 
9-418358 
9-418873 



10-586821 
10-586301 
10-585781 
10-585262 
10-584743 
10-584225 



10-583707 
10-583190 
10-582674 
10-582158 
10-581642 
10-581127 



9-410632 
9-411106 
9-411579 
9-412052 
9-412524 
9-41S996 
Cosine 



9-41938 

9-419901 

9-420415 

9-420927 

9-421440 

9-421 952 

9-422463 

9-422974 

9-423484 

9-42.'3993 

9-424503 

9 425011 



10-580613 
^10-580099 
10-579585 
10-579073 
10-578560 
10-578048 



9-98511 

9-985079 

9-985045 

9-985011 

9-984978 

9-984944 



9-425519 
9-426027 
9*426584 
9-427041 
9-427547 
9'428052 



Sine 

75 I)eg. 



Cotang. 



10-577537 
10-577026 
10 576516 
10-576007 
10-675497 
10-574989 



1; 



D« 



Sine 
9-412996 
9-413467 
9-413938 
9414408 
9-414878 
9-415347 
9-415815 



10-5744bl 
10-673973 
10-573469 
10-572959 
10-572453 
10-571948 



9-984944 
9-984910 
9-984876 
9-984842 
9-984808 
9-984774 
9-984740 



9-416283 
9-416751 
9-417217 
9-417684 
9-418150 
9-418615 



rang. 



9-419079 
9-419544 
9-420007 
9-420470 
9-420933 
9-421395 



9-421857 
9-422316 
9-422778 
9-423238 
9-423697 
9-424166 



Cosine 



t; 



ang. 



9-428052 
9-428558 
9-429062 
9429566 
9-430070 
9-430573 
9-431075 



9-984706 
9-984672 
9-984638 
9-9846a3 
9-984569 
9-984535 



9-984500 
9-984466 
9-984'432 
9-984397 
9-984363 
9-984328 



9-984294 
9-984259 
9-984224 
9-984190 
9-984155 
9*984120 



9-424615 
9-426073 
9-426530 
9-426987 
9-426443 
9-426899 



9-984085 
9-984060 
9-984015 
9-983981 
9-983946 
9-983911 



9-427354 
9-427809 
9-42«263 
9-428717 
9-429170 
9-429623 



9-4.30075 
9-430527 
9-430978 
9-431429 
9-431879 
9-4.12329 



C<ita] 



Dg. 



10-571948 
10-571443 
10-570938 
10-570434 
10-569930 
10-66942; 
10-568923 



^-431.177 
9-432079 
9-462580 
9-433080 
9-453580 



10-56842; 
10-567921 
10-567420 
10-566920 
10-666420 



9-434080 10-565920 



9-4)4570 
9-435078 
9-435576 
9-436073 
9-436:>70 
9-437067 



9-437563 
9-438059 
9*438554 
9-439048 
9439543 
9-440036 



9-440529 
9-441022 
9-441514 
9-442006 
9-442497 
9-442988 



9-985875 
9-983840 
9-983806 
9-983770 
9-9837S& 
9-983700 



9983664 
9-983629 
9-98.1594 
9-983568 
9-983623 
9-983487 



9-432778 
9-433226 
9-433675 
9-434122 
9-434569 
9-435016 
9-435462 
9-496908 
9-436353 
9-436798 
9-437242 
9-457686 



9-983452 
9-983416 
9-983381 
9983345 
9-983309 



9-443479 
9-443968 
9*444458 
9-444047 
9-445435 
9-445923 



9-983273 9451743 



9-983238 
9-983202 
9-983166 
9-983130 
9-983094 
9-98305B 



9-438129 
9-438572 
9-439014 
9-439456 
9-439897 
9-440338 



Cosi 



osine 



9-983022 
9-982986 
9-982950 
9-982914 
9982878 
9*982842 



Mue 



9 449i>26 
9449810 
9-450294 10 
9-450777 
9-451260 



10-565421 
10-564922 
10-564424 
10-663927 
10-563480 
10-562933 



10-562437 
10-561941 
10*661446 
10-6609.12 
10 560457 
10-559964 



10-559471 
10-568978 
10-658486 
10-667994 32 
10-567503 31 
10-557012 30 



10-556521 
10-556032 
10-666542 127 
10*566053 126 
10-564565 
10-554077 



9-446411 10-553589 

9 446898 10*653102 

9447384 

9-447870 

»- 448356 

9-448841 



10-662616 
10-652130 
10-551644 
10-551159 



10-650674 
10-550190 
549706 
10-649223 
10*548740 
10-548257 



9-462225 10-547775 
9*452706 10-547294 



9-463187 
9-453668 
>454148 
9-454628 



9*455107 
9-465586 
9-456064 
9-466542 
9-457019 
9-457496 



Cotang. 



10-546813 
10-946338 
10-545852 

10-545372 



10-5448W 
10-644414 
10-543936 
10-543458 
10-548961 
10-542504 



74 De 



Tang. 







^ -. ^ — _ 




(• 3» ) 


« 










16 Ueg. 1 


17 Deg. 


-• 


• 


"o 


Mine 


Cosine 
9-982842 


Tang, 


Cotang. 


blue 


Cosine 


Tang. 


Cotang. 






9'4403ii8 


9-457496 


10 542504 


9-465905 


9-980596 


0-485339 


10-514661 


60 




1 


9-440778 


9-982805 


9-457973 


lO-34i027 


9-466348 


9-980558 


9-485791 


10-514209 


59 




2 


9-441218 


998.'769 


9-458449 


105415,51 


9-466761 


9-980519 


9-486242 


10-5137.^ 


58 




ii 


9-441658 


9-9827.'33 


9-458925 


10-541073 


9-467173 


9-980480 


9-486693 


I0-5i;j307 


57 


' 


4 


9442096 


9-982696 


9-459400 


10-540600 


9*467585 


9-980442 


9-487143 


10-512857 


56 




5 


9-442535 


9982660 


9-459875 


10 540125 


9--l67i»96 


9-980403 


9-4»7593 


10-512407 


55 




6 

7 


9-442973 


9-982624 
9-9H2387 


9-460349 


10-539651 


9-468407 


9-980364 


9-488043 


10-511957 


54 




9-443410 


9-460b23 


10539177 


9-468817 


9-980t>23 


9-488492 


10-511508 


53 




8 


9-443847 


9-982551 


9-461297 


10-5^38703 


9-469227 


9-980286 


9-488941 


10-511059 


52 




9 


9 444284 


9-982514 


9-461770 


10-538230 


9-469637 


9-980247 


9-489390 


10-510610 


51 




10 


9-444720 


9-982477 


9-462242 


10-5^37758 


9 470046 


9-980208 


9-489838 


10-510162 


50 




11 


9-445155 


9-982441 


9-462715 


10-5.37285 


9-47045'» 


9-980169 


9-490286 


10-309714 


49 




12 

1,') 


9-445590 


9-982404 


9-463186 


10-536814 


9-470863 


9-980130 


9-4907a'> 


10-509267 


48 


t 


9-4*16025 


9-982367. 


9-4(53658 


10*5;36342 


9-471271 


9-980091 


9-491180 


10-508820 


47 




14 


9-446459 


9-982.3:jf 


9-464128 


10-535872 


9-471679 


9-980052 


9-491627 


10-508373 


46 




15 


9-446893 


9-982294 


9-464599 


10-535401 


9-472086 


9-980012 


9-492073 


10-507927 


45 




16 


9-447326 


9-982257 


9-465069 


10-534931 


9-472492 


9-979973 


9-492519 


10-507481 


44 




17 


9-447759 


9-982220 


9 465539 


10-5:34461 


9-472898 


9-9799.'34 


9-492965 


10-507035 


43 




18 
19 


9-448191 


9-982183 


9-466008 


10-5339i»2 


9-473304 


9-979805 


9-493410 


10-506590 


42 




9-4486i3 


9-982146 


9-466477 


10-:>33523 


9-473710 


9-979855 


9-493854 


10-506146 


41 




iiO 


9-449054 


9-982109 


9-466945 


l0-53.'3055 


9-474113 


9-979816 


9-494299 


10-505701 


40 




21 


9-449485 


9-982072 


9-467413 


10-532387 


9-474519 


9-979776 


9-494743 


10-50.5257 


39 




•>'> 


9-449915 


9-982035 


9-467880 


10-532120 


9-474923 


9-979737 


9-495186 


10'504814 


38 




'.'.•3 


9-450345 


9-981998 


9-468347 


10-531653 


9-475327 


9-979697 


9-495630 


10-504370 


37 


i 


i^4 
2j 


9-450775 


9-981961 


9-468814 


10-531186 


9-475730 


9-979658 


9496073 
9-496515 


10-503927 


.'36 
.35 




9-451204 


9-981924 


9-460280 


10-530720 


9-476133 


9-979<>18 


10-503485 




26 


9-451632 


9-981886 


9-469746 


10-530254 


9-476536 


9-979579 


9-496957 


10-503043 


34 




27 


9-452060 


9-981849 


9-470211 


10-529789 


9 476938 


9-979539 


9-497399 


10-502601 


3.3 




iJ8 


9-452488 


9-981812 


9-470676 


10-529324 


9-477340 


9-979499 


9-497841 


10-502159 


32 




*'y 


9-452915 


9-981774 


9-471141 


10-528859 


9-477741 


9-979459 


9-498282 


10-501718 


31 




50 

.31 


9 45.3342 


9-981737 


9-471605 


10-528395 


9-478142 


9-979420 


9498722 


1^-501278 


30 




9-453768 


9-981700 


9-472069 


10-527931 


9-478542 


9-979380 


9-4991(>,3 


10-500837 


29 




J3'j; 9-454194 


9-981662 


9-472.'>32 


10-527468 


9-478942 


9-979340 


9-499603 


10-500397 


28 




.;.;| 9-454619 


9-981626 


9-472995 


10-:)27005 


9-479342 


9-979300 


9-500042 


10-499958 


27 




.5 1,9-455044 


9-981587 


9-473457 


10-32w>t3 


9-479741 


9-979260 


9-500481 


10-499519 


26 




i", 19-455469 


9-981549 


9-47;}9l9 


10-:)2.:081 


9-480140 


9-979220 


9- 5009201 10-499080 


25 




ii7 


9-455893 


9-981512 


9-474381 


10-52.'»619 


9-480539 


9-979180 


9' 501359 


10-498641 


24 
23 




9-456016 


9-981474 


9-474842 


10-523158 


9-480937 


9-979140 


9-501797 


10-498203 




tJH 


9-456739 


9-981436 


9-475303 


10-524697 


9-48l3fi4 


9979100 


9-502235 


10-497765 


22 




:yj 


<)457162 


9-9813991 


347j760 


10-524237 


9-481731 


9-979059 


9-502672 


10-497328 


21 




40 


9-457584 


9-981.-361 


9-476223 


10-523777 


9-482128 


9-979019 


9 503109 


10 496891 


20 




41 


y-438006 


0-981323 


9-476683 


10-52.-1317 


9-482525 


9-978979 


9-503546 


10-496454 


19 




45 


9-458#27 
y 458848 


9-981285 
9-981247 


9-477142 


10-522858 


9-482921 


9-978939 


9-503982 


10-496018 


18 




9-477601 


10-522399 


9-483316 


9-978898 


9-504418 


10-495582 


17 




44 


9-459268 


9-981209 


9-478059 


10-321941 


9-483712 


9-978858 


9-504854 


10-495146 


16 




45 


9-459688 


9-981171 


9-478517 


10-521483 


9-484107 


9-978817 


9-505289 


10.-49'I711 


15 




4G 


9-460108 


9-981133 


9-478975 


10-521025 


9-484501 


9-978777 


9-505724 


10-494276 


14 




47 


9-460527 


9-981095 


9-479432 


10-520568 


9-484895 


9-978737 


9-506159 


10-493841 


13 




48 
49 


9-460946 


9-981057 


9-479889 


10-520111 
10-519655 


9-485289 
y- 485682 


9-978696 


9-506593 


10-493407 


12 




9-46l>64 


9-081O1V 


9-480345 


9-978655 


9-507027 


10-492973 


11 




50 


9-461782 


9-9H0981 


9-480801 


10319199 


9-48f;075 


9-978615 


9-507460 


10-492540 


10 




31 


9-462199 


9-980942 


9-481257 


10518743 


9-480467 


9-978574 


9-507893 


10-492107 


9 




y^ 


9-462616 


9-980904 


9-481712 


10-518288 


9-486860 


9-9785£8 


9-508.^326 


10-491674 


8 




:>.3 


9 -46.5032 


9-980866 


9482167 


10-517833 


9-487251 


9-978498 


9-508759 


10-491241 


7 




/»4 

35 


9-46.3448 


9980827 


9-482621 


10-517379 
10-516925 


9-487643 


9-978452 


9-509191 


10-400809 


6 

5 




9-463864 


9-980789 


9-483075 


9-488034 


9-978411 


9-50ytiii'^ 


10-490378 




56 


9-464279 


9-980750 


9-483529 


10-516471 


9-488424 


9-978370 


9-510054 


104H9946 


4 




57 


9-464694 


9-980712 


9*483082 


10-516018 


9-488814 


9-978329 


9-51048.1 


10-4H9515 


3 




58 


9-463108 


9-980673 


9-484435 
9'48«87 


10-615565 


9-489204 


9-978288 


9-51091f 


10-489084 


2 




59 


9-465522 


9-980635 


10-515113 


9-489591 


1 9-978247 


9-511346 


10-488654 


1 




60 


9-465935 


9-980596 


9-485339 10-514661 


9-489982 


9-978206 
bine 


9-511776 


10-488224 







Cosine 


Sine- 


Cotang.l Tang. 


Cosine 


Cotang 


Tang. 




73 


)eg. 


I 72 Deg. 


. 



C ^ ) 



M Mne 



18 Detg. 



9-489982 
I 9-490S71 
9-490759 
9-491147 
9-491555 
9-4919SS 
[) 9-492aP8 



7 
8 
9 
10 
U 
12 



V49i{69b 
9-493081 
9-493466 
9-493861 
9-494236 
9-494621 



la 

14 
15 
16 
17 
18 



Cosine 



9-978206 
9-978165 
9-978124 
9-978083 
9-97804^2 
9-978001 
9-977959 



Tang. 



Cotang. 



ly Def.' 



y-97791« 
9-977877 
9977835 
9-977794 
9-977752 
9-9777 11 

9-4950^5 9-977669 
9-495388 9977628 



9-511776 
9-512206 
9-512695 
9-513064 
9-513493 
9-515921 
9- 5 14)49 
9-514777 
9 515204 
9-515631 
9 5160W 
9516484 
9-516910 



10-4881^24 
10-487794 
10-487365 
10-486936 
10-486507 
10-486079 
10-485651 



9-495772 
9*496154 
9-496537 
9-496919 



19 
20 
21 

«3 

21 
26 
26 
27 
28 
29 
ISO 
31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 



9-497301 
9-497682 
9-498064 
9-498444 
9*498825 
9 499204 



9-977586 
9-977544 
9-977503 
9-977461 



Sine. 



10-485223 
10-484796 
10-484369 
10-483943 
10-483516 
10-483090 



9-512642 
9-513009 
9-513375 
9-513741 
9'514107 
9-514472 
9-514837 



Cosine I liinu:. 



9-975670 
9-975627 
9-975583 
9-975539 
9-975496 
9-975452 
9-975408 



9-517335 
9-517761 
9-518186 
9-518610 
9-519034 
9-519458 



9-977419 
9977377 
9*977335 
9*977293 
9-977251 
9*977209 



9-499584 
9499963 
9-500342 
9-500721 
9-501099 
9-501476 



43 
44 

45 
46 
47 

48 

49 
50 
51 
52 
53 
54 
55 
'56 
57 
58 
S9 
60 



9-501854 
9-502231 
9*502607 
9-502984 
9-503360 
9 503735 



9-504110 
9*504485 
9-504860 
9-50523*4 
9-505608 
9-505981 



9-506354 
9-506727 
9-507099 
9-507471 
9-507843 
9-508214 



9-508585 
9*508956 
9-509i5ie6 
9' 509696 
9510065 
9-510434 



9-510803 
9-511172 
9-511540 
9*511907 
9-512275 
9-612642 



9-977167 
9-977125 
9-977083 
9-977041 
9*976999 
9-976957 



9-976914 
9-976872 
9-976830 
9-976787 
9976745 
9-976702 



9-519882 
9-520305 
9*520728 
9-521151 
9-52157. 
9-521905 



9-52241 

9 522838 

9-523259 

9-523680 

9-524100 

9-524520 



10-482665 
10-482239 
10-481814 
10-481390 
10-480966 
10^480:>42 



10-4H0118 
10-479605 
10-479372 
10-478849 
10-478427 
10-478005 



10-472583 
10-477162 
10-476741 
10-476320 
10-475900 
10-475480 



9-976660 
9-976617 
9*976574 
9-976532 
9*976489 
9-976446 



9976404 
9-976361 
9-976318 
9-976275 
9-976232 
9-976189 



9-976146 
9-97610.' 
9-976060 
9-976017 
9-975974 
9-975930 



9-97588 

9-975844 

9-975800 

9-975757 

9-975714 



9-524940 

9-525360 

9'52577» 

9-52619' 

9'526615 

9-.% 70.3?: 



9-527451 
9- 527868 
9-528285 
9-52870? 
9-529119 
9-529.VJ:> 



9-5i9951 
9-530366 
9530781 
9*531196 
9-531611 
9-5.32023 



9-.>324.!3y 
♦9-53285:3 
9*533266 
9*533679 
9-534092 
9-5;34:»04 



9-534916 
9'3-S5.328 
9-535739 
9-536150 
9*536561 



Cosine I 



9*9756701 9-536972 
I Cotang. 



hine 



10-475060 
10-474641 
10^474222 
to 473803 
I0-47.3,'585 
10M72967 



10-472;>19 
10-472132 
10-47T715 
10-471298 
10-470881 
10-470465 



11^470049 
10-469634 
10-4*59219 
10-468804 
10-468389 
10-467975 



10-467:>61 
10-467147 
10-466734 
It)- 466.321 
10-465008 
10-1').5I06 



10-465084 
10-464672 
10*464261 
10-463850 
10-463439 
10-463028 



*^ m 0m 



71 Dee 



"lang. 



9 515202 
9-5155<)6 
9-515930 
9-516294 
9-51665' 
9-517020 



9-536972 
9-337382 
9-337792 
9-538202 
9538611 
9-5.39020 
9 5.39429 



9-9753<55 
9-975321 
9975277 
9-973233 
9*975189 
9-975145 



Cotang. I ' 



10-4&3028 60 
10-462618 39 
10- 462208 ,!jKr 
10-461798 
10-4613H9 
10 460980 
10-460571 



9-517382 
9-517745 
9-^18107 
9-518468 
9-518829 
9-519190 



9-975101 
9-975057 
9-973013 
9-974969 
9-974925 
9-974880 



9-519.V31 
9-319911 
9-520271 
9-520631 
9-520990 
9-.521349 



9-521707 
9O22066 
9-522421 
9^522781 
9-523138 
9-523493 



9-5o98:j7 
9-540245 
9-34065f3 
9-541061 
9-541468 
9-54l875r 



9-974H% 



9-974748 
9-974703 
9-974659 
9-974614 



9-974370 
9-974525 



9- f 4-^281 
9-542688 
9-543094 
9-543499 
9-343905 
9-544310 



9-544713 



9-974792 9- 5451 19 



10-460l0:j 
10-459755 
10-459347 
10-458939 
10-4585G2 
10-458125 48 

4^ 

46 

4j 

44 

4.3 

42 

41 



9-545524 
9-545928 
9-546331 
9-546735 



9 347138 
^'547540 



9-974481 9-347943 
9'-97443619-54834 
9-974391 
9-974347 



9-523832 
9-524208 
9-524364 
9*5'^920 
9-523273 
9-5256.*K) 



9-974.302 
9-974957 
9-974212 
9-974167 
9-971122 
9-974077 



9-523984 
9-526.3.39 
9-526/)93 
9-527046 
9-527400 
9-527733 



9-9740.32 

9-973967 

9-97.3942 

■9-97389! 

9-973832 

9-973807 



9-328103 
9-528458 
9-528810 
9-529161 
9*529513 
9 529864 



9-3.-K)213 
9-3:30365 
9^3.30913 
9-331265 
9-531614 
9-531963 



9*532312 
9-532661 
9-533009 
9*533357 
9-533704 
9*534052 



Cosine 



9-548747 
9-549149 



9*349530 
9-549951 
9-550352 
9-.=»507»2 
9-551153 
9-551552 



y-9737()l 
9-973716 
9-973671 
9-973625 
9-973380 
9-973335 



10-4377 ly 
10-437312 
10 4.56906 
10-436501 
10*45609.1 
10-455690 



10-435283 
10-454881 
10-4.34476 
10-454072 
,10-43.3669 
10-453265 



10-452862 
10-452460 
10-452057 
10-451655 
10-451253 
10-450851 



31 
30 

10*450450 1 29 

10-450049 28 

10-449648 

10-449248 

10-448847 

10-448448 



9-331952. 
9.352351 
9'352750 
9-553149 
9-553548 
9-55.3946 



9-534344 
9-554741 
9-5551.39 
9- 355536 
9-55.393ii 
9-356.329 



9973489 
9-973444 
9r'73398 
9*973352 
9-973307 
9-973261 



9:973215 
9-973169 
a^-973I24 
9^973078 
9-973032 
9-972986 



Sine 



9-336723 
9-357121 
9-337317 
9-557913 
9-358308 
9-558708 



10448048 
10-447649 
10-447250 
10-446851 
10-446452 
10-446054 



10-445656 
10^-445259 
10-444861 
10-444464 
10-444067 
10-443671 



10 440271 

10-442H79 

10-442483 

10-44208 

10-441602 

10-4412*»7 



9-539097 
9-559491 
9-569885 
9*560279 
9-560673 
9-561066 



Cotang. 



10-440900 
10-440509 
10-440113 
10-439721 
10*439327 
10-438934 



70 D«y. 

m iw Hi 1 1 



Tang. 



26 



24 



( 3r5 ) 



ITTCE 





1 
2 
i5 
4 
5 
J5 

7 

8 

9 

10 

11 

\2 

13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
2.3 
24 
25 
26 
27 
28 
29 
SO 

ai 
a2 

.33 
34 
.35 
56 

o7 
.•38 
89 
40 
41 
42 
4:5 
44 
4b 
46 
47 
4ft 



49 
iO 
,^1 
52 
bS 
54 

55 
56 
57 
58 
59 
60 



9-5.34052 
9-5.34i]99 
9 5J4745 
9535092 
9-535438 
9-535783 
9-5.36129- 



9-536474 
9 5368lf^ 9 
9-537163 ^ 
9 537507 
9-537851 
9-538194 



9 538538 9 

9-538880 

9-5.39223 

9-539565 9 

9-539907 

9-540249 



9-540590 
9-540931 
9-541272 
9*541613 
9-541953 



9-54229J 9-971870 



9-542632 
9*542971 
9-543310 
9-543649 
9'54.3987 
9-544325 



9-544663 
9-545000 
9-5453;38 
9-545674 
9 546011 
9-546347 



9-54668, 

9-547019 

9-547354 

9-547689 

9-548024 

9-548359 



y54869.i 
9-549027 
9-5.9:^0 
9-549603 
9- .550026 
9-550359 



9-55069i' 
9-551024 
9-551356 
9-551687 
9-552018 
9-552349 



9-552680 
9-553010 
9-553341 
9-55.3670 
9-554000 
9*554.329 



Cosii] 



ue 



Cosiii 

9-97SJ9tt6 
9-972940 
9-972894 
9-972848 
9-972802 
9-979755 
9-972709 



9-97266349 

•972617 
9-972570 
9-972524 
9-972478 
9-9/2431 



972.585 
9-972338 
9-972291 

972245 
9-972198 
9-972151 



9-972105 
9-972058 
9-972011 
9-971964 
9971917 



9-971823 
9-971776 
9-971729 
9-971682 
9-971635 
9-971588 



9-971540 
9-97 149S 
9-971446 
9-971398 
9-971.351 
9-97130-. 



9*97 125C 
9-971208 
9-971161 
9-971113 
9-971066 
9-971018 



9-970970 
9-970922 
9^970874 
9-970827 
9970779 
9-970731 



9-970683 
9-970635 
9-970586 
9-9705.38 
9-97P490 
D-97044i? 



9-970345 
9-970297 
9-970249 
9-970200 
9-970152 



Sine 



tang. 



9-561066 
9-561459 
9-561851 
9-562244 
9-562636 
9 563028 
9^563419 



563811 
9-564202 
9-564593 
9-564983 
9-565373 
9-565763 



9-566153 
9-566542 
9-566932 
0567380 
9-567709 
9-568098 



9-568486 
9-568873 
9-569261 
9-569648 
9-670035 



Cotanj;. 



10-4cib934 
10*4?3854l 
10-438149 
10-437756 
10v*37364 
10-436972 
10-4G6j81 



10-4^.6189 
10'435798 
10-435407 
10-4.35017 
10-434627 
10-4342.37 



10-433847 
10-433458 
10-433068 
10432680 
10-432291 
10-431902 



10431514 
10-431127 
10-430739 
10-430352 
10'429965 
9-5/0422110-429578 



9-570809 1 
9-571195 
9-571581 
9-571967 
9-572352 
9-5727.38' 



10429191 
10-428805 
10-428419 
10-4280.33 
10-427648 
10-427262 



9-673123' 
9-5735071 
9-673892 1 
9-574276 
9-.'>74660( 
9-575044! 



10-426877 
10-426493 
10-426108 
10-425724 
10-425.340 
10-424956 



9-576427 
9-575810 : 
9-576193! 
9-576576 
9-576969 
9-577341 ' 



10-424573 
10-424190 
10-423807 
10-42.'H24 
10-423041 
10-422659 



9-577723 
9-578104 
9-578486 
9-578807 
9-579248 
9-579629 



9-580009 
9-580389 
9-580769 
9-581149 
9-581528 
9-581907 



9-970394 9-582286 



^69T)efir. 



9-582665 
9-583044 
9-583422 
9-583800 
9-584177 

Cotang. 



10-422277 
10-421896 
10-421514 
10-42113.3 
10-420752 
10-420371 



10-419991 
10-419611 
10-419231 
10-418851 
10-418472 
10-418093 



10-417714 
10-417335 
10-416956 
10-416578 
10-416200 
10-415823 



'^'a"g- 



Mae 



9-554329 
9-554658 
9-564987 
9-555315 
9-555643 
9-555971 
9-556299 



9-556626 
9-656953 
9-557280 
9-557606 
9-557932 
g-55825S 



9-558583 
9-658909 
9"5.59234 
9-5.=)95:)8 
9-5.'J9883 
9-560207 
9-7i60531 
9-560 -iSS 
9-561178 
9-561501 
9-561824 
9-562146 



9-562468 
9-562790 
9-563112 
9-563433 
9-563755 
9 564075 



9-564396 
9-564716 
9-565036 
9-56.5356 
9-565676 
9-565995 



9-566iil4 
9-566632 
9-566951 
9-567269 
9-567587 
9-567904 



9-568222 
9\5685.39 
9-568856 
9-569172 
9-569488 
9-569804 



9-570120 
9-570435 
9-570751 
9-571066 
9-571380 
9-571695 



9-672009 
9-572323 
9-572636 
9-672950 
9-573263 
9-573575 

Cosin«; 



9-969518 
9-969469 
9-969420 
9-969370 
9-999321 
9-969272 



Cosii 



ne 






9-970162 
9-970ia3 
9-970055 
9970006 
9-969957 
9-969909 
9-969860 



'9-584177 
9-584655 
9-684932 
9-5B6309 
9-685686 
9-586062 
9-586439 



9-9698 U 
9-969762 
9-969714 
9-969665 
9-969616 
9-969567 



9-689066 
9-589440 
9-589814 
9-590188 
9-590562 
9-590935 



9-969223 
9-969173 
9-969124 
9-969075 
9-969025 
9-968976 
9-968926 
9-968877 
9-968827 
9-968777 
9-968728 
9-968678 



9-968628 
9-968578 
9-968628 
9-968479 
9-968429 
9-968379 



9-968329 
9-968278 
9-968228 
9-968178 
9-968128 
9-968078 



9-968027 
9-967977 
9-967927 
9-967876 
9-967826 
9-967775 



9-967725 
9-967674 
9-967624 
9-967575 
9-967522 
9-967471 



9-967421 
9-967370 
9.967319 
9-967268 
9-967217 
9-967166 
Sine 



9-586815 
9-587190 
9'587566 
9-687941 
9-688316 
9-588691 



9-591308 
9.591681 
9-592054 
9-592426 
9-592799 
9-593171 



9-593542 
9-693914 
9-694286 
9-594666 
9-695027 
9-695398 



9-695768 
9-696138 
9-696508 
9-596878 
9-597247 
9-597616 



9-597985 
9-598354 
9-598722 
9-599091 
9-599459 
9-599827' 



9-600194 
9-600562 
9-600929 
9-601296 
9-601663 
9-602029 



9-602395 
9-602761 
9-603127 
9-603493 
9-603858 
9-604223 



9-604588 
9-604953 
9-605317 
9-605682 
9-606046 
9-606410 

Cotang, 



Cotang. 



10-415823 
10-416445 
10-415068 
10-414691 
10-414314 
10-413938 
10-413561 



10-413185 
10-412810 
10-412434 
10-412059 
10^411684 
10-411309 



10-410934 
10-410660 
10-410186 
10-409812 
10*409438 
10-409066 



10-408692 
10-408819 
10-407946 
10-407674 
10-407201 
10-406829 



10-406458 
10-406086 
10-405715 
10'406344 
10-4049? 3 
10-404602 



10-404232 
10-403862 
10-403492 
10-403122 
10-402753 
10-402384 



10-402015 
10-401646 
10-401278 
10-400909 
10-400541 
10-400173 
i(f-399806 
10-399438 
10-399071 
10-398704 
10-398337 
10-397971 



10-397606 
10-397239 
10-396873 
10-396507 
10-396142 
10-395777 



'£3 



68 Peg. 



10-395412 
10-.995047 
10-394688 
10-394318 
10-398964 
10-39359 

JTang^ 



60 
59 
58 
57 
56 
55 
54 
53 
52 
51 
50 
49 
48 

47 
46 
45 
44 
43 
42 

40 
39 

37 

36 

36 

34 

33 

S2, 

31 

30 

29 

28 

27 

26 

25 

24 

23 

22 

21 

20. 

19 

18 

17 
16 
15 
14 
13 
12 
11 
10 

9 

8 

7 

6 

"5 
4 
3 
% 
1 




- 
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) 










at'I^jr. II 


'23 Uirjr. 




> 

"o 
1 

o 
3 
4 
5 
6 

7 
8 
9 
10 
11 
12 


.Sine 


Cosine , 


Lang. 


Cotane. 

0-393590 
10-393227 
10-392863 
10-392500 
10-392137 
10-391775 
10-391412 


Sine 


tJosiue 


Tang. 


Cotang. 


60 
59 
5J? 
57 
,V> 
55 
54 
5.^ 
52 
51 
50 
49 
48 
47 
46 
45 
44 
43 
42 

41 
40 
39 
38 
37 
:36 
.35 
34 
3.3 
32 
31 
30 

29 
28 
27 
26 
25 
24 


9-573575 
9-573888 
9-574200 
9-574512 
9-574824 
9-575136 
9-575447 


9-967166 
9-967115 
9-967064 
9-967013 
9 966961 
9-966910 
9-966859 


i)-606410 1 

9-606773 

9-607137 

9-607500 

9-607863 

9-608225 

9608588 


9-591878 
9-592176 
9-592473 
9-592770 
9-593067 
9-59.3363 
9-593659 


iJ-964026 
9-963972 
9-963919 
9-9638G5 
9-96.3811 
9-963757 
9-963704 


9-627852 
9-628203 
9-628554 
9-628905 
9-629255 
9-629606 
9-629956 


10-372148 
10-371797 
10371446 
10-371095 
40370745 
10-370394 
l0-;370044 


9-575758 
9-576069 
9 576379 
9-576689 
9-576999 
9-577309 


9-966808 
9-966756 
9'966705 
9-966658 
9-966602 
9-966550 


9-608950 
9-609312 
9-609674 
9-6100,36 
9-610397 
9-610759 


10-39 i050 
10-390688 
10-390326 
10-389964 
10-389603 
10-389241 


9-593955 
9-594251 
9-594547 
9-594842 
9'595137 
9-5954v32 


9-963650 
9-963596 
9-963542 
9-96348K 
9-9634.34 
9-96-3^379 


9-63a'K)6 
9-630656 
9-r>31005 
9-631355 
9-&31704 
9-632053 


10-369694 
10 .-369344 
10-368995 
10-368645 
10-368296 
10 367947 


13 
14 
15 
16 
17 
18 

19 
20 

21 
22 
23 
24 
25 
26 
27 
28 

^^ 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
. 46 
47 
48 

49 
50 

:>\ 

5L' 
53 
54 
55 
56 
57 
58 
59 
hi) 


9-577618 
9-577927 
9-*7823e 
9 578545 
9-578853 
9-579162 


9-966499 
9-966447 
9-969395 
9-966344 
9-966292 
9-96«240 


9-611120 
9-611480 
9-611841 
9-612201 
9-612561 
9-^12921 


10-388880 
10-388520 
10-388159 
10-387799 
10-.3874.19 
10-387079 


9-595727 
9-596021 
9-596315 
9-596609 
95969a3 
9-597196 
9-597490 
9-597783 
9-598075 
9-598368 
9-598660 
9-598952 


9963325 
9-963271 
9-963217 
9963163 
9-96.3108 
9 963054 


9-6.32402 
9-6.32750 
9-633099 
9-633447 
9-63^3795 
9-63414.3 


10-.J67598 
10-367250 
10366901 
l0-.'366553 
10-366205 
10-365857 


9-579470 
9-579777 
9-580085 
9-580392 
9-580699 
9-581005 


9-966188 
9-966136 
9-966085 
9-966033 
9-965981 
9-965929 


9-613281 
9-613641 
9-614000 
9-614359 
9-614718 
9*615077 


10-386719 
10-386359 
10-386000 
10'385641 
10-385282 
10-384923 
10-384565 
10-384207 
10-383849 
10-383491 
10-3831,33 
10-382776 


9-9629tt9 
9-96:^945 
9-962890 
9-962836 
9-962781 
9-962727 


9-634490 
9-634838 
9-635185 
9-6.355.32 
9-635879 
9-636226 


10-366510 
10-365162 
10-364815 
10364468 
10-364121 
10-36.3774 


9-58l3f2 
9-581618 
9-581924 

9-582229 
9-582535 
9-582840 


9-965876 
9- 9658^4 
9-965772 
9-965720 
9-965668 
9-965615 


9-615435 
9-615793 
9-616151 
9-616509 
9-616867 
9-617224 


9-599244 
9-599536 
9-599827 
9-600118 
9-600409 
9-600700 


0-962673 
9-962617 
9-962562 
9-962508 
9-962453 
9-962398 


9-636572 
9636919 
9-637265 
9'6^^376U 
9637950 
y-6.383^J2 


l0-3t>342» 
10-363081 
10,362735 
10--36e.380 
10-362044 
10,36 169H 


9-583J45 
9-583449 
9-583754 
9-584058 
9-584361 
9-584665 


9-965563 
9-965511 
9-965458 
9-965406 
9-965353 
9-965301 


9-617582 
9-617939 
9-618205 
9-61tt652 
9-619008 
9-619364 


10-382418 
10-382061 
10-381705 
10-381348 
10-380992 
10 .380636 


9-600990 
9-60128Q 
9-601570 
9-601860 
9-602150 
9*602439 


9-962343 
U-962288 
9-962233 
9-962178 
9-962123 
9-962067 


9-638647 
9-6'38y92 
96393.j)7 
9-639682 
9-6400i?7 
9-640371 


10-361353 
10361008 
10-36066.3 
10;;r»fHl8 
10-3;a9il73 
10359629 


9-584968 
9-585272 
9-585574 
9-585877 
9-586179 
9-586482 


9-965248 
9-965195 
9-965143 
9-965090 
9965037 
9-964984 


9-619720 
9-620076 
9-620432 
9-620787 
9-621143 
9-621497 
9-621852 
9-622207 
9-622561 
9622915 
9-62.3269 
9-62,'3623 

9-623976 
9-6v'4330 
9-624683 
9-6250.'^6 
9-625S88 
96v^741 
9 62r09J 
9 ♦^'.'644,'^ 
9-6J6797 
9-627149 

9-6-.>7852 


10-380280 
10-379924 
10-379568 
10-379213 
10-378858 
10-378503 


9-602728 
9'603017 
9-603305 
9^6a)5y4 
9-603882 
9-604170 


9-962012 
9-961957 
9-961902 
9-961846 
9-961791 
9-961735 


9-640716 
9-641060 
9-641404 
9-641747 
9-642091 
9-6424.34 


10 359284 
10-358940 
10-358596 
10-35825.3 
10-357909 
10-357566 


23 
22 
21 
20 
19 
18 


y'586783 
9-587085 
9-587386 
9-587688 
9-587989 
9-588289 


9964931 
9-964879 
9-964826 
9-964773 
9-964720 
9-964666 


10-.'37H148 
10-J77793 
10-377439 
10-377085 
lt)-376731 
10-376S77 


9-604457 
9-604745 
9-605032 
1 9-605319 
9-605606 
9-605892 


9-961680 
9-d6}624 
9-961 469 
9-961513 
9-96l4.%8 
9-961402 


9-642777 
9-6431)^ 
9-643463 
9-^4-3806 
9-644148 
9-644190 


l0-;)57223 
10-356H80 
10-3565.37 
10-.356194 
10- 355832 
10-.355510 


17 
16 
15 

U 
13 
12 


9-:)88590 
9588890 
9-589190 
9-589489 
9-589789 
9-590088 

<J-5y0387 
9-59068G 
9-590984 
9-591282 
9-591580 
9591878 

Cosine 


9-964613 
9964560 
9-964507 
9-964154 
9-U64400 
9-9<')4347 
9-y64-i<H 
9-961240 
9064187 
9-964133 
9-964080 
^964026 


10-j;b024 
10-375670 
10-375317 
10-374964 
10-374612 
10-.371259 


9-606179 
9-606465 
9-606751 
9'607036 
9-607322 
9W7607 


9-96VH6 
9-961290 
9^961235 
9-961179 
9-961123 
9961067 


9-6448.->2 
9-64M74 
9-645516 
9-6458.17 
9-646199 
9-6465 to 


10-355168 
10-354826 
10-354484 
10<354143 
10353801 
10-35;M60 


11 
10 
9 
6 
7 
6 


10 37o907 
10 37-i555 
10;J73'/0.'1 
10-372851 
10-372499 
10-.S7:^148 

'I'anp. 


9.607892 
9-608177 
9^8461 
9608745 
9 609029 
9-609.313 

CcwMje 


9-OGlOll 
9-960955 
9-9C0899 
9-96084.3 
9-960786 
9-960730 

Sine 


9646881 
96472i>2 
9647562 
9 647903 
9-648243 
9-648583 


10-i»53119 
10-352778 
10-352438 
10*352097 
10-851757 
10-351417 


5 

4 
3 
2 
I 



Sine 


ColanL'. 


Cotang. 


Tang, 


f 






(17 1 


h^. 






•■'"* 6 


6 Dcff. 















( 37 


) 


• 






« 




24 Dap. 1 


25 Deg. 1 


"o 

1 

2 
3 
4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

23 
26 
27 
28 
29 
30' 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
'46 

49 
50 
61 
52 

53 
54 
55 
56 
57 
58 
59 
60 


Sine 


Cosine 


'I'anp. 


Cotang. 


Sine 
9-62594B 
9-626219 
9-626490 
9-626760 
9-627030 
9-627300 
9-627570 


Cosine 
9-957276 
9-957217 
9-957158 
9-957099 
9-957040 
9-956981 
9-956921 
9-9'^862 
9-95680* 
9-956744 
9-956684 
9-956625 
9-956566 


lang. 

9668673 
9-669002 
9-669332 
9-669661 
9-669991 
9-670320 
9-670649 


Cotang. 


00 
59 
58 
57 
56 
54 
54 

^ 
52 
51 
50 
49 
48 

47 
46 
45 

44 
43 

42 
4t 
40 

39 
38 
37 
36 
33 

3$ 
31 
30 

2f 
2$ 

27 
26 
25 
24 
20 
22 
21 
20 
19 
18 

17 
16 
15 
14 
13 
15 

n 

10 
9 
8 
7 

6 

6 
4 

3 
2 

1 



9-009313 
9-609597 
9-609880 
9-610164 
9610447 
9-610729 
9-611012 


9-960730 
9-960674 
9-960618 
9-960561 
9-960505 
9-960448 
996a392 
9-960335 
9-960279 
9-960222 
9-960165 
9-960109 
9-960052 


9-648583 
9-648623 
9-649263 
9-649602 
9-649942 
9-650281 
9-650620 


10-351417 
10-351077 
10-350737 
10-350398 
10-350058 
10-349719 
10-349380 

10-349041 
10348703 
10-348364 
10-348026 
10-347688 
10-347350 


10-331327 
10-330998 
10-330668 
10-330339 
10-330009 
10-329680 
10-329351 


9-611294 
9-611576 
9-61 1858 
9-612140 
9-612421 
9-612702 


9-650959 
9-651297 
9-6516:J6 
9-651974 
9-652312 
9-652650 


9-627840 
9-628109 
9-628378 
9*628647 
9-628916 
9-629185 


9-670977 
9-671306 
9-671635 
9-671963 
9-672291 
9-672619 


10-329023 
10-328694 
10-628365 
10-328037 
10-327709 
10-327381 


9-612983 
9-6l32«4 
9-613545 
9-613825 
9-614105 
9-614385 


9-959995 
9-959938 
9-959882 
9-959825 
9-959768 
9-959711 


9-652988 
9-653:32<; 
9-653663 
9-654000 
9-654a')7 
9-654674 


10-347012 
10-346674 
10-346337 
10-346000 
10-345668 
10-345^)26 


9-689453 
9-629721 
9-629989 
9-630257 
9-630524 
9-630792 


9-956506 
9-956447 
9-956387 
9-956327 
9-956268 
9-956208 


9-672947 
9-673874 
9-673602 
9-673929 
9-674257 
9-674584 


10-327053 
10-326726 
10-326398 
10-926071 
10-525743 
10S25416 


9-614665 
9-614944 
9-615223 
9-615502 
9-615781 
9-616060 


9-959654 
9-959596 
9-959539 
9-959482 
9-959425 
9-959368 


9-656011 
9-655348 
9-655684 
9-656020 
9-656356 
9-656692 


10-344989 
10-344652 
10-344316 
10-343980 
10-343644 
10-34a'308 


9-631059 
9-631326 
9-631593 
9-631859 
9-632125 
9-632392 


9-956148 
9-956089 
9-956029 
9'95596» 
9-955909 
9-955849 


9-674911 
9-675237 
9-675564 
9-676890 
9-676217 
9-676543 


10-325089 
10-324763 
10-324436 
10-324110 
10-3237aS 
10-323457 


9-616338 
9-616616 
9-616894 
9-617172 
9-617450 
9-617727 


9-959.'J10 
9-959253 
9-959195 
9-959138 
9-959080 
9-959023 


9-657028 
9-657S64 
9-657699 
9-658034 
9-658369 
9-658704 


10-342972 
10-342636 
10-345J301 
10-341966 
10-341631 
10-341296 


9-632658 
9-632933 
9-633189 
9-633454 
9-633719 
9-633984 


9-955789 
9-955729 
9-955669 
9-955609 
9-955548 
9-955488 


9-676869 
9-677194 
9-677520 
9-677846 
9-678171 
9-678496 


10-323131 
10-322806 
10-322480 
10-a2«154 
10-321829 
10-321504 


9-618004 
9-618281 
9-618558 
9-618834 
9-619U0 
9-619386 


9-958965 
9-958908 
9-958850 
9-958792 
9-958734 
9-958677 


9-6590iiy 
9-659373 
9-659708 
9-660042 
9-660376 
9-660710 


10-340961 
10-340627 
10-340292 
10-339958 
10 339624 
10-339290 


9-634249 
9-634514 
9-634778 
9-63504V 
9-635306 
9-635570 


9-965428 
9-955368 
9-955307 
9-956247 
9955186 
9-955126 


9-678821 
9-679146 
9-679471 
9-679796 
9-680120 
9-680444 


10-321179 
10-320854 
10-^320i»29 
10320205 
10-319880 
10*319656 


9-619662 
96199.'}8 
9-620213 
9-620488 
9-620763 
9-62 ia38 


9-956619 
9-958661 
9-9585a3 
9-95H445, 
9-958387 
9-958329 


9-66l04.'3 
9-661377 
9-661710 
9-G62043 
9-662376 
9-662709 


10-338957 
10-338623 
10-338290 
10-337957 
10-537624 
10-337291 


9-635834 
9-636097 
9-636360 
9-636623 
9-636886 
9-637148 


9-95506 » 
9-955005 
9-954944 
9-964883 
9-954893 
9-954762 


9-680768 
9-681092 
9-681416 
9-681740 
9-682063 
9-68Ji387 


10*318908 
10-318584 
10-318260 
10-317937 
10-317613 


9-621313 
9-621587 
9-621861 
9-622135 
9-622409 
9-6:^2682 


9-958271 
9-958213 
9-958154 
9-958096 
9-958038 
9-957979 


9-663042 
9-663375 
9-663707 
9-664U39 
9-6B4371 
9-664703 


10\-|36958 
10-.'>36625 
10-336293 
10-a3d961 
10-335629 
10-335297 


9-637411 
9-637673 
9-637935 
9-6«58197 
9-638458 
9-638720 


9-954701 
9-954640 
9-954679 
9-954618 
9-954457 
9-954396 


9-682710 
9-683033 
9-683356 
9-683679 
9 684001 
9-684324 


10-317290 
10-316967 
10-31^044 
10-316321 
10-315999 
10-315676 


9-622956 

9-623229 
9-623502 
9-623774 
9-624047 
9-624319 
9-624591 
9-624863 
9-625135 
9-625406 
9-625677 
9-625948 


9-957921 
9-957863 
9-957804 
9-957746 
9-957687 
9-957628 


9-665035 
9-665366 
9-665698 
9-666029 
9-666360 
9-666691 
9-667021 
9-667352 
9-667682 
9-668013 
9-668343 
9-668673 


10-334965 
10-334634 
10-334302 
10-333971 
10-383640 
10-333309 


9-638981 
9-639242 
9-639503 
9-639764 
9-640024 
9-640284 


9-954335 
9-954274 
9-954213 
9-964152 
9-954090 
9-954029 


9-684646 
9-68496H 
9-685290 
9-685612 
9-685934 
9-686255 


10-315354 
10-315032 
10-314710 
10-314388 
10314066 
10-313745 


9-957570 
9-957511 
9-957462 
9f957393 
9-957335 
9-957276 


10-332979 
10-332648 
10-332318 
10-331987 
10-331657 
10-331327 


9-640544 
9-640804 
9^41064 
9641324 
9-641583 
9-641842 


9-953968 
9-953906 
9'95S846< 
9-953783 
9-963722 
9-95,'J660 


9-686577 
9-686898 
9-687219 
9-687540 
9-687861 
9-688182 


10-31ii423 
10-313102 
10-312781 
10-312460 
10-312139 
10-311818 


Cosinu 


Sine 


Cotan«r, 


Tan^. 


Cosine 


Sine 


Cotanp. 


lang. 


/ 


<)5 I)«\ir. 


64 Dtg. 




•« 



sih 



f 38 ) 



Sine 



9 641842 
9 642 10 J 
9642360 
9-642618 
9642877 
9643185 
9643393 



Cosine 



|25 
96 



964D650 
9 643908 
919* 644165 
9644423 
9*644680 



12 9-644936 



15 0*645706 



24 9648004 



9-648258 
9^48512 
27 964B766 
2B 9-649020 
2^ 9 649274 



80 



9^649781 
9*650034 



34 



9-645193 
9-646450 



9645962 
9*646218 
9646474 

9-646729 
9-646984 
9647240 
9^647494 
9-647749 



9-649527 



33 9 650287 



9-650539 



36(9651044 

3' 



9-651297 
9*661549 
9'65180b 
9 652052 
9*65^304 
9-652555 



9*652806 
9-653057 
966330^ 
9-653558 
9-653808 
9-654059 



9654309 
9654558 
9654808 
9655058 
9-655507 
9*655556 



I 9-655805 
9-656054 
9-656302 
9-656551 

59 9-656799 

60 9-657047 



Cosine 



9-963660 
9953599 
9956537 
9953475 
9953413 
9953S52 
9-963290 



9-9532! 

9-953166 

9953104 

9953042 

9-952980 

9*952918 



9-952855 
9-952793 
9-952731 
9-952669 
9-952606 
9*952544 
9952481 
9952419 



9*692338 
9-692656 
9-692975 
9-693993 
9-693612 
9-693930 



9-694248 
9-694566 
9-952356 9*694883 



9-9^2294 
9-952231 
9-952168 



9952106 
9-952043 
9*951980 
9-951917 
9951854 
9-951791 



9-951728 
9-951665 
9951602 
9-951539 



35 9-650792 9-951476 9-699316 



9*951349 
9-951286 
9-951222 



9-95U)96 
9-9510S2 



9*950968 
9-960905 
9-950841 
9*960778 



9-950650 



9*950586 
9-950522 
9*950458 
9*950394 
9-950330 
9-r50266 



9-950202 
9-950138 



9-950010 
9*949945 
9-949881 



Sine 



>eg. 



9*688182 
96^502 
9-688823 
9-689143 
9-689463 
9'689783 
9-690103 
9'69042'3 
9-690742 
9-691062 
9-691381 
9-691700 
9-692019 



Cotan^. 



9-695201 
9-695518 
9* 695836 
9-696153 
9*696470 
9-696787 
9*697103 
9-697420 
9-697736 



9-698053 
9-698369 
9*698685 
9*699001 



9*951412 9699632 



9-699947 
9-700263 
9-700578 



9*961159 9-700893 



9-701208 
9-701523 



9* 701 837 
9-702162 
9702466 
9-702781 



9-950714 9-703095 



9-703409 



9-703722 
9-704036 
9-704350 
9-704663 
9-704976 
9-706290 



9-705608 
9*705916 



9-950074 8*706228 



9-706541 
9*706854 
9-707166 



ff Peg 



ICotang. 



10-311818 
10-311498 
10-311177 
10'S10857 
10'S10537 
10-310217 
10-309897 



10' 309577 
10-309258 
10-308938 
10-308619 
10-308300 
10-307981 

10-307662 
10-307344 
10^307025 
10-306707 
10-306388 
10-306070 



10-305752 
10-305434 
10-305117 
10*'304799 
10*304482 
10-304164 



10-303647 
10-308530 
10-303213 
10-302897 
10-302580 
10-302264 



10-301947 
10-301631 
10-301315 
10*300999 
10*300684 
10*300368 



tO-300053 
10*299737 
10-299422 
10-299107 
10-298792 
10-298477 



10-298163 
10*297848 
10-297534 
10-297219 
10*296905 
10-296591 



10 296278 
10-295964 
10-295650 
10*295337 
10*295024 
10-294710 



10-294397 
10-294084 
10-^93772 
10293459 
10*293146 
1 0*292834 



Sine 



IJTB^ 



9*657047 
9-657295 
9'657542 
9'657790 
9*658037 
9-658284 
9-658531 



9-65877JJ 
9-659025 
9-659271 
9-659517 
9'659763 
9-66000 9 
9*660255 
9*660501 
9*660746 
9-660991 
9-661236 
9*661 481 



9-661726 
9-661970 
9-664214. 
9*662459 
9-662703 
9-662946 



9-663190 
9*663433 
9*663677 
9-663920 
9'664t6D 
9-664406 
9*664648 
9-664891 
9-665133 
9-665375 
9*666617 
9*665859 



9-666100 
9-666342 
9-666583 
9-666824 
9667065 
9-667305 



9-667546 
9*667786 
9-668027 
9-668267 
9*668506 
9-668746 



9*668986 
9-669225 
9-669464 
9*669708 
9-669942 
9-670181 



9*670419 
9-670658 
9*670896 
9-671154 
9*671372 
9-671609 



Coeine 



^osine 



9-949881 
9-949816 



9-707166 
9-707478 



9-940752 9-707790 
9*708102 



9*949688 

9*949623 {9*708414 
9*949558 
9*949494 



»708726 
9-709037 



9*949429 
9*949^364 
9*949.-K)0 
9- 9-19235 
9*940170 
9-949105 



9-049O4O 
9*94^975 
9-948910 
9^948845 
9' 948780 
9-948715 



9-709349 
9*709660 
9-709971 
9*710282 
9-710593 
9-71 0904 
9-711215 
9-711525 
9*711836 
9712146 
9-712456 
9-71276C 



9-948650 
9'948584 
9-948519 
9-948454 
9-948388 
9-948323 



9-71i}076 
9-713386 
9-713696 
9*714005 
9*714314 
9*714624 



9-948257 
9-948195 
9*948126 
9-948060 
9-947995 
9-947929 



9-947863 



9-947467 
9-947401 
9*947a'35 
9*947269 
9-947203 
9*947136 



9-l»4707O 
9-947004 
9-946937 
9*946871 
9-946804 
9-946738 



9-946671 
9-946604 
9*946538 
9-946471 
9*946404 
9-946337 



9-946270 
9-946203 
9*946136 
9-946069 
9-946002 
9-945935 



'i'ang. 



9-7r4933 
9^715242 
9-715551 
9-715860 
9-716168 
9-716477 



971673S" 



9-947797t9-71709^ 

9-947731 

9'947665 

9-947600 

9-947533 



9-717401 
9-717709 
9*7l86l7 
9-718325 



9-718633 
9-718940 
9*719248 
9*719555 
9*719862 
9*720169 



9-720476 
9-720783 
9-721089 
9-721396 
9-721702 
9-722009 



9-722315 
9-722621 
9-722927 
9-723232 
9*723538 
9-723844 



9-724149 
9-724454 
9-724760 
9-725065 
9-725370 
9-725674 



Cotang. 

10-2928^4 
10-292 52i; 
10*292210 
10-291898 
10-291586 
10-291274 
iO-29096.0 



6CI 
5y 
5A 
57 
56 

b> 

y2 
51 

^ 

49 

4B 

10-2887S]5|47 
10^28847546 
ia-^88164'45 
10-2878.M 44 
10-287544 



10-290661 
10-i?90340 
10-290029 
10-389718 
10-289407 
10-289096 



*^! 



10-286924 
10-286614 
10-286304 
10^285995 

10-28 -ieee 

10-285.'576l^i6 
•jb 
34 

m 

30 



10-285067 
10-284758 
10-284449 
10:284140 
10?28S832 
10-283523 



10-283215 
10-282907 
10-282599 
10-282291 
10-281983 
10-281675 



10-281.367 
10-281060 
10-280752 21 
10-280445 
10-2801.38 
10 •2798.')! 



10-279524 
10-279217 
10-278911 
10-278604 
10-278298 
10-277991 



10-277683 
iO-277379 
10-277073 
10 276768 
10-276462 
10-276156 



Sine Cotang.l Tang. 



62 l> 



10-2758J1 
10-275546 
10-275240 
10-27493:' 

10-2746-30 
10-274326 



•^g- 



( 35 ) 



26 De; 



Sine 



9-671609 
9-671847 
9-672084 
9-672521 
9-672558 
9-672795 
9-673032 



Cosine 



9945935 
9-945868 
9-945800 
9-945738 
9-945666 
994*598 
9-945531 



^ 



'ang. I Cotang, 



7 

8 

9 
10 
11 
12 
13 
14 
15 
16 
17 
18 

19 

20 

21 

22 

i23 

24 

25 

26 

27 

28 

29 

30 

31 
32 

34 

35 

37 
.S8 
39 
40 
41 
4? 
43 
44 
45 
46 
47 



9-673268 
9-673505 
9*673741 
9-673977 
9-674213 
9-674448 



9-674684 



9-725979 
9-726284 
9-726588 
9-726892 
9-727197 
9-727501 



9-725674 10-274326 



9945464 
9-945396 
9-945328 
9945261 
9945193 
9-945125 



9945058 



10-274021 
10-273716 
10-273412 
10-273108 
10-272803 
10'272499 



Sine 



9-674919 9-944990 



9-67M55 



9-675390 9 944854 



9*675624 
9-675859 



9-944922 



9944786 
9-944718 



9-7ii7805 
9" 728109 
9-728412 
9-728716 
9-729020 
9-729823 
9-729626 
9-729929 
9 730233 
9-730535 
9-730838 
9-731141 



10-272195 
10-271891 
10-271588 
10-271284 
10-270980 
10-270677 



9-676094 
9-676328 
9-676562 
9-6^796 
9-67^030 
9-677264 
9-677498 
9-677731 
9-677964 
9-678197 
9-678430 
9-678663 



9944650 
9944588 
9944514 
9944446 
9-944377 
9-944909 



9-678895 
9-679128 
9-679360 
9-679592 
9-679824 
9-680056 



9-685571 
9-685799 
9-686027 
9-686254 
9-686482 
9-686709 
9-686936 



^osine 



29 Peg. 
Tang. 



'9^1819 
9-941749 
9-941679 
9-941609 
9-941599 
9*941469 
9-941398 



10-270374 
10-270071 
10-269767 
10-269465 
10-269162 
10-268859 



9-731444 
9-731746 
9-732048 
9-732351 
9-782653 
9-732955 



9-944241 
9-944172 
9944104 
9-944036 
9-943967 
9943B99 



9-733257 
9-733658 
9-733860 
9734162 
9-734463 
9-734764 



9:943830 
9-943761 
9-943693 
9-943624 
9-943555 
9-943486 



9-680288 
9 680519 
9-680750 
9-680982 
9-681213 
9-681443 



9-681674 
9-681905 
9-682135 
9-682365 
9-682595 
48 9-682825 

59 
"50 
51 
52 
53 
54 

56 
57 
58 
59 



9-7i)5066 
9-735367 
9-735668 
9-735969 
9-736269 
9-736570 



10-268556 
10-268254 
10-26795!? 
10-267649 
10-267347 
10-267045 



10-266743 
10-266443 
10-266140 
10-265838 
10-265537 
10^266236 



9-687163 
9-687389 
9-687616 
9-6«7843 
9-688069 
9-688295 



9-686521 
9-688747 
9-688972 
9*689198 
9-689423 
9-689648 



9-941328 
9-941258 
9-941187 
9-941117 
9-941046 
9-940975 



9-743752 
9*744050 
9-744348 
9-744645 
9-744943 
9-745240 
9-745538 



9-745835 
9-746132 
9-746429 
9-746726 
9-747023 
9-747S19 



9-940905 
9-940834 
9-940763 
9-940693 
9-940622 
9-940551 



9-689873 
9-690098 
9-690323 
9-690548 
9-690772 
9-690996 



Cotang. 

10256248 
10-255950 
10-255652 
10-255855 
10-255057 
10-254760 
10254462 



10-254165 
10253868 
10-253571 
10-253274 
10-252977 
10-252681 



9-747616 
9-747913 
9-748209 
9-748505 
9-748801 
9-749097 



9-940480 
9-940409 
9-940338 
9*940267 
9-940196 
9-940125 



9749393 
9-749689 
9'749985 
9-750281 
9-750576 
9-750872 



994ii417 
9-943348 
9-943279 
9-943210 
9-943141 
9-943072 



9-736870 
9-737171 
9-787471 
9-737771 
9-738071 
9-738371 



10-264934 
10.264633 
10-264332 
10-264031 
10-263731 
10-263430 



9-943003 
9-942934 
9-942864 
9-942795 
9-942726 
9-942G56 



9-683055 
9-683284 
9-683514 
9-6^3743 
9-683972 
9-684201 



9-6844iiO 
9-684658 
9-684887 
9-685115 
9-685343 
6019-685571 



^osine 



9-942587 
9*942517 
9-942448 
9-942378 
9-942308 
9-942239 



9-942169 
9-942099 
9-942C29 
9-941959 
9941889 
9941819 



9-738671 
9-738971 
9-739271 
9-789570 
9-739870 
9-740169 



10-263130 
10 262829 
10-262529 
tO-262229 
10-261929 
10-261629 



9-691220 
9-691444 
9-691668 
9-691892 
9-692115 
9-692339 



9-940054 
9-939982 
9-939911 
9-939840 
9-939768 
9-939697 



10'26i;i29 
10-261029 
10-260729 
10-260430 
10-260130 
10-259831 



9-740468 10-259532 



9-740767 
9 741066 
9-741365 
9-741664 
9-741962 



9-742261 
9-742559 
9-742858 
9-743156 
9-743464 
9-743752 



Sine 1 Cotang 
61 DcR. 



10-259233 
10-268934 
10'258635 
10-258336 
10-258038 



9-692562 
9-692785 
9*693008 
9-695231 
9-693453 
9-693676 



9-693898 
9-694120 
9-694342 
9-694564 
9-694786 
9-695007 



9-939625 
9-939554 
9-939482 
9-939410 
9-939339 
9-98926 7 
9-939193 
9939123 
9-939052 



10-252384 
10-252087 
10-251791 
10-251495 
10-251199 
10-250903 



10 250607 
10-250311 
10-250015 
10-249719 
10-249424 
10'249128 



9-751167 
9-751462 
9-751757 
9-752052 
9-752347 
9-752642 



9-752937 
9-753231 
9-753526' 
9-753820 
9-754115 
9-754409 



9-7J4703 

9-754997 

9-755291 

9-9S8980L9-75")585 



10-248833 
10-248538 
10-248243 
10-247948 
10-247653 
10-247358 



10-247063 
10-246769 
10-24G474 
10-C4f5l80 
10-245885 
10-245591 



9-938908 
9-938836 



9-755878 
9-756172 



10-2J»7739 
10-257441 
10-257142 
10-256844 
10-256546 
10-256248 



'iang. 



9-695229 
9-695450 
9-695671 
9*695892 
9-696113 
9-696334 
9-696554 
9-696775 
9-696995 
9-697215 
9-697435 
9*697654 



9-938763 
9-938691 
9*938619 
9-938547 
9-938475 
9-938402 



9-697874 
9-698094 
9-698313 
9-698532 
V-698751 
9-698970 



Cosine 



9-938;3.*;0 
9-938258 
9-938185 
9-938113 
9-938040 
9 937967 



9-756465 
9-756759 
9-757052 
9-757345 
9-757638 
9-757931 



10-245297 
10-245003 
10244709 
10-244415 
10-244122 
10-g4'::828 18 



60 
59 
58 
57 
56 
55 
64 

53' 
52 
51 
50 
49 
48 

47 
46 
45 
44 

43 
42 
41 
40 
39 
38 
37 
36 
35 
34 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 
23 
22 
21 
20 
19 



9-7582-24 
y-758517 
9-758810 
9-759102 
9-759.393 
9-759687 



9-937895 
9-937822 
9-937749 
9-937Q7G 
9*987604 
9-937531 



9-759979 
9-760272 
9-760564 
9*760856 
9-761148 
9-761439 



10-243535^7 
10-243241 

10-242948 
10-242G55 
10-242SC2 
16-2420G9 



iU-2'n776 

10-24148; 

10-241190 

1024089ti 

10-;'40G05 

10 240313 



Si ne t Cotang. 
00 Dcg. 



iu'i:4l0ei 
10 2.'39T28 

io-2.':y436 

10 2C9144 
102S8H52 
10238561 



'I'ang. 



( 40 ) 



• ■■' ■ 30 C 


^- 1 


31 Di-g. 


9 


Sine 


Cosine 


Tang. 


Cotanjr. 


Sine 


Cosine 


Tawg. 


Cotang, 


i_ 


9 698970 


9-937531 


9-761439 


10-238561 


9-711839 


9-93o066 


9-778774 


10-221^X0. 60 1 


1 


9-699189 


9-937458 


9-761731 


10-238269 


9-712050 


9-932990 


9-779060 


10-220940 


J9 


2 


9-699407 


9-937385 


9-762028 


10-237977 


9-712260 


9-932914 


9-779346 


10-220654 


58 


ft 


9-699626 


9-937312 


9762314 


t0237686 


9-712469 


9-932^38 


9-779632 


10-220*368 


J7 


4 


9-699844 


9-937238 


9-762606 


10-237394 


9-712679 


9-932762 


9779918 


10220082 


■|6 


5 


9-700062 


9-937165 


9-762897 


10-237103 


9-712889 


9-932685 


9-780203 


10-219797 


bb 


6 

7 


9-700280 


9-937092 


9-763188 


10-236812 


9-71.3098 


9-932609 


9-780489 


10-219511 


,S4 

ic3 


9-700498 


9937019 


9-763479 


10-236521 


9-713308 


9-932533 


9-780775 


102192s;o 


B 


9' 7007 16 


9-936946 


9-763770 


10-236230 


9-713617 


9-932457 


9-781060 


10 2 18940, 5i 


9 


9*700933 


9-936872 


9-764061 


10-235939 


9-713726 


9-932380 


9-781346 


10218654;M 


10 


9-701151 


9-936799 


9-764352 


10-335648 


9-713935 


9-932304 


9-781631 


10218369 


M) 


11 


9-701368 


9-936725 


9-764643 


10-233357 


9-714144 


9-932228 


9-781916 


10218084 


49 


12 
13 


9-701585 


9-936652 


9-7649.33 


10-235067 


9-714352 


9-932151 


9782201 


10-217799 


4^ 
47 


9*701802 


9-936578 


9-765224 


10-234776 


9714561 


9-932075 


9-782486 


10-217514 


14 


9-702019 


9-936505 


9-765514 


10-234486 


9-714769 


9-931998 


9-782771 


10-217229 


46 


15 


9702236 


9-936431 


9-765805 


10234195 


9-71497d 


9-931921 


9-783056 


10-216944 


46. 


16 


9-702452 


9-936357 


9-766095 


10-233905 


9-715186 


9-931845 


9-783341 


10-216659 


44 


17 


9-702669 


9936284 


9-766385 


10-233615 


9-715394 


9 931768 


9-783626 


10216374 


4.J 


18 
19 


9-702885 


9-936210 


9-766675 


10-233325 


9-715602 


9-931691 


9-783910 


10-216090 


1*^ 


9-703101 


9-936136 


9-766965 


10-233035 


9-715809 


9-931614 


9-784195 


10^15805 


iO 


9-703317 


9-936062 


9-767255 


10-232745 


9-716017 


9-931.'i37 


9'784479 


10-215521 


!4U 


21 


9-703533 


9-9:>5988 


9-767545 


10-232455 


9716224 


9-931460 


9-784764 


10-2152.36 


1* 


22 


9'7a3749 


9-935914 


9-767834 


10232166 


9-716432 


9-931383 


9-78:>048 


10*21495? '3« 


2J 


9-703964 


9-935840 


9-768124 


10-231876 


9 716639 


9-931-306 


9-785332 


10-214668 ;-5' 


24 
25 


9-704179 


9-935766 


9-76H414 


10-231586 


9-716846 


9-931229 


9-785616 


10-214.384 


1* 


9-704395 


9-935692 


9-768703 


10-231297 


9-717053 


9-931152 


9-785900 


10-214100 


V.J 


26 


9-704610 


9-935618 


9-768992 


10-231008 


9*717259 


9-931075 


9-786184 


10-213816 


i>4 


27 


9-704825 


9-935543 


9-769281 


10-230719 


9-717466 


9-930998 


9-786468 


10-213532 


:3;j 


28 


9-705040 


9-935469 


9-769571 


10-230429 


9-717673 


99.'30921 


9-786752 


10-213248 


.^2 


29 


9-705254 


9-9.35395 


9-769860 


10-230140 


9-717879 


9-9:3084.-3 


9-787^36 


10-212964 


51 


30 
31 


9-705469 


9-935J320 


9*770148 


10-229852 


9-7180a5 


9-9i30766 


9-787.319 


10-212681 


29 


9-705683 


9-935246 


9-770437 


10-229W>3 


9-718291 


9-9fK)688 


9-7876a3 


10-212397 


32 


9-705898 


9 935171 


9-770726 


10-229274 


9-718497 


9-930611 


9-787886 


10-212114 


2H 


S3 


9-706112 


9-935097 


9-771015 


10-228985 


9-718703 


9-93<V>;33 


9-788170 


10-511830 


2; 


34 


9-706326 


9-935022 


9-771:303 


10-228697 


9-718909 


99.30456 


9-788453 


10-211547 


-.^6 


35 


9-706539 


9-934948 


9-771592 


10-228408 


9-719114 


9-930378 


9-7887:36 


10 211264 


2.) 


36 

37 


9-706753 


9-934873 


9-771880 


10-228120 


9 719320 
9 719525 


9-930300 


9-78t)019 


10-210981 




9-706967 


9-934798 


9-772168 


102278.'32 


9-930223 


9-789^102 


10-210698 


38 


9-707180 


9-934723 


9 772457 


10-227543 


9-719730 


9-930145 


9-789585 


10-210415 


22 


39 


9-707393 


9-a34649 


9-772745 


10-227255 


9-719935 


9-9.30067 


9-789868 


10-210132 


^1 


40 


9-707606 


9-934574 


9-7730a3 

9-773321 


10-226967 


9-720140 


9-929989 


9-790151 


10-209^49 


2U 


41 


9-707819 


9-934499 


10-226679 


9-72a'345 


9-989{»ll 


9*790434 


10-209566 


19 


42 
43 


9-708032 


9934424 


9773608 


10-226.-392 


9-720549 


9-929833 


9-790716 


10-2092H4 


IH 

T7 


9-708245 


9-934349 


9-773896 


10-226104 


9-720754 


9-92975;> 


9 790999 


10-209001 


44 


9-708458 


9-934274 


9-774184 


10-225816 


9-720958 


9-929677 


9-791281 


10-208719 


16 


45 


9-708670 


9-934199 


9-774971 


10-225529 


9-721162 


9-929599 


9-791563 


10-2084.37 


1j 


40 


9-708882 


9-934123 


9-774759 


10-225241 


9-721366 


9-929521 


9-791846 


10-208154 


14 


47 


9-709094 


9-934048 


9-775046 


10-224954 


9-721ft70 


9929442 


9-792128 


10 207872 


I'i 


48 
49 


9-709306 


9-933973 


9-7753.33 


10-224667 


9-721774 


9929364 


9*792410 
9-7926W 


10-207590 


11 


9-709518 


9-93;3898 


9-7756i.»l 


10-224379 


9 721978 


9-9292H6 


1O-207308 


50 


9-709730 


9-933822 


9-775908 


10-224092 


9-722181 


9929207 


9-792974 


10-207026 


ID 


51 


9-709941 


9-933747 


9-776195 


lX)-223805 


9-722385 


9929129 


9-793256 


10-206744 


9 


52 


9-710153 


9-933671 


9-776482 


10-223518 


9-722588 


9-929050 


9-793^^8 


10-206462 


S 


53 


9-710.'364 


9-9^3596 


9-776769 


10-2«f3232 


9-722791 


9-92897a 


9-793819 


10-206181 


' 


54 
55 


9-710575 
9-710786 


9-9.a3520 
9-9.33445 


9-777055 


10-222945 


9-722994 


9-928853 


9-794101 


10-205899 


6 

1 


9-777.34^; 


10-222658 


9-723197 


9 928815 


9-794383 


10-205617 


56 


9-710997 


9-9.33369 


9-777628 


10-222372 


9-723400 


9928736 


9-794664 


10-205.336 


4 


57 


«> 71 1208 


9-933293 


9-777915 


10222085 


9-72.3603 


9-928657 


9-794946 


10-205054 


6 


58 


9-711419 


9-933217 


9-778201 


10-221799 


9' 723805 


9-928578 


9-795227 


10-204773 


- 


59 


9-711629 


9-93.3141 


9-778488 


10-221512 


9-724007 


9-928499 


9-795508 


10-204492 


\ 


60 


9-711839 


9'9.33066 


9-778774 


10-221226 


9-724210 


9-928420 9-7957891 


10-204211 





Cosine 


Sine 


Cotang. 


Tanjj. 


Cosin** 


Sine Cotanp.' Taog. " 


t 


59i)ejj. 1 


58 IX'g. 


^^ 



( 41 ) 



Sine 



32 Peg. 



9-724210 
9-724412 
9-724614 
9-724816 
9-725017 
9-723219 



6 9-725420 



7 

8 

9 
10 
11 
12 

13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

55 
ts 

27 
28 
29 
SO 

31 
32 
33 
34 



9-725622 
9-725823 
9-726024 
9-726225 
9-726426 
9-726626 



9-726827 
9-727027 
9-727228 
9-727428 
9-727628 
9-727828 



^osine 



9-928420 
9-928342 
9928263 
9-928183 
9928104 
9928025 
9-927946 



9927867 
9927787 
9927708 
9-927629 
9-927549 
9-927470 



9-927390 
9-927310 
9-927231 
i-927i51 
9-927071 
9-926991 



9-728027 
9-7282:^7 
9-728427 
9-728626 
9-728825 
9-729024 



9-926911 
9-926831 
9-926751 
9-926671 
9-926591 
9-926511 



9-729223 
9-729422 
9-7296^1 
9-729820 
9-730018 
9-730217 



9-730415 
9-730613 
9-730811 
9-731009 
9-731206 
9-731404 



9-926431 
9-926351 
9-926270 
9-926190 
9-926110 
9-926029 



9-731602 
9-731799 
9-731996 
9-732193 
9-732390 
9-732587 



9-732784 
9-732980 
9-733177 
9-733373 
9-733569 
9-733765 
9-733961 
9-734157 
9-734353 
9-734549 
9-734744 
9-734939 



Tang. 



9-795789 
9-796070 
9796351 
9-796632 
9-796913 
9-797194 
9-797474 



9-797755 
9798036 
9798316 
9-798596 
9-798877 
9-799157 



9-799437 
9-799717 
9-799997 
9-800277 
9-800557 
9*800836 



9-801116 
9-801396 
9-801675 
9-801955 
9-802234 
9-802513 



9-802792 
9-803072 
9-803351 
9-803630 
9-803909 
9-804187 



9-925949 

9-925868 

9-926788 

9-925707 

9 

9-925545 



9-925465 
9-925384 
9-925303 
9-925222 
9-925141 
9-925060 



9-924979 
9-924897 
9-924816 
9-924735 
9-924654 
9-924572 



9*924491 
9-924409 
9-924328 
9-924246 
9-924164 
9-924083 



9-735135 
9-7353i30 
9* 735525 
9735719 
9-735914 
60 9-736109 



.C)99iQ£ 



9-924001 
9-923919 
9923837 
9-923755 
9-923673 
9-92359119 



^ „^-^. 5XJ3es. 



Cotang. 



10204211 
10203930 
10203649 
10203368 
10-203087 
10-202806 
10202526 



10-202245 
10201964 
10-201684 
10201404 
10-201123 
10-200843 



10-200563 
10-200283 
10-200003 
10199723 
10199443 
10199164 



10-198884 
10198604 
10-198325 
10198045 
10-197766 
10-197487 



1019720? 
10196928 
10196649 
10-196370 
10-196091 
10195813 



9804466 
9-804745 
9-805023 
9-805302 
9-805580 
9-805859 



9-806137 
9-806415 
9-806693 
9-806971 
9807249 
9807527 



9-807805 
9-808083 
9-808361 
9-808638 
9-808916 
9-809193 



9-809471 
9-809748 
9-810025 
9-810302 
9-810580 
9-810857- 



16195534 
10195255 
10194977 
10194698 
10-194420 
10194141 



10193863 
10193585 
10193307 
10193029 
10192751 
10192473 



10192195 
10191917 
10191639 
10191362 
10-191084 
10-190807 



9-811134 
9811410 
9-811687 
9-811964 
9-8121241, 
^ai25UlO- 



10190529 
10190252 
10189975 
10189698 
10189420 
10-189143 



10 188866 
10-188590 
10-188313 
10188036 
10-187759 
187483 



nntarry J Tartp r. 



bine 

9^736109 
9-736303 
9 736498 
9 736692 
9-736886 
9-737080 
J9- 737274 
9-737467 
9737661 
9-737855 
9-738048 
9-738241 
9-738434 



33 

Cosine 

9-923591 
9-923509 
9-923427 
9-923345 
9923265 
9923181 
9-923098 



9-738627 
9-738820 
9-7S9013 
9-739206 
9-739398 
9-739590 



9-739783 
9-739975 
9-740167 
9-740359 
9-740550 
9-740742 



9-740934 
9-741125 
9-741316 
9-741508 
9-741699 
9-741889 



9742080 
9-742271 
9-742462 
9-7426^2 
9-742842 
•9 743033 



97432is 

9-743413 
9-743602 
9-743792 
9-743982 
9-744171 



9923016 
9-92293i.^ 
9-922851 
9-922768 
9-922686 
9-922603 



9922520 
9-922438 
9-922355 
9922272 
9-922189 
9-922106 



9922023 
9-921940 
9-921857 
9-921774 
9-921691 
9-921607 



9-744361 
9-744550 
9-744739 
9-744928 
9-745117 
9-745306 



9-745494 
9-745683 
9-745871 
9-7460eO 
9-746248 



9-817759 
9-818035 
9-818310 
9-818585 
9-818860 
9-819135 



9-921524 
9-921441 
9-921357 
9921274 
9-921190 
9921107 



9921023 
9-9209S9 
9-920856 
9-920772 
9-920688 
9-920604 



9-920620 
9-920436 
9-920352 
9920268 
9-920184 
9-920099 



9-920015 
9-919931 
9919846 
9-919762 
9-919677 
9919593 



9919608 
9919424 
9 919339 
9-919254 
9-919169 



9-746436 9 919085 



9-746624 
19-746812 
9-746999 
19-747187 
9-747374 
9-747562 



Cosine 



lang. I Cotani 



9 812617 
9-812794 
9-813070 
9-813347 
9-815623 
9-813899 
9-814176 



9-814452 
9-814728 
9-815004 
9-815280 
9-816555 
9 815831 



9-816107 
9-816382 
9-816658 
9816933 
9-817209 
9-817484 



10182241 
10-181965 
10-181690 
10181415 
10181140 
10- 180865 



9-819410 
9-819684 
9-819959 
9-820234 
9-820508 
9-820783 



9-821057 
9-8S1332 
9-821606 
9-821880 
9-822154 
9-822429 



9-822703 
9-822977 
9-8232.51 
9-823524 
9-823798 
9-824072 



9 824345 
9-824619 
9-824893 
9-825166 
9-825439 
9-825713 



9-825986 
9-826259 
9-826532 
9-826805 
9-827078 
9-827351 



10-187483 
10187206 
10186930 
10-186653 
10-186377 
10186101 
10185824 



10 185548 
10185272 
10184996 
10184720 
10 184445 
10-184169 



10 183893 
10-183618 
10-183342 
10-183067 
10182791 
10-182516 



fiO 
59 
58. 
57 
56 
56 
54 

53 
52 
51 
50 
49 
48 

47 
46 
45 
44 
43 
42 



10-180590 
10180316 
10180041 
10-179766 
10179492 
10-179217 



10-178943 
10-178668 
10178394 
10-178120 
10177846 
10177571 



10- 177297 
10-17^023 
10-176749 
10-176476 
10-176202 
10-175928 



10-175665 
10175381 
10-175107 
10174834 
10 174561 
10-174287 



10-174014 
10173741 
10- 173468 
10-173195 
10-172922 
10- 172649 



9919000 
9918915 
9-918830 
9-918745 
9-918659 
9-918574 



Sine 



9-827624 
9-827897 
9-828170 
9-828442 
9-828715 
9-8289^87 



Cotang, 



41 

40 
39 
38 
37 
36 
36 
34 
33 
38 
31 
30 



29 
28 
27 
26 
25 
24 



23 
2S 
21 
20 
19 
la 



17, 
16 
15 
14 
13 
12 



.11 
10 
9 
8 
7 
6 



10-172376 
10-172103 
10171830 
10-171558 
10171285 
10-171013 



Tang. 



56Deg. 



( « ) 



H 



9-747562 9-918574 
9-747749 9-918489 
9-747936 9-918404 



9-748123 



9-748310 9-918233 



9-748497 



7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 

19 
20 



9-748870 
9-749056 
9-749243 
9-749429 
9-749615 
9-749801 



9-751099 
9-7M284|? 
21'(9-751469 
9-751654 
9-751839 
9-75202q 



S2 
23 
24 

25 
26 
27 
28 
29 
SO 

3\ 
32 
d3 
84 
95 
36 

S7 
88 
89 
40 
41 
42 
43 
44 
45 
46 
47 
48 

60 
51 

53 
54 



55 
56 

57 
58 
59 
60 



T?J 



line 



34 

I Cosine 



9-918147 



9-748683 9 918062 



9^917976 
9917891 
9-917805 
9-917719 
9-917634 
9-917548 



9-749987 
9-750172 
9-750358 
9-750543 
9-750729 
9-750914 



0917462 
9-917376 
9-917290 
9-917204 
9-917118 
9917032 



9-752208 
9-752392 
9-752576 
9-752760 
9*752944 
9-753128 



9916427 
9916341 
9916254 
9 916167 
9916081 
9915994 



9-753312 
9-753495 
9-753679 
9-753862 9 
9-754046 9 
9-754229 



9-754412 
9-754595 
9-754778 
9-754960 
9-755143 
9-755326 



9-755508 
9-755690 19' 
9-755872 
9-756054 9 
9 756236 
9-756418 9 



9-756600 19 

9-756782 

9-756963 

9-757144 

9-757326 

9-757607 



9-757688 
9-757869 
9-758050 
9-758230 
9-758^11 
9-758591 



Co^sine 



•918318 



__aiig. 

9'8289§7 

9-829260 

9-829532 

9-829805 

9-830077 

9-830349 

^830621 



Cot; 



ang. 



9-916946 
916859 
9-916773 
9-916687 
9 916600 
9-916514 



9-915907 
991.5820 
9 915733 
915646 
915559 
9-915472 



9-915385 
9915297 
9-915210 
9-915123 
9-915035 
9-914948 



9-914860 
914773 

9-914685 
914598 

9-914510 
•914422 



9143;i4 
9-914246 
9-914158 
9-914070 
9-913982 
9 913894 



9-913806 
9913718 
9913630 
9-913541 
9913453 
9913365 



10171013 
10-170/40 
1^170468 
10170195 
10-169933 
10-1696M 
10169379 



9-8.30893 
9-831165 
5-831437 
9-831709 
9-831981 
9-832253 



9-832525 
9-832796 
9-833068 
9-a3a339 
9-8.'33611 
9-833882 



9-834154 
5-834425 
9-834696 
9-834967 
9- 83523a 
9-835509 



9835780 
9-836051 
9-866322 
9-836593 
9-836864 
9-837134 



10169107 
10168835 
10168563 
10-168291 
10-168019 
10-167747 



10-167475 
10-167204 
10-166932 
10166661 
10166389 
10-166118 



10-165846 
10165575 
10165304 
10165053 
10-164762 
10 164491 



9-837405 
9-837675 
9-«37946 
9-838216 
9-838487 
9-838757 



9-839027 
9-839297 
9-839568 
9-839838 
9-840108 
9-840378 



9-840648 
9-840917 
9-H41187 
9-841457 
9-841727 
9-841996 



9-842266 
9-842535 
9-842805 
9-843074 
9-843343 
9-843612 



9*843882 
9*844151 
9-844420 
.9 844689 
9-844958 
9-845227 



Sine Cotang. 
55 Deft. 



10- 16*220 
10163949 
10-163678 
10 16^^)407 
10-16313^ 
10162866 



10162595 
10-162^25 
10-162054 
10-161784 
10161513 
10161243 



10160973 
10160703 
10-160432 
10160162 
10-159892 
10^159623 



10-159352 
10*159083 
10-158813 
10158543 
10-158273 
10158004 



10157734 
10157465 
10-157195 
I015G926 
10-156657 
10156388 



10-156118 
10-156849 
10-155580 
10155311 
10155042 
10154773 



^ 



me 



9-758591 
9-758772 
9-758952 
9-759132 
9-759312 
9-759492 
9-759672 



9-913365 
9-913276 
9-913187 
9-913099 
9-913010 
9-912922 
9-912833 



9-759852 

9-760031 

9-760fin 

9 

9-760569 

9-760748 



9-760927 
9-761106 
9-761285 
9-761464 
9-761642 
9-761821 



Cosi 



35 D^. 



me 



9-845227 
-9-845496 
9-845764 
9-846033 
9-846302 
9-846570 
9-846839 



9-912744 
,9-912655 

,9*912566 

76089019^2477 
9-912388 
9-912299 



9-912210 
9-912 I2ri 
9-912031 
9-911942 
9-911853 
9-911763 



9-761999 
9-762177 
9-762356 
9-762534 
9-762712 
9-762889. 



9-763067 
9-763245 
9-763422 
9-763600 
9-763777 
9-763964 



9-911136 
9-911046 
9-910956 
9910866 
9-910776 
9910686 



9-764131 
9-764308 
9-764485 
9-764662 
9-764838 
9-765015 



9-765191 
9-765367 
9-765544 
9-7G5720 
9-76589C 
9-766072 



9*766247 
9-766423 
9-766598 
9-766774 
9*766949 
9-767124 



9-767300 
9-767475 
9-767649 
9-767824 
9*767999 
9-768173 



9-768348 
9-768522 
9-768697 
9-768871 
9-769045 
9-769219 



Cosine 



9911674 
9-911584 
9-911495 
9911405 
9911315 
9-911226 



9-850825 
9-850593 
9-850861 
9«1129 
9-861396 
9-851664 



9910596 
9910506 
9-910415 
9910325 
9-910235 
9-910144 
9-910054 
9-909963 
9-909873 
9-909782 
9-909691 
9-909601 



9-909510 
9-909419 
9-909328 
9-90923: 
9-909146 
9-909055 



9-908964 
9-908873 
9-908781 
9-908690 
9-908599 
9-908507 



9*908416 
9-908324 
9-908233 
9-908141 
9908049 
9-907958 



Sine 



Tang. 



9-847108 
9*847376 
9-847644 
9-847913 
9-848181 
9-848449 



9*848717 
9-848986 
9-849254 
9*849522 
9-849790 
9*850057 



9*851931 
9-852199 
9*852466 
9-852733 
9-853001 
9-850268 



9-853535 
9-853802 
9-854069 
9-854336 
9-854603 
9-854870 



9-855137 
9 855404 
9-855671 
9-855938 
9*856204 
9*856471 



9*856737 
9*857004 
9-857270 
9*857537 
9-857803 
9-858069 



9-898336 
9*8«8602 
9*858868 
9-859134 
9-859400 
9-859666 



9-859932 
9-860198 
9*8£0464 
9-860730 
9-860995 
9-861261 



54 



SI 



Cotang. 



10 154773 
10- 154504 
10-154236 
10-153967 
10-153698 
10-153430 
10153161 



10-152892 
10-15C624 
I0>152356 
IO-15e087 
10151819 
10-151551 



10-151283 
10- 15101 4 
10- 150746 
10-150478 
10-150210 
10-149943 



10-149675 
10-149407 
10-149139 
10-148871 
10-148604 
10- 148336 



\j60 
59 
56 
57 
56 
55 
54 
53 
52 
51 
50 

^l 
48 



10-148069 
10-147801 
10- 147534 
10 147267 
to- 146999 
10-146732 



10*t4$465 
10-146198 
10- 145931 
10*146664 
10145397 
10-145130 



47 
46 
45 
44 

43 

^ 
41 
40 
39 
38 
37 
36 
35 
34 
3S 
32 
31 
3Q 

29 
28 
27 
26 
25 
24 



10*144863 
10*144596 
10-144329 
10-144062 
10-143796 
10-143529 



10-143263 

10142996 

10142730 

10-142463 

10-14219rfI3 

10141931 " 



10-141664 
10141398 
10141132 
10-140866 
10*140600 
10-140334 



10-140068 
10-139802 
10" 189536 
10180270 
10-139005 
10-188739 



23 
22 
21 
20 
19 
18 

17 
16 
15 
14 



12 



Tang. 



( 4S ) 



9-769219 

9769393 

9 769366 9 

9-769740 

9-769913 

9-770087 

9-770260 



9-770433 
9^770606 
9-770779 
9-770952 
9-771126 
9-771298 



9 771470 9 906760 



9-771643 
9-771815 
9771987 
9772159 
9-772331 



19 9 772503 



9-772675 9 906111 



9772847 
9773018 
9773190 
9773361 



9773533 
9773704 
9773875 
9-774046 



30 



36 



"SnT 



36 beg. 



9907958 
9^907866 
907774 
9907682 
9907590 
9907498 
9-907406 



9-907314 
9-907222 
9907129 
9907037 
9-906945 
9 906852 



9906667 



9 906575 9- 86Ji240 



9906482 



9-906389 9-865770 



9906296 



9 906204 9-866300 



9 906018 
9905925 
9-905832 



9 905739 9-867623 



29 9 774217 



9774388 



9774558 
9774729 
9 774899 
9776070 



35 9-775240 



9-775410 



9-775580 
9775769 
9775920 
9776090 
9-776259 
9-776429 



9 776768 
9-776987 
9-777106 
9-777275 
9-777444 



9-777613 
9-777781 
9-777950 
9-778119 
9-778287 
9-778455 



Celine 



9^861261 
9861527 
9-861792 
9-862058 
9-862323 
9-862589 
9-862854 



9-863119 
9-863385 
9-863650 
9-863915 
9-864180 
9-864445 10- 136555 



9-864710 10-135290 



9-864975 



9-865505 



9-866036. 



9-866564] 
9-866829 
9-8670§4 
9-867368 



9 905645 
9-905652 
9 905469 
9905366 
9906272 
9905179 



9905086 
9-904992 
9 904898 



9-904711 
9904617 



9-90452ii 
9-904429' 
9-904335 
9904241 
9-904147 
9-90405:} 



9-776598 9-903959 



9-903864 
9-903770 
9-903676 
9-903681 
9-903487 



9-903392 
9-903298 
9-903203 
9-903108 
9-903014 
9-902919 



9-778624 
9-778792 
9-778960 
9-779128 

59 9 779295 

60 9-779463 



Tj 



ang. 



9-867887 
9-868152 
9-868416 
9-868680 
9-868945 
9-869209 



9-869473 
9-869737 
9-870C01 



9 904804 9-870265 



9-870529 
987079.3 



9-871057 
9-871321 
9-871585 
9-871849 
9-872112 
9-872376 



9-872640 
9-87290; 
9873167 
9-873430 
9-873694 
9-873957 



9-874220 
9-874484 
9-874747 
9-875010 
9-875273 
9-875537 



Cotang. 



10-138739 
10-138473 
10-138208 
10137942 
!0- 137677 
10-137411 
10-137146 



10-136881 
10-136616 
10-13CS60 
10136086 
10135820 



10-136025 
10-134760 
10134496 
10-134230 
10133965 



10-1^33700 
10133436 
10- 133171 
10132906 
10-132642 
10-132377 



10-132113 
10'131848 
10131584 
10-131320 
10-131055 
10-130791 



10-130527 
10-130263 
10-129999 
10-129735 
10-129471 
10-1^^9207 



10- 128943 
10128679 
10128416 
10-128151 
10-127888 
10-127624 



10-127360 
10-127097 
10-126833 
10-126570 
10126306 
10-126043 



10 125780 
10126516 
10-125253 
10-124990 
10-124727 
10-124463 



9-902H24 
9-902729 
9-903634 
9-9P2639 
9-902444 
9-902349 



Cosine 



9-875800 
9-876068 
9-876326 
9-876589 
9-876852 
9-877114 



Sine 



. 53 Peg. 



Cotang 



10-124200 
10-123937 
10*123674 
10-123411 
10123148 
10122886 



Tang. 



Sine 
9-779463 
9-779681 
9-779798 
9-779966 
9-780133 
9-780300 
9-780467 



"Cosine 

9-902349 

9-902263.. 

9-902158r9" 

9-902063 

9-901967 

9-901872 

9-901776 



37 beg. 



9-780634 
9-780801 
9-780968 
9-781134 
9-781301 
9-781468r9 



9-781634 
9-781800' 
9-781966 
9-782132 
9-782298i 
9-782464 



9-7826^0 
9-782796 
9-782961 
9-783127 
9-783292 
9-783458 



9-900629 
9-900433 
9-900337 
9-900240 
9-900144 



9-783623 
9783788 
9-783953 
9-784118 
9-784282 
9-784447 
9-784612 
9-784776 
9-784941 
9-785105 
9-785269 
9-7854.'33 



9-785597 
9785761 
9-785925 
9-786089 
9-786252 
9-786416 



9-786579 
9-786742 
9-786906 
9-787069 
9-787232 
^787395 



Tang. 
9-877114 
9-877377 

877640 
9-877903 
9-B78166 
9-878428 
9-878691 



9-901681 
9-901685 
9-901490 
9-901394 
9-901298 
901202 



9-878953: 
9879216 
9-879478 
9-879741 
9-880003 
9-880265 



9-901106 
9-901010 
9-900914 
9-900818 
9*900722 
9-900626 



9-880528 
9-880790 
9-881062 
9881814 
9-881677 
9-881839 



9-882101 
9 882.:56i3 
9*882625 
9-882887 
9-883148 



9-900047 9-883410 



9-899951 
9-899854 
9-899757 



9-899564' 



9-899370 
9-899273 



9-899078 
9-898981 
9-898884 



9-898787 
9-898689 
9-898592 
9-898494 
9-898397^ 
9-898299 



9-898202 
9-898104 
9-89e006 
9-897908 
9-897810 
9-897712 



9-787557 
9-787720 
9-787883 
9-788045 
9-788208' 
9-788370 



9-897614 
9-897516 
9-897418 
9-897320 
9-897222 
9-897123 



9-788532 
9-788694 
9-788856 
9-789018 
9-789180 
9-789342 



Cosine 



9-8836^2 
9-883934 
9-884196 



9-899660 9-884467 



9884719 



9-899467 9-884980 



9-886242 
9-886504 



9-899176 9-885766 



9-88602C 
9-88628S 
9-886549 



9-886811 
988707ii 
9-88733 
9-887594 
9-887855 
9-888116 



9-888ii7fc 
9-888639 
9-888900 
9-889161 
9-889421 
9-889682 



Cotang. 

10-122886 
10122623 
10-122360 
10122097 
10121835 
10-121672 



10-121309 54 



10- 12 1047 
10-*20784 
10-120522 
10-120259 
10119997 
10- 119735 



10-119472 
10-119210 
10118948 
10-118686 
10-118423 
10-118161 



10-117899 
10-117637 
10-117375 
10117113 
10116852 
10-116590 



10-116328 
10-116066 
10-115804 
10115543 
10116281 
10-115020 



10-114758 
10-114496 
10-114255 
10-113974 
10-113712 
lOlliMSl 



10-113189 
10-112928 
10-112667 
10-112406 
10112146 
10111884 



9-88994i; 
9-890204 
9-890466 
9-890725 
9-890986 
9-891247 



9-897025 
9-896926 
9-896828 
9-896729 
9-896631 
9-8965S2 



bine 



9-891507 
9-891768 
9-892028 
9-892289 
9-892549 
9-892810 



10-111622 
10111361 
10-111100 
10-110839 
10-110579 
10-110318 



10-1100.17 11 



10-109796 
10-1095*35 
10 109275 
10-109014 
10108753 



1010849O 
10-108232 
10-107972 
10-107711 
10-107451 
10107190 



TT 



(Cotang. I Tani 
52 Peg. 



22^ 



J 



( 44 ) 



^ang. 



•0 

1 
2 
S 
4 
5 

7 

8 

9 

10 

n 

12 
13 

:U 

115 
16 
17 

1? 

19 

20|9 

21 

22 

2d 

24 

25 

26 

27 

26 

29 

SO 

31 



33 

34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
50 
54 
55 
56 
57 
58 
59 
60 



Sine 



9-789942 
9-789504 
9 789665 
9-789827 
9-789988 
9-790149 
9*790310 



9-790471 
9-790632 
9-790793 
9-790954 
9-791115 
9-791275 



9 7914S6 
9-791596 
9-791757 
9-791917 
9-792077 
9-792237 



9-792397 
792557 
9-792716 
9-792876 
9-793035 
9-793195 



9-793854 
9-793514 
9-795673 
9-793832 
9-793991 
9-794160 



9-794308 
9-794467 
9-794636 
9-794784 
9794942 
9-795101 



9-795259 
9-795417 
9-795575 
9-795733 
9-795891 
9-796049 



9-796206 
9-796364 
9-796521 
9-796679 
9-796836 
9-796993 



9-797150 
9-797307 
9-797464 
9-797621 
9-797777 
9-7979.34 



9-798091 
9-798247 
9-79840.-. 
9-798^60 
9-798716 
9-798872 

Cosine | 



Cosine 



9-896632 
9-896425 
9-696335 
9-896236 
9-896137 
9-89606B 
9 896939 
9-895840 
9-895741 
9-895641 
9-895542 
9-895443 
9-895343 



9-895244 
9-895145 
9-895045 
9-894945 
d-894846 
^-894746 



9-894646 
9-894546 
9-894446 
9-894346 
d-894246 
9-894146 



9-894046 
9-893946 
9-893846 
9-893745 
9-893645 
9-893544 



9-893444 
d- 893343 
9-893243 
9-893142 
9-893041 
9-892940 



9-892839 
9-892739 
9-892638 
9-892536 
9-892435 
9-B92334 



9-892233 
9-892132 
9-892030 
9-891929 
9-891827 
9-ft9l726 



9-891624 
9' 891 523 
9-891421 
9-891319 
9-891217 
9-^91115 

9-89101 
9-890011 
9-8908O9 
9-890707 
9-890605 
9-890W 
Sine 



9-892810 
9-895070 
9-89.>331 
9-893591 
9-89S851 
9-894111 
9-894372 



10107190 
10 106930 
10- 106669 
10-106409 
10-106149 
10-105889 
10105698 



9 894632 
9-894892 
9-895152 
9-895412 
9-895672 
9-895932 
9-896192 
9-896452 
9-896712 
§•896971 
§•897231 
9-897491 



9-897751 
9-898010 
9-898270 
9-898530 
9-898789 
9-899049 



9-899308 
9-899568 
9-899827 
9-900087 
9-900346 
9-900605 



Cotanp. 



10- 105368 
10105108 
10-104848 
10-104588 
10-104328 
10- 104068 



10103808 
10-103548 
101Q3288 
10-103029 
10- 102769 
10-102509 



10102249 
10- 101990 
10101730 
10101470 
10- 101211 
10100951 



9-900864 
9-901124 
9-901383 
9-901642 
9-901001 
9-902160 



10-100692 
10100432 
10100173 
10-099913 
10-099654 
10099395 



10-099136 
,10-09>i876 
•10-098617 
1 10-098358 
: 10-098099 

10-0978.?0 



9-902420,10097580 
9-902679,10097321 
9-902938' 10097062 
9'903197|10-096805 
9-903456! 10-096544 
9-903714' 10096286 



9'903973 
9-9042.;2 
9-904491 
9-904750 
9-905008 
9-005267 



10-096027 
110095768 

10-095509 
,10095250 

10-094992 
il0-0O47.s3 



9-006526 
9-905785 
9-906043 
9*900802 
9-906560 
9"90f^8l9 



9-907077 
9-9073:56 
9-907594 
9-90785.3 
9-908111 
9;90P369 



_ Cotang. 
SfDeff: 



10094474 
10-094215 
10-093957 
10093698 
10-093440 
10-093181 



K)-0«)2923 
10092664 
10-099406 
10092147 
10-091889 
lQ-091631 



'1 anjr. 



15ISr 



9-798872 
9-799028 
9-799184 
9-799339 
9-799495 
9-799651 
9-7998.06 



9-799962 
9-800117 
9-800272 
9-800427 
9-800582 
9-800737 



9-800892 
9-801047 
9-801201 
9-801356 
9-801511 
9-801665 



9-801819 
9-801973 
9-802128 
9-802282 
9-802436 
9-802589 



9-802743 
9-802897 
9-803050 
9-805204 
9-803357 
9-803511 



9-803664 
9-803817 
9-803970 
9-804123 
9-804276 
9-804428 



9-804581 
9-804734 
9-804686 
9-805039 
9-805191 
9-805343 



9-805495 
9-805647 
9-805799 
9- 805951 
9-806103 
9-R06 254 
9-806406 
9-806557 
9-806709 
9-806860 
9-807111 
9-807163 



9-807314 
9-807465 
9-807615 
9-807766 
9-807917 
9-808067 
Cosine 



Cosine 



59Deg. 



9 890503 
9-8904:^0 
9-890298 
9-890195 
9-890093 
9-889990 
9-889888 



Tang. 



9-908369 
9-908628 
9-908886 
9909144 
9-909402 
9-909660 
9-909918 



9-889785 
9-889682 
9-889579 
9-889477 
9-889374 
9-889271 



9-889168 
9-889064 
9-888961 
9-888858 
9-888755 
9-888651 



9-888548 
9.888444 
9-888341 
9-888237 
9-888134 
9-888030 



9-887926 
9-887822 
9-887718 
9-887614 
9-887510 
9-887406 



9-887302 
9-887198 
9-887093 
9-886989 
9-886885 
9-886780 
9-886676 
9-886571 
9*886466 
9-886362 
9-886257 
9-886152 



9-886047 
9-885942 
9-885837 
9-885732 
9-885627 
9885522 



9-885416 
9-885311 
9-885205 
9-885100 
9-884994 
9-884889 



9-884783 
9-884677 
9-884572 
9-884466 
9-884360 
9-884254 



Sine 



9-910177 
9-910485 
9-910693 
9-910951 
9-911209 
9-911467 



Cotang. r~ 
10091631 60 
10091372 |a9 
10091114 
10090856 
10090598 
10-090J40 
10 09008^ 



10-089823 
10089665 
10089307 
10089049 
10-088791 
10-088533 



9-911725 
9-911982 
9-912240 
9-912498 
9-912756 
9-913014 



9913271 
9913529 
9-913787 
9-914044 
9-914302 
9-914560 



9-914817 
9-915075 
9-9153a2 
9-915590 
9-915847 
9-916104 



9-916.'?62 
9-916619 
9-916877 
9-917134 
9-917391 
9-917648 

9-917906 
9-918163 
9-918420 
9-918677 
9-918934 
9-919191 



9-919448 
9-919705 
9-919962 
9-920219 
9-920476 
9-920732 



9-920990 
9-921247 
9-921503 
9-921760 
9-922017 
9-922274 



9-922530 
9-922787 
9-923044 
9-923300 
9-923557 
9-923814 






5o 



Cotangc' 



10088275 
100^8018 
10-087760 
10087502 
10087244 
10-086986 



10-086729 
10086471 
10-086213 
10-085956 
10085698 
10-085440 



10-085183 
10064925 
10084668 
10-084410 |3S 



10-084153 
10-08.S896 



10-08{3638. 
10-083381 
10-08312,' 
10082866 
10082609 
10-082352 



10082094 
10-081837 
10081580 
10081323 
10*081066 
10-080809 



10-080552 
10080295 
10-080038 
10-079781 
10-079524 
10-079267 



10-079010 
10-07B753 
10-078497 
10*078240 
10-077983 
10-077726 



10-077470 
10-0f721S 
10-076956 
10-076700 
10-'076445 
10-07f5l86 



Tang. /" 











( 45 


) 










40Deg. 1 


41 Deg. 


' iSinc I 


Cosine ] 


lang. 


Cotang. 


Sine 


Cosine 


Tan,. 


Cotang. 




0< 

3< 
4^ 
5« 
6 
7 
8 
9 
10 
11 
12 


^808067 
)• 808218 
5-808368 
9808519 
D-808669 
9-808819 
9-808969 


9-884254 
9-884148 
9-884042 
9883936 
9-883829 
9-883723 
9-883617 


9-923814 
9*924070 
9-924327 
9*924583 
9 924840 
9-925096 
9-925352 


10-076186 
10075930 
10-075673 
10-075417 
10075160 
10-074904 
10074648 


9-816943 
9-817088 
9-817238 
9*817379 
9-817524 
9-817668 
9-817813 


M77780 
9-877670 
9-877560 
9-877450 
9-877340 
9-877230 
9-877120 


9-939163 
9*939418 
9-939763 
9939928 
9-940183 
9-940439 
9*940694 


10060837 
10-060682 
10060387 
10060072 
10069817 
10-059561 
10-059306 


60 
69 
68 
57 
66 
55 
64 


9-809119 
9-809269 
9 809419 
9-809569 
9-809718 
9-809868 


9-883510 
9-883404 
9-883297 
9-883191 
9-883084 
9*882977 


9-925609 
9-925865 
9-926122 
9-926378 
9926634 
9-926890 


10074391 
10074135 
10073878 
10073622 
10073366 
10-073110 


9*817958 
9*818103 
9-818247 
9*818392 
9-818536 
9-818681 


9877010 
9-876899 
9*876789 
9*87,6678 
9-876568 
9-876457 


9-940949 
9*941204 
9-941459 
9-941713 
9-941968 
9*942223 


10-059051 
10 058796 
10058541 
10*058287 
10*058032 
10*057777 


53 
62 
51 

50 
49 
48 


IS 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
SO 

31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 
55 
56 
57 
58 


9-810017 
9-810167 
9-810316 
9-810465 
9*810614 
9*810763 


9-882871 
9-882764 
9*882657 
9882550 
9-882443 
9*882336 


9-927147 
9-927403 
9-927659 
9-927915 
9-928171 
9-928427 


10-072863 
10072597 
10-072341 
10072085 
10071829 
10071573 


9*818825 
9-818969 
9*819113 
9-819257 
9-819401 
9-819545 


9-876347 
9*876236 
9*876125 
9-876014 
9*875904 
9-875793 


9-942478 
9-942733 
9-942988 
9-943243 
9-943498 
9-943752 


10057522 
10-057267 
10«057012 
10-056767 
10-056502 
10-056248 


47 
46 
46 
44 

43 
42 


9^10912 
9*811061 
9-811210 
9*811358 
9*811507 
9*811655 


9-882229 
9-882121 
9-882014 
9-881907 
9*881799 
9*881692 


9-928684 
9*928940 
9-929196 
9*929452 
9929708 
9-929964 


10071316 
10-071060 
10070804 
10*070548 
10*070292 
10-070036 
10069780 
10*069525 
10*069269 
10069013 
10*068757 
10068501 


9*819689 
9-819832 
9*819976 
9*820120 
9-820263 
9*820406 


9-875682 
9*875571 
9-875459 
9-875348 
9*875237 
9*875126 


9-944007 
9-944262 
9-944517 
9-944771 
9-945026 
9-945281 


10-055993 
10-055738 
10-055483 
10-065229 
10-054974 
10054719 


41 
40 
39 
38 
37 
36 


9-811804 
9-811952 
9-812100 
9*812248 
9-812396 
9-812544 


9-881554 
9*881477 
9-881369 
9-881261 
9-881153 
9-881046 


9-9.-30220 
9-930475 
9-930731 
9*980987 
9-931243 
9-931499 


9*820550 
9-820693 
9-820836 
9-820979 
9-821122 
9-821265 


9-875014 
9*874903 
9*874791 
9-874680 
9*874568 
9*874456 


9-945535 
9-945790 
9*946045 
9-946299 
9-946554 
9-946808 


10-054465 
10064210 
10.053956 
10-053701 
10-a'>3446 
10053192 


35 
34 
S3 
32 
31 
30 


9-812692 
9*812840 
9-812988 
9-813135 
9-813283 
9-813430 


9*880938 
9-880830 
9-880722 
9-880613 
9-880505 
9-880397 


9*931755 
9*932010 
9-932266 
9-932522 
9-932778 
9*933033 


10-068246 
10*067990 
10067734 
10067478 
10-067222 
10 066967 


9-821407 
9-821550 
9-821693 
9-821835 
9-821977 
9-822120 


9*874344 
9-874232 
9-874121 
9-874009 
9-873896 
9-873784 


9*947063 
9-947318 
9-947572 
9-947827 
9-948081 
9-948336 


10-052937 
10052682 
10052428 
10052173 
10-051919 
10-051665 


29 
28 
27 
26 
25 
24 


9-813678 
9-813725 
9-813872 
9-814019 
9-814166 
9-814313 


9-880289 
9*880180 
9-880072 
9*879963 
9*879855 
9-879746 


9*933289 
9-933545 
9-933800 
9-934056 
9-934311 
9-934567 


10*066711 
10066455 
10066200 
10-065944 
10065689 
10-065433 


9-822262 
9-822404 
9-822546 
9-822688 
9-822880 
9-822972 


9-873672 
9-873560 
9*873448 
9-873335 
9-873223 
9-873110 


9-948590 
9948844 
9-949099 
9-949353 
9*949608 
9-949862 


10-051410 
10051156 
10-050901 
10050647 
.10-050392 
10-050138 


23 
22 
21 
20 
19 
18 


9*814460 
9-814607 
9*814753 
9*814900 
9-815046 
9*815193 


9-879637 
9*879529 
9-879420 
9*879311 
9*879202 
9-879093 


9-954822 
9-935078 
9-935333 
9-935589 
9*935844 
9-936100 


10*065178 
10*064922 
10064667 
10-064411 
10*064156 
10-063900 


9-823114 
9-823255 
9-823397 
9-823539 
9-823680 
9823821 


9-872998 
9-872885 
9-872772 
9-872659 
9-872547 
9*872434 


9-950116 
9-950371 
9*950625 
9-950879 
9-951133 
9-951388 


10-049884 
10-049629 
10-049375 
10-049121 
10-048867 
10*048612 


17 
16 
15 
14 
13 
12 


9-815339 
9-815485 
9*815632 
9-815778 
9-815924 
9-816069 


9-878984 
9*878875 
9-878766 
9-878656 
9*878547 
9-8784.08 


9-936355 
9-936611 
9-98G866 
9-937121 
9-937377 
9-937632 


10*063645 
10*063389 
10*063134 
10-062879 
10-062623 
10-062368 


9-823963 
9*824104 
9-824245 
0-824386 
9*824527 
9-824668 


0-872321 
9-672208 
9*872095 
9-871981 
9*871868 
9-871755 


9-951642 
9-951896 
9-952150 
9-952405 
9*952659 
9952913 


10-048'i58 
10048104 
10-047850 
10*047595 
10*047341 
10047087 


11 
10 
9 
8 
7 
6 


9-816215 
9-816361 
9-816507 
9-816652 
9-816798 
9-816943 


9-878328 
9-878219 
9-878109 
9-877999 
9*877890 
9-877780 


9-937887 
9*938142 
9-938398 
9-938653 
9-938908 
9-9'39163 


10-062113 
10*061858 
10061602 
10-061347 
10-061092 
10-060837 


9*B24b06 
9-824949 
9-825090 
9*825230 
9-825071 
9-825511 


9-871641 
9-871528 
9-87U14 
9-871301 
9*871187 
9-871073 


9-953167 
9*953421 
9-95^:675 
9-953929 
9*954183 
9*054437 


10-04 68i;3 
10-046579 
10'046325 
10046071 
10-045817 
10-045563 


5 

4 
3 
2 
1 





Cosine 


Sine 


Cotanjr. 


lang. 


Cosine 


Sine 


Cotang. 


Tang. 


' 


4f) Desr. 1 


48 Deir. 



J 











( 4 


6 ) 










42Ueg. 1 


43Deg. ■ -1 


1 


Sine 


Cosine 


Tang. 


Cotang. 


Sine 


Cosine 


Tanij. 


Cotang. 






1 

2 
3 
4 
5 
6 


9-825511 
9 825651 
9-825791 
9-825931 
9-826071 
9-826211 
9*826351 


9-871073 
9-870960 
9-870846 
9-870732 
9-870618 
9-870504 
9-870390 


9-954437 
9-954691 
9-954946 
9-955200 
9-955454 
9-955708 
9-955961 


10045563 
10045309 
10-045054 
10-044800 
10044546 
10044292 
10-044039 


9-833783 
9-833919 
9-834054 
9-834189 
9-834325 
9-834460 
9-834595 


9-864127 
9-864010 
9-863892 
9-868774 
9-863656 
9-863538 
9-863419 


9-969656 
9-969909 
9-970162 
9-970416 
9-970669 
9-970922 
9-971175 


10-030344 
10-030091 
10-029888 
10-029584 
10-029331 
10-029078 
10-028825 


60 
69 
68 
67 
66 
55 
64 
S3 
52 
51 
50 
49 
48 

47 
46 
45 
44 

43 
42 

41 
40 
39 
38 
37 
36 

b5 
64 
33 
32 
31 
80 

29 
28 
27 
26 
25 
24 
28 
22 
21 
20 
19 
18 

17 
16 
15 
14 
18 
12 

11 

10 
9 
8 
7 
6 
5 
4 
3 
2 
1 



7 
8 
9 
10 
11 
12 


9-826491 
9-826631 
9-826770 
9-826910 
9-827049 
9-827189 


9-870276 
9-870161 
9-870047 
9-869933 
9-869818 
9-869704 


9-956215 
9-956469 
9-956723 
9-956977 
9-957231 
9-957485 


10-043785 
10043531 
10-043277 
10043023 
10042769 
10-042515 


9-834730 
9-834865 
9-834999 
9-835134 
9-835269 
9-835403 


9-863301 
9-863183 
9-868064 
9-862946 
9-862827 
9-8C2709 


9-971429 
9-971682 
9-971935 
9-972188 
9-972441 
9-972695 


10028571 
10K)28318 
10 028065 
10-027812 
10027559 
10-027305 


13 
14 
15 
16 

17 
18 


9-827328 
9-827467 
9-827606 
9-827745 
9-827884 
9-828023 


9-869589 
9-869474 
9-869360 
9-869245 
9-869130 
9-869015 


9-957739 
9-957993 
9-958247 
9-958500 
9-958754 
9-959008 


10042261 
10-042007 
10041753 
10-041500 
,10041246 
10040992 


9-835538 
9-835672 
9-835807 
9-835941 
9-836075 
9-836209 


9-862590 
9-862471 
9-862353 
9-862234 
9-862116 
9-861996 


9-972948 
9-973201 
9-973454 
9-973707 
9-973960 
9-974213 


10-027052 
10-026799 
10-026546 
10026293 
10-026040 
10025787 


19 
20 
21 
22 
23 
£4 


9828162 
9-828:301 
9-828439 
9-828578 
9-828716 
9-828855 


9-868900 
9-868785 
9-868670 
9-868555 
9-868440 
9-868324 


9-959262 
9-959516 
9-959769 
9-960023 
9-960277 
9-960530 


10040738 
10-040484 
10040231 
10-039977 
10039723 
1C059470 


9-j»36343 
9-836477 
9-836611 
9-836745 
9-836878 
9-837012 


9-861877 
9-861758 
9-86163B 
9-861519 
9 861400 
9-861280 


9-974466 
9-974720 
9-974973 
9-975226 
9-975479 
9-975782 


10-0:ii5534 
10-025280 
10025027 
10024774 

10024521 
1002426S 


25 
26 
!27 
28 
29 
,30 


9-828993 
9-829131 
9-829269 
9-829407 
9-829545 
9-829683 
9-829821 
9-829959 
9-830097 
9-830234 
9-830372 
9-830509 


9-868209 
9-86809i^ 
9-867978 
9-867862 
9-867747 
9-867631 


9-960784 
9-961038 
9-961292 
9-961545 
9-961799 
9-962052 


100.>9216 
10-038962 
10-038708 
10038455 
10058201 
10-037948 


9-837146 
9-837279 
9-837412 
9-837546 
9-837679 
9-837812 


9-861161 
9-861041 
9-860922 
9-860802 
9-860682 
9-860562 


9-975985 
9-976238 
9-976491 
9-976744 
9-97699r 
9-977250 


10024015 
10-023762 
10-023609 
10023266 
10023003 
10-022750 


31 
32 

3-3 
34 
35 
36 


9-867515 
9-867399 
9-867283 
9-867167 
9-867051 
9-866935 


9-962306 
9-962560 
9-962813 
9-96,'.067 
9-963320 
9-963574 


10-037694 
10-037440 
10-037187 
10-036936 
10 006680 
10-036426 


9-8.<7945 
9-838078 
9-838211 
9-8383-14 
9-838477 
9-838610 


9 860442 
9-860322 
9-860202 
9-860082 
9-859962 
9-859842 


9-977503 
9^77756 
9-978009 
9-978262 
9-978515 
9-978768 


10-022497 
10022244 
10-021991 
10021788 
10-021485 
10-021282 


37 
38 
39 
40 
41 
42 


9-8.>0646 
9 830784 
9-830921 
9-831058 
9-831195 
9-831332 


9-866819 
9-866703 
9*866586 
9-866470 
9-866353 
9-866237 


9-966828 
9-964081 
9-964335 
9-964588 
9-964842 
9-965095 


10-036172 
10035919 
10035665 
10-a35412 
10-035158 
10-034905 


9-8:38742 
9-838875 
9-8;39007 
9-8^39140 
9-839272 
9-839404 


9-869721 
9-859601 
9-859480 
0-859360 
9-859239 
9-859119 


9-979021 
9-979274 
9-979527 
9-979780 
9-980033 
9-980286 


10020979 
10 020726 
10020478 
10-020S20 
10019967 
10019714 


43 
44 
45 
46 
47 
48 


9-8.31469 
9-831606 
9-801742 
9-831879 
9-832015 
9-832152 
9-832288 
9-832425 
9-832561 
9-832697 
9-832833 
9-832969 


9-866120 
9-866004 
9-865887 
9-865770 
9-865653 
9-865526 


9-965349 
9-965602 
9-965855 
9-966109 
9-966362 
9-966616 


10-034651 
10-034398 
10-034145 
10-033891 
10-033638 
100:33384 


9-839536 
9-839668 
9-839800 
9-839932 
9-840064 
9-840196 


9-858998 
9-858877 
9-858756 
9-858636 
9 858514 
9-858393 


9-9805,>8 
9-980791 
9-981044 
9-98l]fe97 
9-981550 
9-981803 


10019462 
10-019209 
10-018966 
10-018703 
10018460 
10-018197 


49 
50 
51 

52 
53 
54 


9-865419 
9-865302 
9-865185 
9-865068 
9-864950 
9-8648.:-.. 


9-966869 
9-967123 
9-967376 
9-967629 

0-967883 
9G81,*:6 


10-033131 
10-032877 
10032624 
10032371 
10032117 
10-a3l864 


9840328 
9-840459 
9-840591 
9-840722 
9-840854 
9-840985 


9-858272 
9-858151 
9-858029 
9-857908 
9-857786 
9-857665 


9-982056 
9-982309 
9-982562 
9-982814 
9-983067 
9-983320 


10017944 
10017691 
10017488 
10-017186 
10016933 
10016680 


55 
56 
57 
58 
59 
SO 


9-833105 
9-833241 
9-833377 
9-833512 
9-8.').-3648 
0-833783 


9864716 
9-864598 
9-864481 
9-864363 
9-864245 
9-864127 


9-968^89 
9-9G8643 
9-968896 
9-969149 
9-969403 
9-969656 

Cotang. 


lO-OolGU 
10031357 
10-031104 
10-030851 
10-030597 
10'0:>0344 


9-841116 
9-84l247« 
9-841378 
9-841509 
9-841640 
9-841771 


9-857543 
9-857422 
9-857300 
9-857178 
9-857056 
9-856934 


9-98:3573 
9-983826 
9-984079 
9-984332 
9-984584 
9-984837 


10016427 
10016174 
10-016921 
10015668 
10-015416 
10015163 




Cosine 


Sine 


laner. 


Conine 


Mne 


Cotang. 


■tang. 


' 


47 Drg. 


46 Dtjj. J 



i 47 ) 



44 Lreg. 1 


-i 


Sine 


Cosine 


Tang. 


Cotanf?. 




"0 

1 

a 

4 
5 
6 
7. 
8 
9 
10 

n 

12 
13 
14 
15 
16 
17 
18 

19 
SO 
SI 
22 
23 
24 
25 
26 
27 
28 
29 
SO 

31 
32 
33 
d4 
35 
36 
37 
38 
39 
40 


9-841771 
9-841902 
9-842033 
9-842163 
9-842294 
9-842424 
9-842555 


9-856934 
9-856812 
9-856690 
9-856568 
9-856446 
9-856323 
9-856201 


9-984837 
9-985090 
9-985S43 
9-985596 
9-985848 
9-986101 
9-986354 


10-015163 
10-014910 
10014667 
10014404 
10014152 
10-013899 
10-013646 


60 
59 
68 
57 
56 
55 
54 


9-842085 
9-842815 
9-842946 
9-843076 
9-843206 
9-843336 


9-856078 
9-855956 
9-855833 
9-855711 
9-855588 
9-855465 


9-986607 
9-986860 
9-987112 
9-987365 
9-987618 
9-987871 


10013393 
10013140 
10012888 
10012635 
10012382 
10-012129 


53 
52 
51 
60 
49 
48 


9-843466 
9-843595 
9-843725 
9-843855 
9-843984 
9-844114 


9-855342 
9-855219 
9-855096 
9-854973 
9-854850 
9-854727 


9-988123 
9-988376 
9-988629 
9-988882 
9-989134 
9-989387 


lQ-011877 
10011624 
10-011371 
10011118 
10010866 
10-010613 


47 
46 
45 
44 

43 
42 


9-844243 
9-844372 
9-844502 
9-844691 
9 844760 
9-844889 


9-854603 
9-854480 
9-854856 
9-854233 
9-854109 
9-853986 


9-989640 
9-989893 
9-990145 
9-990398 
9-990651 
9-990903 


10-010360 
19-010107 
10-009855 
10009602 
10-009349 
10-009097 


41 

40 
39 
38 
37 
36 


9-845018 
9-845147 
9-845276 
9-845405 
9-845533 
9-845662 
9-845790 
9-845919 
9-846047 
9-846175 
9-846304 
9 846432 
9-846560 
9-846688 
9-846816 
9-846944 
9-847071 
9-847199 


9-853862 
9-853738 
9-853614 
9-863490 
9-853366 
9-85824S 


9-991156 
9-991409 
9-991662 
9-991914 
9-992167 
9-992420 


10008844 
10-008591 
10-008338 
10-008086 
10007833 
10-007580 


35 
34 
S3 
32 
31 
30 

29 
28 
27 
26 
S5 
24 


9*853118 
9-852994 
9^85fi869 
9-852745 
9-852620 
9-852496 


9-992672 
9-992925 
9-993178 
9-993431 
9-993683 
9-993936 


10-007328 
10007075 
10-006822 
10006569 
10-006317 
10-006064 


9-852371 
9-852247 
9-852122 
9-851997 
9-851872 
9-851747 


9-994189 
9-994441 
9-994694 
9-994947 
9-995199 
9-995452 


10-005811 
10005559 
10005306 
10-005053 
10004801 
10-004548 


23 
22 
21 
20 
19 
18 


43 
44 

45 

46 
47 
48 

49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 


9-847327 
9-847454 
9-847582 
9-847709 
9-847836 
9-847964 


9-851622 
9-851497 
9-851372 
9-851246 
9-851121 
9-850996 


9-995705 
9-995957 
9-996210 
9-996463 
9-996715 
9-996968 


10-004295 
10004043 
10003790 
10-003537 
10003285 
10003032 


17 
16 
15 
14 
13 
12 


9-848091 
9-848218 
9-848345 
9-848472 
9-848599 
9-848726 


9-850870 
9-850745 
9-850619 
9-850493 
9-850368 
9-850242 


9-997221 
9-997473 
9-997726 
9-997979 
9-998231 
9-998484 


10-002779 
10002527 
10-002274 
10-002021 
10-001769 
10-001516 


U 
10 
9 
8 
7 
6 


9-848852 
9-848979 
9-849106 
9-849232 
9-849359 
9-849485 


9-850116 
9-849990 
9-849864 
9-849738 
9-849611 
9-849485 


9-998737 
9-998989 
9-999242 
9-999495 
9-999747 
1-000000 


10-001263 
10-001011 
10000758 
10000505 
10000253 
10000000 


5 

4 
3 
2 

I 


CosiDe 


Sine 


Cotang. 


Tang. 
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